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A Word from the Authors 


Welcome to Trigonometry: Seventh Edition. We are pleased to present this new 
edition of our textbook in which we focus on making the mathematics accessible, 
supporting student success, and offering instructors flexible teaching options. 


Accessible to Students 


Over the years we have taken care to write this text with the student in mind. 
Paying careful attention to the presentation, we use precise mathematical 
language and a clear writing style to develop an effective learning tool. We 
believe that every student can learn mathematics, and we are committed to 
providing a text that makes the mathematics of the trigonometry course accessible 
to all students. For the Seventh Edition, we have revised and improved many text 
features designed for this purpose. 


Throughout the text, we now present solutions to many examples from multiple 
perspectives—algebraically, graphically, and numerically. The side-by-side 
format of this pedagogical feature helps students to see that a problem can be 
solved in more than one way and to see that different methods yield the same 
result. The side-by-side format also addresses many different learning styles. 


We have found that many trigonometry students grasp mathematical concepts 
more easily when they work with them in the context of real-life situations. 
Students have numerous opportunities to do this throughout the Seventh Edition. 
The new Make a Decision feature has been added to the text in order to further 
connect real-life data and applications and motivate students. They also offer 
students the opportunity to generate and analyze mathematical models from large 
data sets. To reinforce the concept of functions, each function is introduced at 
the first point of use in the text with a definition and description of basic 
characteristics. Also, all elementary functions are presented in a summary on the 
endpapers of the text for convenient reference. 


We have carefully written and designed each page to make the book more 
readable and accessible to students. For example, to avoid unnecessary page 
turning and disruptions to students’ thought processes, each example and 
corresponding solution begins and ends on the same page. 


Supports Student Success 


During more than 30 years of teaching and writing, we have learned many things 
about the teaching and learning of mathematics. We have found that students are 
most successful when they know what they are expected to learn and why it is 
important to learn the concepts. With that in mind, we have enhanced the thematic 
study thread throughout the Seventh Edition. 


Each chapter begins with a list of applications that are covered in the chapter 
and serve as a motivational tool by connecting section content to real-life 
situations. Using the same pedagogical theme, each section begins with a set of 
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section learning objectives—What You Should Learn. These are followed by an 
engaging real-life application—Why You Should Learn It—that motivates 
students and illustrates an area where the mathematical concepts will be applied 
in an example or exercise in the section. The Chapter Summary—What Did You 
Learn?—at the end of each chapter is a section-by-section overview that ties the 
learning objectives from the chapter to sets of Review Exercises at the end of each 
chapter. 


Throughout the text, other features further improve accessibility. Study Tips are 
provided throughout the text at point-of-use to reinforce concepts and to help 
students learn how to study mathematics. Technology, Writing About 
Mathematics, Historical Notes, and Explorations have been expanded in order to 
reinforce mathematical concepts. Each example with worked-out solution is now 
followed by a Checkpoint, which directs the student to work a similar exercise 
from the exercise set. The Section Exercises now begin with a Vocabulary Check, 
which gives the students an opportunity to test their understanding of the 
important terms in the section. A new Prerequisite Skills Review is offered at the 
beginning of each exercise set. Synthesis Exercises check students’ conceptual 
understanding of the topics in each section. The new Make a Decision exercises 
further connect real-life data and applications and motivate students. Skills 
Review Exercises provide additional practice with the concepts in the chapter or 
previous chapters. Chapter Tests, at the end of each chapter, and periodic 
Cumulative Tests offer students frequent opportunities for self-assessment and to 
develop strong study- and test-taking skills. 


The use of technology also supports students with different learning styles. 
Technology notes are provided throughout the text at point-of-use. These notes 
call attention to the strengths and weaknesses of graphing technology, as well as 
offer alternative methods for solving or checking a problem using technology. 
These notes also direct students to the Graphing Technology Guide, on the 
textbook website, for keystroke support that is available for numerous calculator 
models. The use of technology is optional. This feature and related exercises can 
be omitted without the loss of continuity in coverage of topics. 


Numerous additional text-specific resources are available to help students 
succeed in the trigonometry course. These include “live” online tutoring, 
instructional DVDs, and a variety of other resources, such as tutorial support and 
self-assessment, which are available on the HM mathSpace® CD-ROM, the Web, 
and in Eduspace®. In addition, the Online Notetaking Guide is a notetaking guide 
that helps students organize their class notes and create an effective study and 
review tool. 


Flexible Options for Instructors 


From the time we first began writing textbooks in the early 1970s, we have 
always considered it a critical part of our role as authors to provide instructors 
with flexible programs. In addition to addressing a variety of learning styles, 
the optional features within the text allow instructors to design their courses to 
meet their instructional needs and the needs of their students. For example, the 
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A Word from the Authors 


Explorations throughout the text can be used as a quick introduction to concepts 
or as a way to reinforce student understanding. 


Our goal when developing the exercise sets was to address a wide variety of 
learning styles and teaching preferences. New to this edition are the Vocabulary 
Check questions, which are provided at the beginning of every exercise set to help 
students learn proper mathematical terminology. In each exercise set we have 
included a variety of exercise types, including questions requiring writing and 
critical thinking, as well as real-data applications. The problems are carefully 
graded in difficulty from mastery of basic skills to more challenging exercises. 
Some of the more challenging exercises include the Synthesis Exercises that 
combine skills and are used to check for conceptual understanding and the new 
Make a Decision exercises that further connect real-life data and applications and 
motivate students. Skills Review Exercises, placed at the end of each exercise set, 
reinforce previously learned skills. In addition, Houghton Mifflin’s Eduspace® 
website offers instructors the option to assign homework and tests online—and 
also includes the ability to grade these assignments automatically. 


Several other print and media resources are also available to support instructors. 
The Online Instructor Success Organizer includes suggested lesson plans and is 
an especially useful tool for larger departments that want all sections of a course 
to follow the same outline. The /nstructor’s Edition of the Student Notetaking 
Guide can be used as a lecture outline for every section of the text and includes 
additional examples for classroom discussion and important definitions. This is 
another valuable resource for schools trying to have consistent instruction and it 
can be used as a resource to support less experienced instructors. When used in 
conjunction with the Student Notetaking Guide these resources can save 
instructors preparation time and help students concentrate on important concepts. 


Instructors who stress applications and problem solving, or exploration and 
technology, coupled with more traditional methods will be able to use this text 
successfully. 


We hope you enjoy the Seventh Edition. 


Ron Larson 
Robert Hostetler 
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Exponential Functions and Their Graphs 
5.2 Logarithmic Functions and Their Graphs 
5.3 Properties of Logarithms 

5.4 Exponential and Logarithmic Equations 
5.5 Exponential and Logarithmic Models 


Carbon dating is a method used to 
determine the ages of archeological 
artifacts up to 50,000 years old. For 
example, archeologists are using 
carbon dating to determine the ages 
of the great pyramids of Egypt. 
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SELECTED APPLICATIONS 


Exponential and logarithmic functions have many real-life applications. The applications listed below 
represent a small sample of the applications in this chapter. 


+ Computer Virus, * Galloping Speeds of Animals, + 1Q Scores, 

Exercise 65, page 377 Exercise 85, page 394 Exercise 47, page 416 
+ Data Analysis: Meteorology, * Average Heights, + Forensics, 

Exercise 70, page 378 Exercise 115, page 405 Exercise 63, page 418 
+ Sound Intensity, * Carbon Dating, + Compound Interest, 


Exercise 90, page 388 Exercise 41, page 416 Exercise 135, page 423 


e “What You Should Learn” and 
“Why You Should Learn It” 


Sections begin with What You Should Learn, 

an outline of the main concepts covered in the 
section, and Why You Should Learn It, a real-life 
application or mathematical reference that 
illustrates the relevance of the section content. 


e Chapter Opener 


Each chapter begins with a comprehensive 
overview of the chapter concepts. The photograph 
and caption illustrate a real-life application of a key 
concept. Section references help students prepare 
for the chapter. 


e Applications List 


An abridged list of applications, covered in the 
chapter, serve as a motivational tool by connecting 
section content to real-life situations. 
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ES) Properties of Logarithms 


What you should learn 


+ Use the change-of-base 


Change of Base 


formula to rewrite and evalu- Most calculators have only two types of log keys, one for common logarithms 
ate logarithmic expressions. (base 10) and one for natural logarithms (base ¢). Although common logs and 
+ Use properties of logarithms natural logs are the most frequently used, you may occasionally need to evaluate 
to evaluate or rewrite logarith- logarithms to other bases. To do this, you can use the following change-of-base 


mic expressions. 


formula. 
+ Use properties of logarithms 
to expand or condense 
logarithmic expressions. Change-of-Base Formula 


Let a, b, and x be positive real numbers such that a # 1 and b # 1. Then 
log, x can be converted to a different base as follows. 


Base b Base 10 Base e 
__ logy x __ logx __ nx 
084 * = tog, a 108, 8 Toga 8 = tha 


One way to look at the change-of-base formula is that logarithms to base a 
are simply constant multiples of logarithms to base b. The constant multiplier is 
1/(log,a). 


Setup Cee §=Changing Bases Using Common Logarithms 


log 25 log. x = 8 
log4 Pee Taga 


a. log, 25 = 


_ 1.39794 
0.60206 
= 2.3219 Simplify. 
log12 __ 1.07918 
= #2 3. 
log2 0.30103 neo 


omewonr Now try Exercise I(a). 


seta §=©Changing Bases Using Natural Logarithms 


Use a calculator, 


AP Photo/Stephen Chernin 


b. log, 12 = 


In 25 


= _ nx 
a. log, 25 = 7 tog, = BE 
3.21888 
* capeo0 Use a calculator. 
= 2.3219 Simplify. 
Inl2_ 2.48491 
b. log, 12 = th? ~ 069315 ~ 3.5850 


omewonr Now try Exercise 1(b). 
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Equations of the form 
Cu 
pe 
14 ecos 0 


= g(cos 4) Vertical directrix 


correspond to conics with a vertical directrix and symmetry with respect to the 
polar axis. Equations of the form 
ep 


oS : 
ltesin@ 


= g(sin 0) Horizontal directrix 


correspond to conics with a horizontal directrix and symmetry with respect to the 
line @ = 77/2. Moreover, the converse is also true—that is, any conic with a focus 
at the pole and having a horizontal or vertical directrix can be represented by one 
of the given equations. 


iseturtcwe Identifying a Conic from Its Equation 


F F ; 15 
Identify the type of conic represented by the equation r Fo fene 
Algebraic Solution Graphical Solution 
To identify the type of conic, rewrite the equation in | You can start sketching the graph by plotting points from 6 = 0. 
the form r = (ep)/(1 + e cos 6). to 0 = z. Because the equation is of the form r = g(cos 6), the 

15 graph of r is symmetric with respect to the polar axis, So, you 
v= FS De06 Waite original equation. | can complete the sketch, as shown in Figure 6.78. From this, you 
can conclude that the graph is an ellipse. 
ES 
= —_—.—. Divide numerator and 
1 = (2/3) cos 6 denominator by 3. 


Because e = } < 1, you can conclude that the graph 
is an ellipse. 


omomonr Now try Exercise 11. FIGURE 6,78 


For the ellipse in Figure 6.78, the major axis is horizontal and the vertices 
lie at (15, 0) and (3, 77). So, the length of the major axis is 2a = 18. To find the 
length of the minor axis, you can use the equations e = c/a and b? = a? ~ c? 
to conclude that 
RPe@-¢ 
=a? — (ea) 
=a(1 — e?). Ellipse 
Because ¢ =, you have b? = 9°[1 — (2)]=45, which implies that 
b = J = 3V5. So, the length of the minor axis is 2b = 6/5. A similar 
analysis for hyperbolas yields 
BPe=c-@ 
= (nat g 


= a@(e? — 1). Hyperbola 
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e Examples 


Many examples present side-by-side solutions 
with multiple approaches—algebraic, graphical, 
and numerical. This format addresses a variety of 
learning styles and shows students that different 
solution methods yield the same result. 


e Checkpoint 


The Checkpoint directs students to work a similar 
problem in the exercise set for extra practice. 


e Explorations 


The Exploration engages students in active 
discovery of mathematical concepts, strengthens 
critical thinking skills, and helps them to develop 
an intuitive understanding of theoretical concepts. 


e Study Tips 
Study Tips reinforce concepts and help students 
learn how to study mathematics. 


e Technology 


The Technology feature gives instructions for 
graphing utilities at point of use. 


e Additional Features 


Additional carefully crafted learning tools, 
designed to connect concepts, are placed 
throughout the text. These learning tools include 
Writing About Mathematics, Historical Notes, and 
an extensive art program. 
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Some curves reach their zeros and maximum r-values at more than one 
point, as shown in Example 4. 


ischutcem Sketching a Polar Graph 


Sketch the graph of r = 2 cos 30. 
Solution 
Symmetry: With respect to the polar axis 


Maximum value of |r|: 


|r| = 2 when 36 = 0, 7, 27, 3ror 

0 = 0, 7/3, 27/3, 7 

Zeros of r: r= 0 when 30 = 17/2, 37/2, 57/2 or 
0= 7/6, 7/2, 57/6 


a \|aw| w | wl] Se lo 
8)°} |e] 4 | 3] wm |2 
r|2| 72) 0] -V2| -2| -v2] 0 


By plotting these points and using the specified symmetry, zeros, and maximum 
values, you can obtain the graph shown in Figure 6.74. This graph is called a rose 
curve, and each of the loops on the graph is called a petal of the rose curve. Note 
how the entire curve is generated as 6 increases from 0 to 7. 
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Exploration 


Notice that the rose curve in 
Example 4 has three petals. 
How many petals do the rose 
curves given by r = 2 cos 40 
and r = 2 sin 30 have? 
Determine the numbers of 
petals for the curves given by 
r = 2cos n@ and r = 2 sinn6, 
where n is a positive integer. 


Technology 


Use a graphing utility in polar eave 


mode to verify the graph of 
1 = 2cos 30 shown in Figure 6.74. FIGURE 6.74 


owowowr Now try Exercise 33. 
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igure 3.30 


Figure 3.31 
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Applications of Vectors 


Find the component form of the vector that 


* tal, as shown in Figure 3.30. 


Solution 


v = ||v|| (cos Oi + || v|| (sin Oj 


= 100(cos 210°)i + 100(sin 210°)j 


- roof -~3)i + 1o0{-* i 


’ EeTTTCEB Finding the Component Form of a Vector @ 


descending at a speed of 100 miles per hour at an angle 30° below the horizon- 


‘The velocity vector v has a magnitude of 100 and a direction angle of @ = 210°. 


represents the velocity of an airplane 
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|, factor the expression and use the 
ties to simplify. There is more than one 
correct form of each answer. 


45, tan? x — tan? x sin?x 


47, sin? x sect.x — sin?x 


49, 


SI. ante + 2tn?x +1 52, 1 — 2eos?x + cost x 
53, sin' x — cost x 54, sec! x — tant x 
55. csc? x — ese?x — ese + 1 


56. sec} x — sec?x — seex +1 


In Exercises 57-60, perform the multiplication and use the 
fundamental identities to simplify. There is more than one 
correct form of each answer. 


87, (sin.x + cos x)? 
58. (cotx + ese x)(eotx — ese x) 
59, (2ese.x + 2)(2 ese x — 2) 


60, (3 — 3 sin.x)(3 + 3 sin x) 


In Exercises 61-64, perform the addition or subtraction and 
use the fundamental identities to simplify. There is more 
than one correct form of each answer. 


1 1 1 L 


61. + 62. = 
T+cosx 1—cosx seex+1 seex—l 
cose Lt+sinx sectx 
. 64, tan x — 
T¥sinx osx tan 


In Exercises 65-68, rewrite the expression so that itis not in 


fractional form. There is more than one correct form of 
each answer. 


66. 
tanx + sex 


3 tan? x 


secx — tan x " cscx tT 


©8 Numerical and Graphical Analysis In Exercises 69-72, use 
a graphing utility to complete the table and graph the 
functions. Make a conjecture about y, and y>. 


x | 02] 04] 06] 08 | 1.0] 12 [14 


+sinx 


yz = tan?x + tant x 


& In Exercises 73-76, use a graphing utility to determine 
which of the six trigonometric functions is equal to the 
expression. Verify your answer algebraically. 
7B. cos.xcotx + sinx 
TA, see xese x ~ tan.x 
1. (2 


Sinax\eos.x 


2 cos.) 


I+ sind cond 
16. eet Trang) 

In Exercises 77-82, use the trigonometric substitution to 
write the algebraic expression as a trigonometric function 
of 0, where 0 < 0 < a/2. 


3 cos @ 
2eos 4 
3sec A 


2sec 4 


tan @ 


82. JT FTO, x= 10tan9 
In Exercises 83-86, use the trigonometric substitution to 
write the algebraic equation as a trigonometric function 
of @, where — 7/2 < 0 < m/2. Then find sin @and cos 0. 


sin 6 
2eos 6 


VIOO—¥F, x= 10 cos 6 


AB In Exercises 87-90, use a graphing utility to solve the 
equation for 0, where 0 < 0 < 2m. 


90, ese 8 = JTF cor 6 


e Real-Life Applications 


A wide variety of real-life applications, many 
using current real data, are integrated throughout 


the examples and exercises. The (¢-}) indicates an 


Y 
NZ 
example that involves a real-life application. 


e Algebra of Calculus 


Throughout the text, special emphasis is given 

to the algebraic techniques used in calculus. 
Algebra of Calculus examples and exercises are 
integrated throughout the text and are identified by 
the symbol fi ; 


e Section Exercises 


The section exercise sets consist of a variety of 
computational, conceptual, and applied problems. 


e Vocabulary Check 


Section exercises begin with a Vocabulary 
Check that serves as a review of the important 
mathematical terms in each section. 


e Prerequisite Skills Review 


Extra practice and a review of algebra skills, 
needed to complete the section exercise sets, are 
offered to the students and available in Eduspace®. 
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( 6.9 } Exercises J 


VOCABULARY CHECK: 
In Exercises 1-3, fill in the blanks. 


1. The locus of a point in the plane that moves so that its distance from a fixed point (focus) is in a 
constant ratio to its distance from a fixed line (directrix) is a 


2. The constant ratio is the of the conic and is denoted by 


ep 


3. An equation of the form r = 
+ecos@ 


has a directrix to the of the pole, 


cad 


Match the conic with its eccentricity. 
(b) e=1 
(ii) hyperbola 


@e<l (c)e>l 
(parabola 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


(iii) ellipse 


In Exercises 1-4, write the polar equation of the conic for __2 Pee 
e=1, e=0.5, and e = 1.5. Identify the conic for each "T+ cos 6 * 2 cos 6 
equation. Verify your answers with a graphing utility. 5 5 
r= & r= _ 
feos de 5. = de 1+ 2sin@ 1— sin @ 
T+ ecos 6 T—ecos 6 ore feed 
de de TS TF cos 6 TT =3sind 
25 4. r= 
T—esind T+esin6 


In Exercises 11-24, identify the conic and sketch its graph. 
In Exercises 5-10, match the polar equation with its graph. 


[The graphs are labeled (a), (b), (c), (a, (e), and (f). ipa ee 
fa) - ei A 1 — cos 6 T+ sind 
3 z 5 6 
13. p= 14, ,=—2_— 
T+ sin 6 T+ cos 8 
° ¥ 7 
4 5. = ——_ =———— 
so = 18. 6 = Fr cos 6 Wr sind 
7, r= o _ 18. r= 
2+ sin 0 3 —2eos 6 
(c) £ (d) z 19% r= a 20, r=—__5__ 
5 5 24 45in 6 T+ 2c0s 6 
ii 3 
7 2 r= 22, r= 
Sa 2+ 6sin6 
E+ 0 ai 48 4 i 2 
4 re pe 
2— cos 6 24 3sin 6 
pet 
+ @ 
1 AS In Exercises 25-28, use a graphing utility to graph the polar 
graphing utility to g 
(e) z Gy) x equation. Identify the graph. 
4 ; -1 =5 
2.r= 26. r= > 
T— sin 6 24 4sin 6 
3 4 
° 27. r= 28, => —_ 
204 —4 + 2c0s 6 T—2cos 6 
o 
ee | 
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43. Distance A boat is sailing due east parallel to the 
shoreline at a speed of 10 miles per hour. At a given time, 
the bearing to the lighthouse is $ 70° E, and 15 minutes 
later the bearing is $ 63° E (see figure). The lighthouse is 
located at the shoreline, What is the distance from the boat 
to the shoreline? 


Model It 


44. Shadow Length The Leaning Tower of Pisa in Italy is 
characterized by its tilt. The tower leans because it was 
built on a layer of unstable soil—clay, sand, and water. 
The tower is approximately 58.36 meters tall from its 
foundation (see figure). The top of the tower leans 
about 5.45 meters off center, 


dd" Notdravn to sale 


(a) Find the angle of lean a of the tower. 


(b) Write B as a function of d and 6, where @ is the 
angle of elevation to the sun. 


(c) Use the Law of Sines to write an equation for the 
length d of the shadow cast by the tower. 


@S (a) Use a graphing utility to complete the table. 


@ | 10° | 20° | 30° | 40° | 50° | 60° 
d 


Synthesis 


True or False? In Exercises 45 and 46, determine whether 
the statement is true or false. Justify your answer. 


45, If a triangle contains an obtuse angle, then it must be 
oblique. 


46. Two angles and one side of a triangle do not necessarily 
determine a unique triangle. 


47. Graphical and Numerical Analysis In the figure, a and 
Bare positive angles. 
(a) Write a as a function of B. 
@S (b) Use a graphing utility to graph the function, Determine 
its domain and range. 
(c) Use the result of part (a) to write ¢ as a function of B. 
B (a) Use a graphing utility to graph the function in part (c). 
Determine its domain and range. 
(ec) Complete the table. What can you infer? 


B| 04] 08] 12] 16 | 20] 24 | 28 
a 
¢ 
20m 
g 
2 
18 6 


30cm 


FIGURE FOR 47 FIGURE FOR 48 


48. Graphical Analysis 


(a) Write the area A of the shaded region in the figure as a 
function of 6. 


BS (b) Use a graphing utility to graph the area function. 


(c) Determine the domain of the area function. Explain 
how the area of the region and the domain of the 
function would change if the eight-centimeter line 
segment were decreased in length. 


Skills Review 


In Exercises 49-52, use the fundamental trigonometric 
identities to simplify the expression. 


49. sin x cot x 


te 
st. 1~sie(2—3) 


50. tan x cos x sec x 


S21 + cot (3 - :) 


Textbook Features and Highlights 


e Model It 


These multi-part applications that involve real 
data offer students the opportunity to generate 
and analyze mathematical models. 


e Synthesis and Skills Review 


Exercises 


Each exercise set concludes with the two types of 


exercises. 


Synthesis exercises promote further exploration of 
mathematical concepts, critical thinking skills, and 
writing about mathematics. The exercises require 
students to show their understanding of the rela- 
tionships between many concepts in the section. 


Skills Review Exercises reinforce previously learned 


skills and concepts. 


Make a Decision exercises, found in selected 
sections, further connect real-life data and 
applications and motivate students. They also 
offer students the opportunity to generate and 
analyze mathematical models from large data sets. 


378 Chapter 5 Exponential and Logarithmic Functions 


Model It 


69. Data Analysis: Biology To estimate the amount of 
defoliation caused by the gypsy moth during a given 
year, a forester counts the number x of egg masses on 


3p of an acre (circle of radius 18.6 feet) in the fall. The 


percent of defoliation y the next spring is shown in the 
table, (Source: USDA, Forest Service) 


A model for the data is given by 


100 
Y= Tp yw 
&S (a) Use a graphing utility to create a scatter plot of the 
data and graph the model in the same viewing 
window. & 
(b) Create a table that compares the model with the 
sample data, 
(c) Estimate the percent of defoliation if 36 egg masses 
are counted on 45 acre. 
€B (a) You observe that 3 of a forest is defoliated the 
following spring. Use the graph in part (a) to 
estimate the number of egg masses per 75 acre. 


70. Data Analysis: Meteorology A meteorologist measures 
the atmospheric pressure P (in pascals) at altitude / (in 
kilometers). The data are shown in the table. 


Altitude, h Pressure, P 


101,293 
54,735 
23,294 
12,157 
5,069 


A model for the data is given by P = 107,428¢~"-15, 


(a) Sketch a scatter plot of the data and graph the model on 
the same set of axes. 


(b) Estimate the atmospheric pressure at a height of 
8 kilometers. 


Synthesis 


True or False? _\n Exercises 71 and 72, determine whether 
the statement is true or false. Justify your answer. 


71. The line ymptote for the graph of 


f(x) = 10* — 2. 
a ¢ = 2801 
~ "99,990" 


Think About It In Exercises 73-76, use properties of expo- 
nents to determine which functions (if any) are the same. 


73. f(x) = 3? TA. f(x) = 4° + 12 


ga) =F g(x) = 26 
(x) = 64(4") 
76. f(x) =e* +3 
glx 
hie) = 160) A(x) = 


77. Graph the functions given by y = 3* and y = 4° and use the 
graphs to solve each inequality. 
(a) <3 (b) 48> 3° 

78. Use a graphing utility to graph each function. Use the 
graph to find where the function is increasing and 


decreasing, and approximate any relative maximum or 
minimum values. 


(a) fe) = x% (b) g(x) = 22 
Graphical Analysis Use a graphing utility to graph 


79. 


2 


fe) =(14+ 8) and g(x) 


in the same viewing window. What is the relationship 
between f and g as x increases and decreases without 
bound? 


80. Think About It Which functions are exponential? 
(a) 3x (b) 3x? (ce) *— 2 


Skills Review 


In Exercises 81 and 82, solve for y. 


81. x7 + y? = 25 82. x — 


In Exercises 83 and 84, sketch the graph of the function. 


2 


Bf =sT5 


84. f(x) = VT= 


85. Make a Decision To work an extended application 
analyzing the population per square mile of the United 
States, visit this text's website at college.hmco.com. (Data 
Source: U.S. Census Bureau) 
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xiv Textbook Features and Highlights 


a eo e Chapter Summary 


The Chapter Summary “What Did You Learn?” is 


What did you learn? a section-by-section overview that ties the learning 
pectionias’ ere Heute: objectives from the chapter to sets of Review 


Cl Use the Law of Sines to solve oblique triangles (AAS, ASA, or SSA) (p.278, 280). 1-12 
i Find areas of oblique triangles (p. 282). 13-16 bs - 

1 Use the Law of Sines to model and solve real-life problems (p. 283). 17-20 Exercises for extra practice ; 
Section 3.2 

C1 Use the Law of Cosines to solve oblique triangles (SSS or SAS) (p.287). 21-28 

Use the Law of Cosines to model and solve real-life problems (p. 289). 29-32 R . E . 

1 UseHerors A ® Review Exercises 


Review Exercises 319 
Section 3.3 


Eres The chapter Review Exercises provide additional 
CO Perform basic 


practice with the concepts covered in the chapter. 


Cl Write vectors 


EBM] in Exercises 1-12, use the Law of Sines to solve (if 
Cl Find the direct possible) the triangle. If two solutions exist, find both. 
Round your answers to two decimal places. 


C1 Use vectors to 


Section 3.4 

C1 Find the dot p 
dot product (p} 

C1 Find the angle| 
vectors are ort} 

C Write vectors 


FIGURE FOR 19 


20. River Width A surveyor finds that a tree on the apposite 
bank of a river, flowing due east, has a bearing of 
N 22° 30’E from a certain point and a bearing of N 15° W 
T A=, from a point 400 feet downstream, Find the width of the 
8. B= 64°, river. 


C1 Use vectors to 


In Exercises 21-28, use the Law of Cosines to solve 
the triangle. Round your answers to two decimal places. 


In Exercises 13-16, find the area of the triangle having the 
indicated angle and sides. 


28. A = 62, b = 11.34, ¢ = 19.52 


17. Height From a certain distance, the angle of elevation to 29. Geometry The lengths of the diagonals of a parallelogram 
the top of a building is 17°. At a point 50 meters closer to are 10 feet and 16 feet. Find the lengths of the sides of the 
the building, the angle of elevation is 31°, Approximate the parallelogram if the diagonals intersect at an angle of 28°. 
height of the building. . Geometry The lengths of the diagonals of a parallelogram 

18. Geometry Find the length of the side w of the are 30 meter 40 meters. Find the lengths of the sides 
parallelogram, of the parallelogram if the diagonals intersect at an angle 


of 34°, 322 Chapter 3 Additional Topics in Trigonometry 
2 |. Surveying To approximate the length of a marsh, a 


surveyor walks 425 meters from point A to point B, Then 
W the surveyor tums 65° and walks 300 meters to point C (see Chapter Test 
figure). Approximate the length AC of the marsh. 


Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 


240 mi 


elevation to the top of the tree is 45° (see figure). Find the 


height of the ee, In Exercises 1-6, use the information to solve the triangle. If two solutions exist, find 


both solutions. Round your answers to two decimal places. 


1. A= 24°, B= 68% a 

B= 108, C= 33", 
3. A=, a = 112, b= 134 
4a =40, 3,¢=124 
5. B=1 


370 mi 


Cumulative Test for Chapters 1-3 323 


3 


FIGURE FOR 8 = “ 


e Chapter Tests and Cumulative eae eee es 


check your work against the answers given in the back of the book. 


Tests sense nae 


(a) Sketch the angle in standard position, 
(b) Determine a coterminal angle in the interval [0°, 360°) 


Chapter Tests, at the end of each chapter, and ie) Goce nd ts led cae 
. . e (d) Find the reference angle 0”. 
periodic Cumulative Tests offer students frequent (e) Find the exact values ofthe six trigonometric functions of 6 
2. Convert the angle @ ‘5 radians to degrees. Round the answer to one decimal 
opportunities for self-assessment and to develop 


strong study and test-taking skills. 


3. Find cos @if tan @ = —$ and sin @ < 0. 
In Exercises 4-6, sketch the graph of the function. (Include two full periods.) 


4. fl) = 


= 2sin mx 2) 6 h(x) = —seelx + 7) 


7. Find a, b, and c such that the graph of the function A(x) = a cos(bx + c) matches the 
FIGURE FOR 7 ‘graph in the figure. 


8. Sketch the graph of the function f(x) = $r sin x over the interval ~3a <x < 3m 


In Exercises 9 and 10, find the exact value of the expression without using a calculator. 


9. tan(arctan 6.7) 10. tan{aresin 3) 
11. Write an algebraic expression equivalent to sin(arccos 2x), 


12, Use the fundamental identities to simplify: cos(F - ) ose x. 


13, Subtract and simplify: “L°—— — SS 


In Exercises 14-16, verify the identity. 
14, cot? a(sec? a ~ 1) = 1 
15, sin(x + y) sin(x — y) = sin? x — sin? y 


16, sin? xcos?.x = }(1 — cos 4x) 


In Exercises 17 and 18, find all solutions of the equation in the interval [0, 27). 
17, 2 cos? B — cos B= 0 
18, 3 tan # ~ cot = 0 


19, Use the Quadratic Formula to solve the equation in the interval [0, 27) 
sin?x + 2 sine + 


20, Given that sin u = 
tan(u — v). 
. If tan @ = 4, find the exact value of tan(26). 


os v = 3, and angles uw and v are both in Quadrant I, find 


21 


Proofs in Mathematics 


If a nonvertical line has inclination @ and slope m, then m = tan 6. 


Inclination and Slope —_(p. 430) | 


Proof 
If m = 0, the line is horizontal and @ = 0. So, the result is true for horizontal 
lines because m = 0 = tan 0. 

If the line has a positive slope, it will intersect the x-axis. Label this point 
(x,, 0), as shown in the figure. If (x,, y,) is a second point on the line, the slope 
is 


The case in which the line has a negative slope can be proved in a similar manner. 


Distance Between a PointandaLine  (p. 432) 
‘The distance between the point (x,, y,) and the line Ax + By + C = Ois 


|Axr + By: + C| 
VRE + . 


Proof 


For simplicity’s sake, assume that the given line is neither horizontal nor vertical 
(see figure). By writing the equation Ax + By + C = 0 in slope-intercept form 


you can see that the line has a slope of m = —A/B. So, the slope of the line pass- 

ing through (x,, y,) and perpendicular to the given line is B/A, and its equation 

is y — y, = (B/A)(x — x,). These two lines intersect at the point (x5, y), where 
B(Bx, — Ay,) — AC _ A(—Bx, + Ay) — BC 


Sere and ya AB 


Finally, the distance between (x, y,) and (x3, y2) is 


d= J — xP +02 


Bx, — ABy,— AC? | [= 
ea 


= By es + By, + CP + BAx, + By, + CP 
ia (a + BP 


JAx1 + By, + C| 


JAE + B 
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Textbook Features and Highlights xv 


e Proofs in Mathematics 


At the end of every chapter, proofs of important 
mathematical properties and theorems are presented 
as well as discussions of various proof techniques. 


e P.S. Problem Solving 


Each chapter concludes with a collection of 
thought-provoking and challenging exercises 

that further explore and expand upon the 

chapter concepts. These exercises have unusual 
characteristics that set them apart from traditional 
text exercises. 


(24-8 Problem Solving 


This collection of thought-provoking and challenging exercises further explores 
and expands upon concepts learned in this chapter. 


1. As a salesperson, you receive a monthly salary of $2000, Pi 
plus a commission of 7% of sales, You are offered a new job 
at $2300 per month, plus a commission of 5% of sales. 
(a) Write a linear equation for your current monthly wage 
W; in terms of your monthly sales S. ft 


(ay) 


(b) Write a linear equation for the monthly wage W, of your 
new job offer in terms of the monthly sales S. 

AG (6) Use a graphing utility to graph both equations in the Dh 
same viewing window. Find the point of intersection. 


What does it signify? FIGURE FOR 6 


10. You are in a boat 2 miles from the nearest point on the 


13. Show that the Associative Property holds for compositions 
of functions—that is, 


(Folg °A)Na) = (Fog) M(x). 
14, Consider the graph of the function f shown in the figure, 
Use this graph to sketch the graph of each function. To 


print an enlarged copy of the graph, go to the website 
wwwmathgraphs.com. 


@ fle+ 1) &) fA)+1 © FW) @ f-9 
©) fe) ) [FO] FU) 


coast. You are to travel to a point Q, 3 miles down the coast 
and 1 mile inland (see figure). You can row at 2 miles per 
hour and walk at 4 miles per hour, 


<3 mi HQ” orator sate 


(@) You think you can sell $20,000 per month, Should you 
change jobs? Explain, 

2. For the numbers 2 through 9 on a telephone keypad (see 
figure), create two relations: one mapping numbers onto 
letters, and the other mapping letters onto numbers. Are both 
relations functions? Explain, 


3. What can be said about the sum and difference of each of the 
following? 
(a) Two even functions (b) ‘Two odd functions 
() An odd function and an even function 

4. The two functions given by 


f(x) =x and g(x) = —r 


are their own inverse functions. Graph each function and 
explain why this is true. Graph other linear functions that are 
their own inverse functions, Find a general formula for a 
family of linear functions that are their own inverse functions. 


. Prove that a function of the following form is even. 
YH yD" F yy 2 + + Fa t Oy 


6. A miniature golf professional is trying to make a hole-in- 
one on the miniature golf green shown, A coordinate plane 
is placed over the golf green. The golf ball is at the point 
(2.5, 2) and the hole is at the point (9.5, 2). The professional 
‘wants to bank the ball off the side wall of the green at the 
point (x,y). Find the coordinates of the point (x,y). Then 
write an equation for the path of the ball. 


wn 


7. At2:00 pa. on April 11, 1912, the Titanic left Cobh, Ireland, 
on her voyage to New York City, At 11:40 pat. on April 14, 
the Titanic struck an iceberg and sank, having covered only 
about 2100 miles of the approximately 3400-mile trip, 

(a) What was the total length of the Titantic's voyage in 
hours? 

(b) What was the Titantic’s average speed in miles per hour? 

(©) Write a function relating the Titantic’s distance from 
New York City and the number of hours traveled. Find 
the domain and range of the function, 

(d) Graph the function from part (c).. 

8. Consider the function given by flx) = —x? + dx ~ 3. Find 
the average rate of change of the function from x, to x3. 


(a) x = Lay (b) x = hay =15 
© x =1y=l 
(d) x, = Ixy = 1.125 


(©) = Lay = 1.0625 
(£) Does the average rate of change seem to be approaching 
one value? If so, what value? 
(g) Find the equation of the secant line through the points 
(x1, flq)) and (x2, fla)) for parts (a)(e). 
(h) Find the equation of the line though the point (1, /(1)) 
using your answer from part (f) as the slope of the line, 
Consider the functions given by f(x) = 4vand g(x) =x + 6. 
(a) Find (f+ g)(x). 
(b) Find (f+ g)"4G). 
(©) Find f(x) and g“"(a). 
(d) Find (gt »f-")(x) and compare the result with that of 
part (b). 
(e) Repeat parts (a) through (d) for f(x) = 3° +1 and 
gla) = 2x. 
(8) Write two one-to-one functions f and g, and repeat 
parts (a) through (d) for these functions. 
(g) Make a conjecture about (f g)~ (x) and (g~! » f(a). 


127 


© 


(a) Write the total time 7 of the trip as a function of x. 
(b) Determine the domain of the function. 
@S (©) Use a graphing utility to graph the function. Be sure to 
choose an appropriate viewing window. 
AS (a) Use the zoom and trace features to find the value of x 
that minimizes T. 
8 (e) Write a brief paragraph interpreting these values. 
11. The Heaviside function H(1) is widely used in engineering 
applications, (See figure.) To print an enlarged copy of the 
graph, go to the website www.mathgraphs.com. 


a=) x20 


0, <0 
Sketch the graph of each function by hand. + Pye a 
(a) Hx) — 2 (b) Hle= 2) (©) —H(e) 
@ Hx) (© 5HG)—() He - 2) +2 
(Oe -4|-2] 0 | 4 
(AF) 
Qe -3)-2] 0] 1 
(f+ FG) 
© “aT 
2, La fo) =, x 3}-2] 0] 1 
2 (f- £9) 
(a) What are the domain and range of f"? 
(b) Find /(f(x)). What is the domain of this function? @ —alaa)ola 
(c) Find f((/(3))). Is the graph a line? Why or why not? f 
el 
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15. Use the graphs of f and f! to complete each table of 
function values, 


= 
5 
i 
Ss 
Pe) 
m™m 
WN 


xvi 


Supplements 


Supplements 


Supplements for the Instructor 


Trigonometry, Seventh Edition, has an extensive support package for the instructor 
that includes: 


Instructor’s Annotated Edition (IAE) 
Online Complete Solutions Guide 
Online Instructor Success Organizer 


Online Teaching Center: This free companion website contains an abundance of 
instructor resources. 


HM ClassPrep™ with HM Testing (powered by Diploma™): This CD-ROM is 
a combination of two course management tools. 


¢ HM Testing (powered by Diploma™) offers instructors a flexible and powerful 
tool for test generation and test management. Now supported by the 
Brownstone Research Group’s market-leading Diploma™ software, this new 
version of HM Testing significantly improves on functionality and ease of use 
by offering all the tools needed to create, author, deliver, and customize 
multiple types of tests—including authoring and editing algorithmic questions. 
Diploma™ is currently in use at thousands of college and university campuses 
throughout the United States and Canada. 


¢ HM ClassPrep™ also features supplements and text-specific resources for the 
instructor. 


Eduspace®: Eduspace®, powered by Blackboard®, is Houghton Mifflin’s 
customizable and interactive online learning tool. Eduspace® provides instructors 
with online courses and content. By pairing the widely recognized tools of 
Blackboard® with quality, text-specific content from Houghton Mifflin Company, 
Eduspace® makes it easy for instructors to create all or part of a course online. 
This online learning tool also contains ready-to-use homework exercises, quizzes, 
tests, tutorials, and supplemental study materials. 


Visit www.eduspace.com for more information. 


Eduspace® with eSolutions: Eduspace® with eSolutions combines all the 
features of Eduspace® with an electronic version of the textbook exercises and 
the complete solutions to the odd-numbered exercises, providing students with a 
convenient and comprehensive way to do homework and view course materials. 
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Supplements for the Student 


Trigonometry, Seventh Edition, has an extensive support package for the student 
that includes: 


Study and Solutions Guide 
Online Student Notetaking Guide 
Instructional DVDs 


Online Study Center: This free companion website contains an abundance of 
student resources. 


HM mathSpace® CD-ROM: This tutorial CD-ROM provides opportunities for 
self-paced review and practice with algorithmically generated exercises and step- 
by-step solutions. 


Eduspace®: Eduspace®, powered by Blackboard®, is Houghton Mifflin’s 
customizable and interactive online learning tool for instructors and students. 
Eduspace® is a text-specific, web-based learning environment that your instructor 
can use to offer students a combination of practice exercises, multimedia tutori- 
als, video explanations, online algorithmic homework and more. Specific content 
is available 24 hours a day to help you succeed in your course. 


Eduspace® with eSolutions: Eduspace® with eSolutions combines all the 
features of Eduspace® with an electronic version of the textbook exercises and 
the complete solutions to the odd-numbered exercises. The result is a convenient 
and comprehensive way to do homework and view your course materials. 


Smarthinking®: Houghton Mifflin has partnered with Smarthinking® to 
provide an easy-to-use, effective, online tutorial service. Through state-of-the- 
art tools and whiteboard technology, students communicate in real-time with 
qualified e-instructors who can help the students understand difficult concepts 
and guide them through the problem-solving process while studying or 
completing homework. 


Three levels of service are offered to the students. 


Live Tutorial Help provides real-time, one-on-one instruction. 


Question Submission allows students to submit questions to the tutor outside the 
scheduled hours and receive a reply usually within 24 hours. 


Independent Study Resources connects students around-the-clock to additional 
educational resources, ranging from interactive websites to Frequently Asked 
Questions. 


Visit smarthinking.com for more information. 


*Limits apply; terms and hours of SMARTHINKING® service are subject to change. 
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Prerequisites 


Review of Real Numbers and Their Properties 
P.2. Solving Equations 

P.3 The Cartesian Plane and Graphs of Equations 
P.4 Linear Equations in Two Variables 


P.5 Functions P.9 Combinations of Functions: 
P.6 Analyzing Graphs of Functions Composite Functions 
P.7 A Library of Parent Functions P.10 Inverse Functions 


P.8 Transformations of Functions 


NLS Fi ee 
ay S —~ tp & ed % 5 cA on <9 
Functions play a primary role in SS SSS LL, ae | P 


modeling real-life situations. The 
estimated growth in the number of 
digital music scales in the United 
States can be modeled by a cubic 
function. 
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SELECTED APPLICATIONS 


Basic algebra concepts have many real-life applications. The applications listed below represent a 
small sample of the applications in this chapter. 


¢ College Enrollment, ¢ Digital Music Sales, ¢ Consumer Awareness, 
Exercise 109, page 52 Exercise 89, page 79 Exercise 68, page 107 
¢ Circulation of Newspapers, e Fluid Flow, e Diesel Mechanics, 
Exercises 11 and 12, page 64 Exercise 68, page 88 Exercise 83, page 117 
¢ Cost, Revenue, and Profit, ¢ Fuel Use, 
Exercise 97, page 67 Exercise 67, page 97 


2 Chapter P Prerequisites 


Pot 


Review of Real Numbers and Their Properties 


What you should learn 

+ Represent and classify real 
numbers. 

Order real numbers and use 
inequalities. 

Find the absolute values of real 


numbers and find the distance 
between two real numbers. 


Evaluate algebraic expressions. 


* Use the basic rules and 
properties of algebra. 


Why you should learn it 


Real numbers are used to 
represent many real-life quantities. 
For example, in Exercise 65 on 
page 10, you will use real numbers 
to represent the federal deficit. 


The HM mathSpace® CD-ROM and 
Eduspace® for this text contain 

additional resources related to the 
concepts discussed in this chapter. 


Real 
numbers 


Real Numbers 


Real numbers are used in everyday life to describe quantities such as age, miles 
per gallon, and population. Real numbers are represented by symbols such as 


4 
—5,9, 0,3, 0.666. . ., 28.21, J2, m, and 3/—32. 
Here are some important subsets (each member of subset B is also a member of 


set A) of the real numbers. The three dots, called ellipsis points, indicate that the 
pattern continues indefinitely. 


{l, 25 33 Aya % a Set of natural numbers 
{0, 1,23, Aya x } Set of whole numbers 
{. = ig Oy De = 1.0; F253 y 2 } Set of integers 


A real number is rational if it can be written as the ratio p/q of two integers, 
where g # 0. For instance, the numbers 


1 x 12 — 
3 = 0.3333... = 0.3, — = 0.125, and > = 1.126126... = 1.126 


are rational. The decimal representation of a rational number either repeats (as in 
oo = 3.145) or terminates (as in 5 a 0.5). A real number that cannot be written 
as the ratio of two integers is called irrational. Irrational numbers have infinite 
nonrepeating decimal representations. For instance, the numbers 


J/2 = 1.4142135...~ 141 and w= 3.1415926... ~ 3.14 


are irrational. (The symbol ~ means “is approximately equal to.’) Figure P.1 
shows subsets of real numbers and their relationships to each other. 

Real numbers are represented graphically by a real number line. The point 
0 on the real number line is the origin. Numbers to the right of 0 are positive, and 
numbers to the left of 0 are negative, as shown in Figure P.2. The term nonneg- 
ative describes a number that is either positive or zero. 


Origin 
Negative ; ; ° ; Positive 
direction a oe ee 0 i 2 3 4 direction 


FIGURE P.2 The real number line 


As illustrated in Figure P.3, there is a one-to-one correspondence between real 
numbers and points on the real number line. 


5 
3 0.75 1 |e +—— 
t }e—t +-—@+} t o> 3. 2 0 1 2 3 
3 2 -1 0 1 2 3 


Irrational Rational 
numbers numbers 
Integers Noninteger 
fractions 
(positive and 
negative) 
Negative Whole 
integers numbers 
Natural Zero 
numbers 
FIGUREP.1 Subsets of real numbers 


Every real number corresponds to exactly 
one point on the real number line. 
FIGURE P.3. One-to-one 


Every point on the real number line 
corresponds to exactly one real number. 


a b 
t ed t e+ 


-l 0 1 


> 


FIGUREP.4 a < bifand only ifalies to 
the left of b. 


x<2 
j * 
0 1 2 3 4 
FIGURE P.5 
—2<x<3 


FIGURE P.6 


STUDY TIP 


The reason that the four types 
of intervals at the right are 
called bounded is that each has 
a finite length. An interval that 
does not have a finite length is 
unbounded (see page 4). 
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Ordering Real Numbers 


One important property of real numbers is that they are ordered. 


Definition of Order on the Real Number Line 


If a and b are real numbers, a is less than b if b — a is positive. The order 
of a and b is denoted by the inequality a < b. This relationship can also 


be described by saying that b is greater than a and writing b > a. The 
inequality a < b means that a is less than or equal to b, and the inequality 

b = ameans that b is greater than or equal to a. The symbols <, >, S$, and = 
are inequality symbols. 


Geometrically, this definition implies that a < b if and only if a lies to the 
left of b on the real number line, as shown in Figure P.4. 


Schule Interpreting Inequalities 


Describe the subset of real numbers represented by each inequality. 


aox<2 b. -2<x<3 


Solution 

a. The inequality x < 2 denotes all real numbers less than or equal to 2, as 
shown in Figure P.5. 

b. The inequality —2 < x < 3 means that x = —2 and x < 3. This “double 
inequality” denotes all real numbers between — 2 and 3, including —2 but not 
including 3, as shown in Figure P.6. 


cueckroint 


Inequalities can be used to describe subsets of real numbers called intervals. 
In the bounded intervals below, the real numbers a and b are the endpoints of 
each interval. The endpoints of a closed interval are included in the interval, 
whereas the endpoints of an open interval are not included in the interval. 


Now try Exercise 19. 


Bounded Intervals on the Real Number Line 


Notation 
La, b] 


Inequality 
asx<b 


Interval Type 
Closed 


(a, b) Open <x<b 


<x<b 


[a, b) 


(a, b] <x<b 
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STUDY TIP 


Note that whenever you write 
intervals containing co or —©o, 
you always use a parenthesis 
and never a bracket. This is 
because these symbols are never 
an endpoint of an interval and 
therefore not included in the 
interval. 


The symbols oo, positive infinity, and —oo, negative infinity, do not 
represent real numbers. They are simply convenient symbols used to describe the 
unboundedness of an interval such as (1, co) or (— oo, 3]. 


Unbounded Intervals on the Real Number Line 


Notation Interval Type Inequality 


La, 00) x2a 


(a, 00) Open 


(—00, b] 
Open 


Entire real line —co <x <o0O 


| Example 2 | Using Inequalities to Represent Intervals 


Use inequality notation to describe each of the following. 
a. cis at most 2. b. m is at least —3. 
c. All x in the interval (—3, 5] 


Solution 

a. The statement “c is at most 2” can be represented by c < 2. 

b. The statement “sm is at least —3” can be represented by m = —3. 
c. “All x in the interval (—3, 5]” can be represented by —3 < x < 5. 


weueckpont += Now try Exercise 31. 
Schiywem Interpreting Intervals 


Give a verbal description of each interval. 
a. (—1, 0) b. [2, 00) c. (—oo, 0) 
Solution 


a. This interval consists of all real numbers that are greater than — 1 and less 
than 0. 


b. This interval consists of all real numbers that are greater than or equal to 2. 


c. This interval consists of all negative real numbers. 


woueckrowt = Now try Exercise 29. 


The Law of Trichotomy states that for any two real numbers a and b, 
precisely one of three relationships is possible: 


a=b, a<b, or a>b. Law of Trichotomy 


Exploration 


Absolute value expressions can 
be evaluated on a graphing 
utility. When an expression 
such as |3 — 8| is evaluated, 
parentheses should surround the 
expression, as shown below. 


abst 3-83 
a 


Evaluate each expression. What 
can you conclude? 


a. |6| 
o, | 2) 


b. |=1| 
d. |2 —5| 


o— t t—t t +-—o—> 


3 2 -l 0 1 2 3. 4 


FIGUREP.7 The distance between —3 
and 4 is 7. 
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Absolute Value and Distance 


The absolute value of a real number is its magnitude, or the distance between 
the origin and the point representing the real number on the real number line. 


Definition of Absolute Value 


If a is areal number, then the absolute value of a is 


ifa > 0 


Clas ee 
- -—a, ifa<0 


Notice in this definition that the absolute value of a real number is never 
negative. For instance, if a = —5, then |—5| = —(—5) = 5. The absolute value 
of a real number is either positive or zero. Moreover, 0 is the only real number 
whose absolute value is 0. So, |0| = 0. 


Selita Evaluating the Absolute Value of a Number 


x 
Evaluate bl for (a) x > O and (b) x < 0. 
x 


Solution 
Ix] x 
a. If x > 0, then |x| = x and — = - = 1. 
x Xx 
|x| —x 
b. If x < 0, then |x| = —x and — = = —-1, 
Xx x 


oueckront 


Now try Exercise 47. 


Absolute value can be used to define the distance between two points on the 
real number line. For instance, the distance between — 3 and 4 is 


|-3 - 4] = |-7 
=7 


as shown in Figure P.7. 


Distance Between Two Points on the Real Number Line 
Let a and b be real numbers. The distance between a and b is 


al = |a bj. 


d(a, b) = |b 


6 
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Prerequisites 


Algebraic Expressions 


One characteristic of algebra is the use of letters to represent numbers. The letters 
are variables, and combinations of letters and numbers are algebraic 
expressions. Here are a few examples of algebraic expressions. 


5x; 2x — 3, 


, Ix +y 


Definition of an Algebraic Expression 
An algebraic expression is a collection of letters (variables) and real 


numbers (constants) combined using the operations of addition, subtraction, 
multiplication, division, and exponentiation. 


The terms of an algebraic expression are those parts that are separated by 
addition. For example, 


x? — 5x + 8 =x? + (—5x) + 8 


has three terms: x” and — 5x are the variable terms and 8 is the constant term. 
The numerical factor of a variable term is the coefficient of the variable term. For 
instance, the coefficient of —5x is —5, and the coefficient of x? is 1. 

To evaluate an algebraic expression, substitute numerical values for each of 
the variables in the expression. Here are two examples. 


Value of Value of 
Expression Variable Substitute Expression 
=34 +5 x=3 =3(3) +5 —-9+5=-4 


3x2 + 2x — 1 x=-l 3(—1)? + 2(-1) - 1 3-2-1=0 
When an algebraic expression is evaluated, the Substitution Principle is 
used. It states that “If a = b, then a can be replaced by b in any expression 


involving a.” In the first evaluation shown above, for instance, 3 is substituted for 
x in the expression —3x + 5. 


Basic Rules of Algebra 


There are four arithmetic operations with real numbers: addition, multiplication, 
subtraction, and division, denoted by the symbols +, x or + , —, and + or /. Of 
these, addition and multiplication are the two primary operations. Subtraction and 
division are the inverse operations of addition and multiplication, respectively. 


Definitions of Subtraction and Division 
Subtraction: Add the opposite. Division: Multiply by the reciprocal. 


1 
If b # 0, then a/b = o> 


b 


In these definitions, —b is the additive inverse (or opposite) of b, and 1/b 
is the multiplicative inverse (or reciprocal) of b. In the fractional form a/b, 
a is the numerator of the fraction and b is the denominator. 
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Because the properties of real numbers below are true for variables and 
algebraic expressions as well as for real numbers, they are often called the Basic 
Rules of Algebra. Try to formulate a verbal description of each property. For 
instance, the first property states that the order in which two real numbers are 
added does not affect their sum. 


Basic Rules of Algebra 


Let a, b, and c be real numbers, variables, or algebraic expressions. 


Property Example 
Commutative Property of Addition: a+b=bt+a 4x + x? = x2 + 4x 
Commutative Property of Multiplication: | ab = ba (4 — x)x? = x?(4 — x) 
Associative Property of Addition: (a+b)+c=at+(b+c) (x +5) + x7 =x + (5 + x?) 
Associative Property of Multiplication: (ab)c = a(bc) (2x + 3y)(8) = (2x)(3y « 8) 


Distributive Properties: ab + c) = ab +ac 3x(5 + 2x) = 3x-5 4+ 3x- 2x 
(a + b)c = ac + be (y+ 8)y=yry+8-y 

Additive Identity Property: a+0O=a 5y* + 0 = 5y? 

Multiplicative Identity Property: a-:l=a (4x7)(1) = 4x? 

Additive Inverse Property: a+(-a)=0 5x3 + (—5x3) =0 


1 1 
Multiplicative Inverse Property: . (x? + 4) ( 24 ;) =1 
x 


Because subtraction is defined as “adding the opposite,’ the Distributive 
Properties are also true for subtraction. For instance, the “subtraction form” of 
ab + c) = ab + ac is alb — c) = ab — ac. 


Properties of Negation and Equality 


Let a and b be real numbers, variables, or algebraic expressions. 


STUDY TIP 
Property Example 
Notice the difference between : = (-1)7 = -7 
the opposite of a number and a ape 
negative number. If a is already (—6) = 
negative, then its opposite, —a, : (—5)3 = —(5 + 3) = 5(-3) 
is positive. For instance, if 
a= —5, then (—2)(—x) = 2x 
-a=-—(-5)=5. . =(a + 8) = (x) +(—8) 


—x— 8 


. Ifa =b,thnatc=bte. $+3=05+3 


. Ifa = b, thenac = be. 42-2 “2 
.Ifatc=b+c,thena=b. 14-1=$-1>514=! 


. Ifac = be andc # O, thena = b. 3x =3-4—>> x=4 
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STUDY TIP 


The “or” in the Zero-Factor 
Property includes the possibility 
that either or both factors may be 
zero. This is an inclusive or, and 


it is the way the word “or” is 
generally used in mathematics. 


STUDY TIP 


In Property 1 of fractions, the 
phrase “if and only if” implies 
two statements. One statement 
is: If a/b = c/d, then ad = be. 
The other statement is: If 

ad = bc, where b # 0 and 

d # 0, then a/b = c/d. 


Properties of Zero 


Let a and b be real numbers, variables, or algebraic expressions. 


l.a+0O=aanda—-—O=a 2,.a°0=0 
a 
0, 4. a undefined. 


5. Zero-Factor Property: If ab = 0, then a = Oorb = 0. 


Properties and Operations of Fractions 


Let a, b, c, and d be real numbers, variables, or algebraic expressions such 
that b # Oandd # 0. 


. Equivalent Fractions: : = if and only if ad = be. 


. Rules of Signs: 


ac 


a 
. Generate Equivalent Fractions: b = be’ 
iC 


. Add or Subtract with Like Denominators: 


ac 


. Multiply Fractions: ee 
b d_ bd 


Divide Fractions: — + “ 
° Ivide Fractions: 5 
bd 


| Example 5 | Properties and Operations of Fractions 


3 3 7.3 =72~«214 
a. Equivalent fractions: = = aos = = b. Divide fractions: . : 5 = ie = 3x 
2x S-x+3-+2x IIx 


5 ae) 15 


x 
c. Add fractions with unlike denominators: 3 + 


woneckpoinT ~=— Now try Exercise 103. 


If a, b, and c are integers such that ab = c, then a and b are factors or 
divisors of c. A prime number is an integer that has exactly two positive 
factors — itself and 1—such as 2, 3, 5, 7, and 11. The numbers 4, 6, 8, 9, and 10 
are composite because each can be written as the product of two or more prime 
numbers. The number | is neither prime nor composite. The Fundamental 
Theorem of Arithmetic states that every positive integer greater than | can be 
written as the product of prime numbers in precisely one way (disregarding 
order). For instance, the prime factorization of 24 is 24 =2+-2:+2>+ 3. 
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The HM mathSpace® CD-ROM and Eduspace® for this text contain step-by-step solutions 


to all odd-numbered exercises. They also provide Tutorial Exercises for additional help. 


VOCABULARY CHECK: Fill in the blanks. 


1. A real number is if it can be written as the ratio 2 of two integers, where g # 0. 
q 


2. numbers have infinite nonrepeating decimal representations. 


3. The distance between a point on the real number line and the origin is the 
of the real number. 


4. A number that can be written as the product of two or more prime numbers is called a number. 

5. An integer that has exactly two positive factors, the integer itself and 1, is called a number. 

6. An algebraic expression is a collection of letters called and real numbers called 

7. The of an algebraic expression are those parts separated by addition. 

8. The numerical factor of a variable term is the of the variable term. 

9. The states that if ab = 0, then a = O or b = 0. 

In Exercises 1-6, determine which numbers in the set are In Exercises 19-30, (a) give a verbal description of the 
(a) natural numbers, (b) whole numbers, (c) integers, (d) subset of real numbers represented by the inequality or the 
rational numbers, and (e) irrational numbers. interval, (b) sketch the subset on the real number line, and 


2 (c) state whether the interval is bounded or unbounded. 


1. —9, -3, 5, 3, V2, 0, 1, —4,2, -11 


2. /5, —7, -4, 0, 3.12, 7, -3, 12,5 19. x <5 20. x 2 —2 
3. 2.01, 0.666 . . ., -13,0.010110111 . . ., 1, -6 21. x <0 22. x > 3 
4. 2.3030030003 . . . ,0.7575,—4.63, /10, —75, 4 23. [4, 00) 24. (—o0, 2) 
5. —n, —4,$,3/2, -7.5, -1, 8, =99. 25; =—2:< % <2 26.0<x<5 
6. 25, -17, —"2, V9, 3.12, 57, 7, -11.1, 13 27. —1sx<0 28.0 <x<6 
29. [—2, 5) 30. (—1, 2] 
In Exercises 7-10, use a calculator to find the decimal form . ; ; ; : 
of the rational number. If it is a nonterminating decimal, In Exercises 31-38, use inequality notation to describe the 
write the repeating pattern. set. 
5 1 ‘ ‘ _ 
7.3 s. 1 31. All x in the interval (—2, 4] 
41 6 : hi a 
9, Ab 10. & 32. All y in the interval [—6, 0) 
33. y is nonnegative. 34. y is no more than 25. 
In Exercises 11 and 12, approximate the numbers and place 35. tis at least 10 and at most 22. 
the correct symbol (< or >) between them. 46 Fis Tess than 5 bet ao less than = 
11. t ° t t +—e—| {#—> 37. The dog’s weight W is more than 65 pounds. 
2 -1 0 1 2 3 4 
38. The annual rate of inflation r is expected to be at least 2.5% 
12 ¢ t—e— i but no more than 5%. 
7 6 5 4 3 2 -l 0 


In Exercises 39-48, evaluate the expression. 
In Exercises 13-18, plot the two real numbers on the real 


number line. Then place the appropriate inequality symbol aa» |=40) aN: Bt 
(< or >) between them. 41. |3 — 8| 42. |4 — 1| 
13. —4, -8 14, -3.5,1 Beet TI A= el 
15. 3,7 16.127 ia 46. —3|-3| 
17. 3,3 1s, —§, -3 ol 

— _ = x +2| jx — 1 

47. , eS HD 48. » oll 
xD, x1 
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In Exercises 49-54, place the correct symbol (<, >, or =) 
between the pair of real numbers. 


49. |—-3| —|-3} 50. |—4| |4| 
51. —5 i —(5| 52. —|—6| |—6| 
53. —|-2|  -[2| 54, -(-2)  -2 


In Exercises 55-60, find the distance between a and b. 
55. a = 126,b = 75 56. a = —126, b = —75 
57. a= — 58.a=1,b=4 
9.a=2 b= 2 60. a = 9.34, b = —5.65 


| 
Nin 
> 
ll 
c=) 


Budget Variance \n Exercises 61-64, the accounting 
department of a sports drink bottling company is checking 
to see whether the actual expenses of a department differ 
from the budgeted expenses by more than $500 or by more 
than 5%. Fill in the missing parts of the table, and determine 
whether each actual expense passes the “budget variance 
test.” 


Budgeted Actual 
Expense, b —_Expense,a_|a—b| —0.05b 
61. Wages $112,700 $113,356 
62. Utilities $9,400 $9,772 
63. Taxes $37,640 $37,335 
64. Insurance $2,575 $2,613 


65. Federal Deficit The bar graph shows the federal 
government receipts (in billions of dollars) for selected 
years from 1960 through 2000. (Source: U.S. Office 
of Management and Budget) 


2200 
2000 
1800 
1600 
1400 
1200 
1000 
800 
600 
400 
200 


pe 2025) 


Receipts 
(in billions of dollars) 


925.2238 i a 

a_i - 

1960 1970 1980 1990 2000 
Year 


(a) Complete the table. (Hint: Find | Receipts - 
Expenditures | ) 


Model It (continued) 


Expenditures 
(in billions) 


Surplus or deficit 
(in billions) 
1960 $92.2 
1970 $195.6 
1980 $590.9 
1990 $1253.2 
2000 $1788.8 


(b) Use the table in part (a) to construct a bar graph 
showing the magnitude of the surplus or deficit for 
each year. 


66. Veterans The table shows the number of living veterans 
(in thousands) in the United States in 2002 by age group. 
Construct a circle graph showing the percent of living 
veterans by age group as a fraction of the total number of 
living veterans. (Source: Department of Veteran Affairs) 


~ Age group Number of veterans 


Under 35 
35-44 
45-54 
55-64 
65 and older 


In Exercises 67-72, use absolute value notation to describe 
the situation. 

67. The distance between x and 5 is no more than 3. 

68. The distance between x and —10 is at least 6. 

69. y is at least six units from 0. 

70. y is at most two units from a. 


71. While traveling on the Pennsylvania Turnpike, you pass 
milepost 326 near Valley Forge, then milepost 351 near 
Philadelphia. How many miles do you travel during that 
time period? 

72. The temperature in Chicago, Illinois was 48° last night at 
midnight, then 82° at noon today. What was the change in 
temperature over the 12-hour period? 


Section P.1 


In Exercises 73-78, identify the terms. Then identify the 
coefficients of the variable terms of the expression. 


73. Ix +4 74. 6x3 — 5x 

75. /3x2 — 8x - 11 76. 3/3x2 +1 
" 2 

77, 4x3 47-5 78. 3x¢ — ~~ 
2 4 


In Exercises 79-84, evaluate the expression for each value 
of x. (If not possible, state the reason.) 


Expression Values 
79. 4x —6 (a)x=-1 (b)x=0 
80. 9 — 7x (a)x=-3 (b)x=3 
81. x? -—3x+4 (a)x=-2 (b)x=2 
82. —x?+5x-4 (a)x=-1l (b)x=1 
Py aml (a)x=1 ()x=-1 
x= 1 
84, — (a)x=2 (b)x=-2 
x+2 


In Exercises 85-96, identify the rule(s) of algebra illustrated 
by the statement. 


85.x+9=94+x 86. 2(5) =1 
1 

a h+6)=1, h# 

n+! e ; a 


88. (x + 3) —- (x + 3) =0 

89. A(x +3) =2-x+2°3 

90. (¢—2)+0=z-2 
91.1-(+x)=1+4+x 

92. (c+ S5)x=z-xt+5-x 

93. x + (y + 10) =(« + y) + 10 

94. x(3y) = (x + 3)y = Bx)y 

95. 3(t- 4) =3-1-3-4 

96. (7-12) =(4-7)12=1-12 = 12 


In Exercises 97-104, perform the operation(s). (Write 
fractional answers in simplest form.) 


97. GB +45 98. 7-3 
07s 100. {1 +35 — 66 
101. 12 +4 102. —(6 - ) 
ay x 5x 2 
ae 104. <= 
Was eG 


105. (a) Use a calculator to complete the table. 


n 1 | 0.5 | 0.01 | 0.0001 | 0.000001 


5/n 
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(b) Use the result from part (a) to make a conjecture 
about the value of 5/n as n approaches 0. 


106. (a) Use a calculator to complete the table. 


n 1 | 10 |} 100 | 10,000 | 100,000 


5/n 


(b) Use the result from part (a) to make a conjecture 
about the value of 5/n as n increases without bound. 


Synthesis 


True or False? \n Exercises 107 and 108, determine 
whether the statement is true or false. Justify your answer. 


107. Ifa < b, hen < . where a # b #0. 
a 


108. Because & iy + B then c c + a 
c ce a+b a b 


109. Exploration Consider |u + v| and |u| + |v|, where 


u#x#vF#Q0. 


(a) Are the values of the expressions always equal? If 
not, under what conditions are they unequal? 


(b) If the two expressions are not equal for certain values 
of u and v, is one of the expressions always greater 
than the other? Explain. 


110. Think About It Is there a difference between saying that 
a real number is positive and saying that a real number is 
nonnegative? Explain. 


111. Think About It Because every even number is divisible 
by 2, is it possible that there exist any even prime 
numbers? Explain. 


112. Writing Describe the differences among the sets of nat- 
ural numbers, whole numbers, integers, rational numbers, 
and irrational numbers. 


In Exercises 113 and 114, use the real numbers A, B, and C 
shown on the number line. Determine the sign of each 
expression. 


CB A 
i 
0 
113. (a) —A 114. (a) —C 
(b) B-A (b) A-—C 
115. Writing Can it ever be true that |a] = —a for a real 


number a? Explain. 
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Prerequisites 


ie) Solving Equations 


What you should learn 


+ Identify different types of 

equations. 

Solve linear equations in one 

variable and equations that 

lead to linear equations. 

* Solve quadratic equations by 
factoring, extracting square 
roots, completing the square, 
and using the Quadratic 
Formula. 

* Solve polynomial equations 

of degree three or greater. 

Solve equations involving 

radicals. 

Solve equations with absolute 

values. 


Why you should learn it 


Linear equations are used in 
many real-life applications. For 
example, in Exercise 185 on page 
24, linear equations can be used 
to model the relationship 
between the length of a thigh- 
bone and the height of a person, 
helping researchers learn about 
ancient cultures. 


Equations and Solutions of Equations 


An equation in x is a statement that two algebraic expressions are equal. For 
example 


3x —-5 =7,x%7 —-x-—6=0, and /2x = 4 


are equations. To solve an equation in x means to find all values of x for which 
the equation is true. Such values are solutions. For instance, x = 4 is a solution 
of the equation 


3x == 7 


because 3(4) — 5 = 7 is a true statement. 

The solutions of an equation depend on the kinds of numbers being consid- 
ered. For instance, in the set of rational numbers, x2 = 10 has no solution because 
there is no rational number whose square is 10. However, in the set of real 
numbers, the equation has the two solutions x = J/10 and x = — \/10. 

An equation that is true for every real number in the domain of the variable 
is called an identity. The domain is the set of all real numbers for which the 
equation is defined. For example 


x2 — 9 = (x + 3)(x — 3) Identity 


is an identity because it is a true statement for any real value of x. The equation 


x 1 solos 
apo A lentit 
3x7 3x 
where x # 0, is an identity because it is true for any nonzero real value of x. 
An equation that is true for just some (or even none) of the real numbers in 
the domain of the variable is called a conditional equation. For example, the 


equation 
r-9=0 


Conditional equation 


is conditional because x = 3 and x = —3 are the only values in the domain that 
satisfy the equation. The equation 2x — 4 = 2x + | is conditional because there 
are no real values of x for which the equation is true. Learning to solve 
conditional equations is the primary focus of this section. 


Linear Equations in One Variable 


Definition of a Linear Equation 


A linear equation in one variable x is an equation that can be written in 
the standard form 


ax+b=0 


where a and Db are real numbers with a # 0. 
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A linear equation has exactly one solution. To see this, consider the follow- 
ing steps. (Remember that a # 0.) 


ax + b=0 Write original equation. 
ax = —b Subtract b from each side. 
a Divide each side by a. 
a 


To solve a conditional equation in x, isolate x on one side of the equation 
by a sequence of equivalent (and usually simpler) equations, each having the 
same solution(s) as the original equation. The operations that yield equivalent 
equations come from the Substitution Principle and the Properties of Equality 
studied in Section P.1. 


British Museum 


Historical Note 

This ancient Egyptian papyrus, 
discovered in 1858, contains 
one of the earliest examples 
of mathematical writing in 
existence. The papyrus itself 
dates back to around 1650 B.c., 
but it is actually a copy of writ- 
ings from two centuries earlier. 
The algebraic equations on the 
papyrus were written in words. 
Diophantus, a Greek who lived 
around A.D. 250, is often called 
the Father of Algebra. He was 
the first to use abbreviated 
word forms in equations. 


Generating Equivalent Equations 


An equation can be transformed into an equivalent equation by one or more 
of the following steps. 


Equivalent 
Given Equation Equation 
Remove symbols of grouping, 2x-—x=4 x=4 
combine like terms, or simplify 
fractions on one or both sides 
of the equation. 


Add (or subtract) the same 
quantity to (from) each side 
of the equation. 


Multiply (or divide) each 
side of the equation by the 
same nonzero quantity. 


Interchange the two sides of 
the equation. 


STUDY TIP 
; ; Selita §=Solving a Linear Equation 
After solving an equation, you : ; 
should check each solution in 4.863620 Bai siaiticcritibon 
the original equation. For 
instance, you can check the solu- 3x = 6 Add 6 to each side. 
tion to Example 1(a) as follows. es ivi ciah aide bya 
Pee Write original 
5 equation. b. 5x +4 = 3x - 8 Original equation 
3(2) — 6 = 0 Substitute 2 for x. 2x+4= —-8 Subtract 3x from each side. 
WY ok tenis” 2x = —12 Subtract 4 from each side. 
Ls) Giselaiy tile se Muon x=-6 Divide each side by 2. 


Example 1(b). 


wenecerontT ~—Now try Exercise 13. 


14 Chapter P 


STUDY TIP 


An equation with a single 
fraction on each side can be 
cleared of denominators by 
cross multiplying, which is 
equivalent to multiplying by 

the LCD and then dividing out. 
To do this, multiply the left 
numerator by the right denomi- 
nator and the right numerator by 
the left denominator as follows. 


ee LCD is bd. 
b A is bd. 
a Cc 
i; bd = A bd Multiply by LCD. 
Divide out 
ad = cb common factors. 
STUDY TIP 


Recall that the least common 
denominator of two or more 
fractions consists of the product 
of all prime factors in the 
denominators, with each factor 
given the highest power of its 
occurrence in any denominator. 
For instance, in Example 3, by 
factoring each denominator you 
can determine that the LCD is 
(x + 2)(x — 2). 


Prerequisites 


To solve an equation involving fractional expressions, find the least common 
denominator (LCD) of all terms and multiply every term by the LCD. This 
process will clear the original equation of fractions and produce a simpler 
equation to work with. 


| Example 2 | An Equation Involving Fractional Expressions 


Scie Oo SS 
olve — ie 
ila ae 


Solution 


Write original equation. 


3 
( 12). + (12) 7 = (12)2 Multiply each term by the LCD of 12. 


4x + 9x = 24 Divide out and multiply. 
13x = 24 Combine like terms. 
24 
t= B Divide each side by 13. 


The solution is x = oe Check this in the original equation. 


weueckrownt = Now try Exercise 21. 

When multiplying or dividing an equation by a variable quantity, it is 
possible to introduce an extraneous solution. An extraneous solution is one that 
does not satisfy the original equation. Therefore, it is essential that you check 
your solutions. 


Sehit-wem An Equation with an Extraneous Solution 


Solve eee ot : 
—-2 x+2 x-4 
Solution 
The LCD is x? — 4, or (x + 2)(x — 2). Multiply each term by this LCD. 
he See —" se ee 
x—-2 x+2 x7 —- 4 


x +2 = 3(x — 2) — 6x, 

x+2=3x-—6- 6x 

x2 = =3x = 6 
4x=-8 [iD «=-2 


In the original equation, x = —2 yields a denominator of zero. So, x = —2 is an 
extraneous solution, and the original equation has no solution. 


cueckroint 


x #42 


Extraneous solution 


Now try Exercise 37. 
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Quadratic Equations 
A quadratic equation in x is an equation that can be written in the general form 
ax* + bx +c=0 


where a, b, and c are real numbers, with a # 0. A quadratic equation in x is also 
known as a second-degree polynomial equation in x. 

You should be familiar with the following four methods of solving quadratic 
equations. 


Solving a Quadratic Equation 
Factoring: If ab = 0, then a = Oorb = 0. 


Example: x—x-6=0 
(x — 3)(x + 2) =0 

H=3-=9 => x=3 

x+2=0 ED +=-2 


Square Root Principle: If u* = c, where c > 0, then u = tJe. 


STUDY TIP 


The Square Root Principle is 
also referred to as extracting 
square roots. x= 


Example: (x + 3)? = 
x+3= 


eS 


b 2 $2 
ct+ (3) Add (3) to each side. 


2 2 


b2 


=ce+—. 
cn" 


Example: x + 6x = 5 


x + 6x + 327 =5 4+ 37 Add ($) to each side. 
(x + 3)? = 14 
x+3 +/14 
x=-34 /14 


—b + ./b* — 4ac 
2a , 


STUDY TIP Quadratic Formula: If ax* + bx + c = 0, then x = 


You can solve every quadratic Example: 2° + 3x — 1 = 0 


equation by completing the =3+ /F —4O-1 


square or using the Quadratic 2(2) 


Formula. 
2 SST 
4 


16 Chapter P Prerequisites 


Sechuiltwem Solving a Quadratic Equation by Factoring 


a 2x2+9x%+7=3 
2x7 + 9x +4=0 
(2x + 1)(x + 4) =0 

1 


KS 


2 


=> 
x+4=0 ==> x=—-4 


2x+1=0 


Original equation 
Write in general form. 


Factor. 


Set 1st factor equal to 0. 


Set 2nd factor equal to 0. 


The solutions are x = —4 and x = —4. Check these in the original equation. 


b. 6x? — 3x =0 
3x(2x — 1) =0 


33-0 > x=0 
x-1=-0 ™ x= 


Original equation 
Factor. 


Set 1st factor equal to 0. 


Set 2nd factor equal to 0. 


The solutions are x = 0 and x = o Check these in the original equation. 


fcueckpoint Now try Exercise 57. 


Note that the method of solution in Example 4 is based on the Zero-Factor 
Property from Section P.1. Be sure you see that this property works only for equa- 
tions written in general form (in which the right side of the equation is zero). So, 
all terms must be collected on one side before factoring. For instance, in the equa- 
tion (x — 5)(x + 2) = 8, it is incorrect to set each factor equal to 8. Try to solve 


this equation correctly. 


| Example 5 | Extracting Square Roots 


Solve each equation by extracting square roots. 


a. 4x2=12 be (x — 3)2 =7 


Solution 
a. 4x? = 12 Write original equation. 
x? = 3 Divide each side by 4. 
x= J3 Extract square roots. 


When you take the square root of a variable expression, you must account for 
both positive and negative solutions. So, the solutions are x = /3 and 


x = —./3. Check these in the original equation. 


b. (x = 3)? =7 Write original equation. 
x-3= + /7 Extract square roots. 
<=9 25/7 Add 3 to each side. 


The solutions are x = 3 + ./7. Check these in the original equation. 


wWoweckrowtr = Now try Exercise 77. 


Section P.2 Solving Equations 17 
When solving quadratic equations by completing the square, you must add 
(b/2)? to each side in order to maintain equality. If the leading coefficient is not 


1, you must divide each side of the equation by the leading coefficient before 
completing the square, as shown in Example 7. 


Scie Completing the Square: Leading Coefficient Is 1 


Solve x? + 2x — 6 = 0 by completing the square. 


Solution 
x7 +2x-6=0 Write original equation. 
x? +2x=6 Add 6 to each side. 
x +2x+ PH=6+ P Add 1? to each side. 
(half of 2)” 
(x + 1? =7 Simplify. 
x+t+1=+ i Take square root of each side. 
x=—-l+t JT Subtract 1 from each side. 
The solutions are x = —1 + ./7. Check these in the original equation. 


Example 7 Completing the Square: Leading Coefficient Is Not 1 


3x7 — 4x —-5 =0 Original equation 
3x? — 4x = 5 Add 5 to each side. 
2_4 _5 ” ; 
nied 3° = 3 Divide each side by 3. 
4 a a 2\2 
x a oF 2) = : ar ( 2) Add (-27 to each side. 
(half of —$)° 
» 4 ,4_19 — 
X= 3° oe 9 = 9 Simplify. 
( 2) Ep Perfect tri ial 
KS ae erfect square trinomial. 
3 9 
z ae lu Ext t 
Ko Xtract square roots. 
3 3 
2 + me Soluti 
x= A Ee olutions 
3 3 
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STUDY TIP 


When using the Quadratic 
Formula, remember that before 
the formula can be applied, you 
must first write the quadratic 
equation in general form. 


Schilt-ee The Quadratic Formula: Two Distinct Solutions 


Use the Quadratic Formula to solve x? + 3x = 9. 


Solution 
r+ 3x=9 Write original equation. 
x7 + 3x-9=0 Write in general form. 

—b + /b* — 4ac 

x= Quadratic Formula 

2a 

—34¥ (3)? _ A(1)(—9) Substitute a = 1, 

a= 2(1) b = 3,andc = —9. 
—3 + J45 

x= Simplify. 

2 

aS 

eS > Simplify. 


The equation has two solutions: 


=5 35/5 -3-35 
a and or, 


Check these in the original equation. 


cuecpoint Now try Exercise 101. 


Settee The Quadratic Formula: One Solution 


Use the Quadratic Formula to solve 8x? — 24x + 18 = 0. 


Solution 
8x? — 24x + 18 = 0 Write original equation. 
2 = Divide out common 
4x 12x +9=0 factor of 2. 

—b+ J/b* — 4ac 

= Quadratic Formula 

2a 

ee 12) tv (= 17? = 4(4)(9) Substitute a = 4, 

~— 2(4) b = -12, andc = 9. 

_12+J0_ 3 oak 
X — oa 5) amplify. 


This quadratic equation has only one solution: x = 2. Check this in the original 
equation. 


acueckpoint Now try Exercise 105. 


Note that Example 9 could have been solved without first dividing out a common 
factor of 2. Substituting a = 8, b = —24, and c = 18 into the Quadratic 
Formula produces the same result. 


STUDY TIP 


A common mistake that is made 
in solving an equation such as 
that in Example 10 is to divide 
each side of the equation by the 
variable factor x. This loses the 
solution x = 0. When solving 
an equation, always write the 
equation in general form, then 
factor the equation and set each 
factor equal to zero. Do not 
divide each side of an equation 
by a variable factor in an 
attempt to simplify the equation. 


Section P.2 


Solving Equations 


19 


Polynomial Equations of Higher Degree 


The methods used to solve quadratic equations can sometimes be extended to 
solve polynomial equations of higher degree. 


Scheeee Solving a Polynomial Equation by Factoring 


Solve 3x* = 48x?. 


Solution 


First write the polynomial equation in general form with zero on one side, factor 
the other side, and then set each factor equal to zero and solve. 


3x4 = 48x? 
3x4 — 48x? = 
3x?(x? — 16) = 0 
3x2(x + 4)(x — 4) = 0 


Write original equation. 
Write in general form. 
Factor out common factor. 


Write in factored form. 


3x7 = = x«=0 Set Ist factor equal to 0. 
x+4=0 [>> x=-4 Set 2nd factor equal to 0. 
x-4=0 HD x«=4 Set 3rd factor equal to 0. 
You can check these solutions by substituting in the original equation, as follows. 
Check 
3(0)* = 48(0)? 0 checks. Y 
3(—4)* = 48(—4)? —4 checks. / 
3(4)* = 48(4)? 4 checks. A 
So, you can conclude that the solutions are x = 0, x = —4, and x = 4. 


cueckpoint 


Now try Exercise 135. 


Example 11 | Solving a Polynomial Equation by Factoring 


Solve x? — 3x2 — 3x + 9 = 0. 


Solution 
x3 — 3x7 - 3x +9=0 Write original equation. 
x2(x 3) 3(x 3) = 0 Factor by grouping. 
(x — 3)(x? — 3) =0 Distributive Property 
x-3=0 = x= 3 Set Ist factor equal to 0. 
x*>-3=0 => i= +/3 Set 2nd factor equal to 0. 
The solutions are x = 3, x = ay3. and x = — ./3. Check these in the original 
equation. 


eneckromr 


Now try Exercise 143. 
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Equations Involving Radicals 


Operations such as squaring each side of an equation, raising each side of an 
equation to a rational power, and multiplying each side of an equation by a 
variable quantity all can introduce extraneous solutions. So, when you use any of 
these operations, checking your solutions is crucial. 


Selita Solving Equations Involving Radicals 


a J/2x + 7-—x=2 Original equation 
V2x +7 =x+2 Isolate radical. 
wt 7=x? +44 4+4 Square each side. 
0=x?+ 2x - 3 Write in general form. 
0=@+3)@- 1 Factor. 
x+3=0 > x=-3 Set 1st factor equal to 0. 
x-1=0 > x=1 Set 2nd factor equal to 0. 
By checking these values, you can determine that the only solution is x = 1. 
b. J 2x =5.= Sx —-3=1 Original equation 
J2x -5= /x-34+1 Isolate ./2x — 5. 
2x-5=x-34+27x-34+1 Square each side. 
w= 5=4-2+2/x—3 Combine like terms. 
STUDY TIP 
x-3=2/x-3 Isolate 2./x — 3. 
When an equation contains two 
radicals, it may not be possible x? — 6x + 9 = A(x — 3) Square each side. 
to isolate both. In such web x? — 10x + 21=0 Write in general form. 
you may have to raise each side 
of the equation to a power at two (x — 3)(@— 7) =0 Factor. 
different stages in the solution, x—-3=0 => x=3 Set Ist factor equal to 0. 
as shown in Example 12(b). 
x-7=0 => x=7 Set 2nd factor equal to 0. 


The solutions are x = 3 and x = 7. Check these in the original equation. 


fcuecxpoint Now try Exercise 155. 


Example 13 | Solving an Equation Involving a Rational Exponent 


(x _ 4)2/ 2125 Original equation 
YO — 4P = 25 Rewrite in radical form. 
(x = 4)? = 15,625 Cube each side. 
x—-4=+125 Take square root of each side. 
x= 129, x=—-121 Add 4 to each side. 


weweckrowr ~—=—- Now try Exercise 163. 
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Equations with Absolute Values 


To solve an equation involving an absolute value, remember that the expression 
inside the absolute value signs can be positive or negative. This results in two 
separate equations, each of which must be solved. For instance, the equation 


|x — 2| = 3 
results in the two equations x — 2 = 3 and —(x — 2) = 3, which implies that 
the equation has two solutions: x = 5 and x = —1. 


Sue ee Solving an Equation Involving Absolute Value 


Solve |x? — 3x| = —4x + 6. 


Solution 


Because the variable expression inside the absolute value signs can be positive or 
negative, you must solve the following two equations. 


First Equation 
x? — 3x = —4x + 6 Use positive expression. 
xr+x-6=0 Write in general form. 
(x + 3)(x — 2) =0 Factor. 
cr3=0 => x= =3 Set Ist factor equal to 0. 
x-2=0 > +x=2 Set 2nd factor equal to 0. 
Second Equation 
—(x? — 3x) = —4x + 6 Use negative expression. 
x? —Ix+6=0 Write in general form. 
(x — 1I)(x — 6) = 0 Factor. 
x-1=0 => x=1 Set 1st factor equal to 0. 
x-6=0 => x=6 Set 2nd factor equal to 0. 
Check 
(=3)? = 3(=3)| : —4(—3) +6 Substitute —3 for x. 
18 = 18 —3 checks. Y 
(2)2 — 3(2)| = —4(2) + 6 Sistine 2 for 
2#-2 2 does not check. 
(1)2 — 3(1)| = -4(1) + 6 Smeets i heed, 
.=2 I checks. H 
(6)2 — 3(6) z —4(6) + 6 Substitute 6 for x. 
18 # —18 6 does not check. 
The solutions are x = —3 andx = 1. 


weweckrowr = Now try Exercise 181. 
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VOCABULARY CHECK: Fill in the blanks. 


1. An is a statement that equates two algebraic expressions. 


an b> wW NY 


. When solving an equation, it is possible to introduce an 
satisfy the original equation. 


6. An equation of the form ax* + bx +c = 0,a # Oisa 


. To find all values that satisfy an equation is to the equation. 
. There are two types of equations, and equations. 


. A linear equation in one variable is an equation that can be written in the standard from 


solution, which is a value that does not 


, or a second-degree 


polynomial equation in x. 


7. The four methods that can be used to solve a quadratic equation are ‘ : , and the 


In Exercises 1-10, determine whether the equation is an 
identity or a conditional equation. 

1. 20x — 1) =2x-2 

2. 3(x + 2) = 5x44 

3. —6(x — 3) + 5 2x + 10 
4. 3(x +2) -5=3x4+1 
5. A(x + 1) — 2x = 2(x + 2) 
6 

vi 

8 


V(x — 3) + 4x = 3(7 — x) 


\ 4 
9.34 -— i $2 eoy 
x x 


In Exercises 11-26, solve the equation and check your 
solution. 


ll. x+11 = 15 12. 7-—x=19 
13. 7 — 2x = 25 14. 7x + 2 = 23 
15. 8x — 5 = 3x + 20 16. 7x + 3 = 3x- 17 


17. 26 £35) —7 =30=—2) 
18. 3(x + 3) =S5(1-—x)-1 
19; 4= 3Ge + 3) = 8 =x 
20. 9x — 10 = 5x + 2(2x — 5) 


5x 1 1 a 6 3x 
2. +5 =x-- 9 eee eae 

42 5 5 2 10 
23. 3(z + 5) — 4(z + 24) =0 

3x | 
24, — + (x - 2) =1 

ree ge a 


25. 0.25x + 0.75(10 — x) =3 
26. 0.60x + 0.40(100 — x) = 50 


In Exercises 27-48, solve the equation and check your 
solution. (If not possible, explain why.) 

27. x + 8 =2(x- 2) -—x 

28. 8(x + 2) — 3(2x + 1) = 244+ 5) 


100 — 4. + 17 + 2+ 
a a Ee. ag, y 4 2FY_ 109 
3 4 y y 
5x-4 2 10x+3 1 
1. =— 2s =— 
a 5x+4 3 2 5x + 6 2 
1 1 
ia =a ee a4, 2 = 43 
x x x x 
35.3 =2+ z 36. 2 : =0 
° zt+2 “xy x-5 
x 4 7 8x 
Ds + 2 3 4 
2 x+4 x+4 Os 2x+ 1 2n= 1 
2 1 2 
39. + 
@—4)@—2) x«-4 x-2 
4 1 
40. 3 _ 2 
x-1 3x4+1 3x+4+1 
ai 1 1 10 
KS FEB eH 29 
1 3 4 
42. 
x-2 x+3 x2 +x-6 
3 4 1 
43. } 


xw—3x x x-3 
44. 6 2 3(x + 5) 
x xt3 x4 3x 
45. (x + 2)? +5 = (x + 3)? 
46. (x + 1)? + 2 — 2) = («+ 1) — 2) 
47, (x + 2)? — x? = 4(x + 1) 
48. (2x + 1)? = 4007+ x + 1) 


In Exercises 49-54, write the quadratic equation in general 
form. 
49, 2x? = 3 — 8x 50. x? = lox 
51. (x — 3)? =3 52. 13 —3(¢ + 72 =0 
53. £(3x2 — 10) = 18x 54. x(x + 2) = 5x2 41 


In Exercises 55-68, solve the quadratic equation by 
factoring. 


55. 6x7 + 3x = 0 56. 9x7 -1=0 

57. x7 — 2x —-8 =0 58. x7 — 10x +9 =0 
59. x2 + 10x + 25 =0 60. 4x7 + 12x +9 =0 
61. 3 + 5x — 2x7 =0 62. 2x? = 19x + 33 

63. x? + 4x = 12 64. —x? + 8x = 12 

65. ix? + 8x + 20 =0 66. ¢x2 — x — 16 =0 
67. x? + 2ax + a? = 0, ais a real number 


68. (x + a)* — b? = 0, aand b are real numbers 


In Exercises 69-82, solve the equation by extracting 
square roots. 


69. x? = 49 70. x? = 169 

71. x7 = 11 72. x? = 32 

73. 3x? = 81 74. 9x? = 36 

75. (x — 12 = 16 76,413) =35 

77. (x+22=14 78. (x — 5)? = 30 

79. (2x — 1) = 18 80. (4x + 72 = 44 

81. (x — 7)? = (x + 3)? 82. (x + 5)? = (x + 4)? 


In Exercises 83-92, solve the quadratic equation by 
completing the square. 


83. x? + 4x — 32 =0 84. x7 -2x -3 =0 


85. x2 + 12x + 25 =0 86. x7 + 8k + 14=0 
87. 9x? — 18x = —3 88. 9x? — 12x = 14 

89. 8 + 4x — x7 =0 90. —x? +x-1=0 
91. 2x7 + 5x -8=0 92. 4x2 — 4x — 99 = 0 


In Exercises 93-116, use the Quadratic Formula to solve the 
equation. 


93. 2x7 +x-1=0 94, 2x7 -x-1=0 
95. 16x? + 8x —-3 = 0 96. 25x? — 20x + 3 =0 
97,2 +2x—x7= 98. x* — 10x + 22 =0 
99. x7 + 14x + 44 =0 100. 6x = 4 — x? 

101. x7 + 8&& —-4=0 102. 4x2 — 4x -4=0 
103. 12x — 9x2 = —3 104. 16x? + 22 = 40x 
105. 9x? + 24x + 16 =0 106. 36x* + 24x —-7 =0 
107. 4x? + 4x =7 108. 16x? — 40x +5 =0 
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109. 28x — 49x7 = 4 
111. 81 =5 + 217 
113. (y — 5)? = 2y 
115. 3x2 +25 =2 


110. 3x + x7 -1=0 
112. 25h? + 80h + 61 = 0 
114. (z+ 6)? = -2z 

116. (3x — 14)? = 8x 


In Exercises 117-124, use the Quadratic Formula to solve 
the equation. (Round your answer to three decimal places.) 
117. 5.1x? — 1.7x-3.2=0 118. 2x? — 2.50x — 0.42 = 0 
119. —0.067x? — 0.852x + 1.277 = 0 

120. —0.005x? + 0.101x — 0.193 = 0 

121. 422x? — 506x — 347 = 0 

122. 1100x* + 326x — 715 = 0 

123. 12.67x? + 31.55x + 8.09 = 0 

124. —3.22x7 — 0.08x + 28.651 = 0 


In Exercises 125-134, solve the equation using any 
convenient method. 
125. x7 —-2x -1=0 
127. (x + 3)? = 81 
129. 2-x-Y=0 
131. (x + 1)? = x? 
132. a2x? — b? = 0, aand b are real numbers 

133. 3x +4 =27 —-7 134, 4x7 + 2x +4=2x4+ 8 


126. 11x? + 33x =0 
128. x° — 14x + 49 =0 
130. x2 + 3x -2=0 


In Exercises 135-152, find all solutions of the equation. 
Check your solutions in the original equation. 

135. 4x7 — 18x? = 0 136. 20x? — 125x = 0 

137. xt — 81=0 138. x° — 64 =0 

139. x3 + 216 =0 140. 27x? — 512 =0 

141. 5x? + 30x? + 45x = 0 
142. 9x4 — 24x37 + 16x? = 
143. °° — 3x7 -x+3=0 
144, 3° + 2x7 + 3x+6=0 
145. xt-e4+x-1=0 
146. x4 + 2x7 — 8x - 16 =0 
147, x4 — 4° +3=0 

149. 4x4 — 65x? + 16 = 0 
151. x6 + 743-8 =0 


148. x4 + 5x? — 36 =0 
150. 3674 + 2917 -7=0 
152. x6 + 3 4+2=0 


In Exercises 153-184, find all solutions of the equation. 
Check your solutions in the original equation. 


153. /2x — 10 =0 154. 4/x -3 =0 

155. /x— 10-4=0 156. /5 —x -3 =0 
157. 3/2x+5+3=0 158. 33x +1-—5=0 
159. 26-lixt+4=x 160.x+ J/31— 9x =5 
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161. /x + 1= V3x4+1 162. ./x+5=/x%-—5 


163. (x — 5)? =8 164. (x + 3/2 =8 
165. (x + 3)°/7 = 8 166. (x + 2)?/3 =9 
167.. (x? — 5/3 = 27 168. (x2 — x — 22)3/2 = 27 
169. 3x(x — 1)'/2 + 2(x — 133/27 =0 
170. 4x2(x — 1)'/3 + 6x(x — 1/43 = 0 
ivi, go eS 2, +32 
x 2 x 3 6 
1 1 4 
193, = =3 174. so sa4 
x xt) xt1 x+2 
20 — 
175. == x Weteeies 
we x 
x 1 xt1lo x41 
177. + = 178. — = 
x?>-4 x+2 : . 3 x+2 0 
179, |2x — 1| = 180. |3x + 2| = 
181. |x] =x? +x—-3 182. |x? + 6x| = 3x + 18 
183. |x + 1] =x? — 5 184, |x — 10| = x? — 10x 


185. Anthropology The relationship between the length 
of an adult’s femur (thigh bone) and the height of the 
adult can be approximated by the linear equations 
y = 0.432x — 10.44 Female 
y = 0.449x — 12.15 Male 


where y is the length of the femur in inches and x is 
the height of the adult in inches (see figure). 


(a) An anthropologist discovers a femur belonging to 
an adult human female. The bone is 16 inches 
long. Estimate the height of the female. 


(b) From the foot bones of an adult human male, an 
anthropologist estimates that the person’s height 
was 69 inches. A few feet away from the site 
where the foot bones were discovered, the anthro- 
pologist discovers a male adult femur that is 
19 inches long. Is it likely that both the foot bones 
and the thigh bone came from the same person? 


186. 


187. 


188. 


189. 


Model It (continued) 


(c) Complete the table to determine if there is a 
height of an adult for which an anthropologist 
would not be able to determine whether the femur 
belonged to a male or a female. 


i Female Male 
Height, femur femur 
x length, y length, y 


Operating Cost A delivery company has a fleet of vans. 
The annual operating cost C per van is C = 0.32m + 2500 
where m is the number of miles traveled by a van in a 
year. What number of miles will yield an annual 
operating cost of $10,000? 


Flood Control A river has risen 8 feet above its flood 
stage. The water begins to recede at a rate of 3 inches per 
hour. Write a mathematical model that shows the number 
of feet above flood stage after tf hours. If the water 
continually recedes at this rate, when will the river be 
1 foot above its flood stage? 


Floor Space The floor of a one-story building is 14 feet 
longer than it is wide. The building has 1632 square feet 
of floor space. 


(a) Draw a diagram that gives a visual representation of 
the floor space. Represent the width as w and show 
the length in terms of w. 

(b) Write a quadratic equation in terms of w. 

(c) Find the length and width of the floor of the building. 

Packaging An open box with a square base (see figure) 

is to be constructed from 84 square inches of material. The 


height of the box is 2 inches. What are the dimensions of 
the box? (Hint: The surface area is § = x? + 4xh.) 


190. Geometry The hypotenuse of an isosceles right triangle 
is 5 centimeters long. How long are its sides? 


191. Geometry An equilateral triangle has a height of 10 
inches. How long is one of its sides? (Hint: Use the height 
of the triangle to partition the triangle into two congruent 
right triangles.) 


192. Flying Speed Two planes leave simultaneously from 
Chicago’s O’Hare Airport, one flying due north and the 
other due east (see figure). The northbound plane is flying 
50 miles per hour faster than the eastbound plane. After 
3 hours, the planes are 2440 miles apart. Find the speed 
of each plane. 


193. Voting Population The total voting-age population P 
(in millions) in the United States from 1990 to 2002 can 
be modeled by 


_ 182.45 — 3.189¢ 


= <. < 
P=" 100 =n? = 


where f¢ represents the year, with tf = 0 corresponding to 
1990. (Source: U.S. Census Bureau) 


(a) In which year did the total voting-age population 
reach 200 million? 


(b) Use the model to predict when the total voting-age 
population will reach 230 million. Is this prediction 
reasonable? Explain. 


194. Airline Passengers An airline offers daily flights 
between Chicago and Denver. The total monthly cost C 
(in millions of dollars) of these flights is C = /0.2x + 1 
where x is the number of passengers (in thousands). The 
total cost of the flights for June is 2.5 million dollars. 
How many passengers flew in June? 

195. Demand The demand equation for a video game is 
modeled by p = 40 — \/0.01x + 1 where x is the num- 
ber of units demanded per day and p is the price per unit. 
Approximate the demand when the price is $37.55. 

196. Demand The demand equation for a high definition 
television set is modeled by 


p = 800 — Y0.01x + 1 


where x is the number of units demanded per month and 
Pp is the price per unit. Approximate the demand when the 
price is $750. 
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Synthesis 


True or False? \n Exercises 197-200, determine whether 
the statement is true or false. Justify your answer. 


197. The equation x(3 — x) = 10 is a linear equation. 

198. If (2x — 3)(x +5) =8, then either 2x -3=8 or 
x= 8: 

199. An equation can never have more than one extraneous 
solution. 


200. When solving an absolute value equation, you will always 
have to check more than one solution. 


201. Think About It What is meant by equivalent equations? 
Give an example of two equivalent equations. 


202. Writing Describe the steps used to transform an equa- 
tion into an equivalent equation. 


203. To solve the equation 2x? + 3x = 15x, a student divides 
each side by x and solves the equation 2x + 3 = 15. The 
resulting solution (x = 6) satisfies the original equation. 
Is there an error? Explain. 


204. Solve 3(x + 4)? + (x + 4) 


(a) Let u = x + 4, and solve the resulting equation for u. 
Then solve the u-solution for x. 


2 = 0 in two ways. 


(b) Expand and collect like terms in the equation, and 
solve the resulting equation for x. 


(c) Which method is easier? Explain. 


Think About It \n Exercises 205-210, write a quadratic 
equation that has the given solutions. (There are many 
correct answers.) 

205. —3 and 6 

206. —4 and —11 

207. 8 and 14 

208. 4 and —2 

209. 1+ /2and1 — 2 

210. —3 + /5 and -3 — /5 


In Exercises 211 and 212, consider an equation of the form 
x + |x — al = b, where a and bare constants. 


211. Find a and b when the solution of the equation is x = 9. 
(There are many correct answers.) 


212. Writing Write a short paragraph listing the steps 
required to solve this equation involving absolute values 
and explain why it is important to check your solutions. 


213. Solve each equation, given that a and b are not zero. 
(a) ax? + bx =0 


(b) ax? — ax =0 


26 


Chapter P 


Prerequisites 


128 | The Cartesian Plane and Graphs of Equations 


What you should learn 


* Plot points in the Cartesian 
plane. 

+ Use the Distance Formula to 
find the distance between two 
points. 

+ Use the Midpoint Formula to 
find the midpoint of a line 
segment. 

+ Use a coordinate plane to 
model and solve real-life 
problems. 

* Sketch graphs of equations. 

* Find x- and y-intercepts of 
graphs of equations. 

+ Use symmetry to sketch 
graphs of equations. 

+ Find equations of and sketch 
graphs of circles. 


Why you should learn it 


The graph of an equation can 
help you see relationships 
between real-life quantities. 

For example, in Exercise 100 on 
page 39, a graph can be used 

to estimate the life expectancies 
of children who are born in the 


years 2005 and 2010. 
y 
A 
pin ee 93, 4) 
al 
(il, 3) O==- 
P1010) 30) 
t t t t t +—@—|—> x 
el al 1 2 3 4 
at 
1 24h 
@e-----+ 
(-2,-3) _, | 


FIGURE P.10 


The Cartesian Plane 


Just as you can represent real numbers by points on a real number line, you can 
represent ordered pairs of real numbers by points in a plane called the 
rectangular coordinate system, or the Cartesian plane, named after the French 
mathematician René Descartes (1596-1650). 

The Cartesian plane is formed by using two real number lines intersecting at 
right angles, as shown in Figure P.8. The horizontal real number line is usually 
called the x-axis, and the vertical real number line is usually called the y-axis. 
The point of intersection of these two axes is the origin, and the two axes divide 
the plane into four parts called quadrants. 


y-axis y-axis 
4 A 
Quadrant IT il) Quadrant I 
al (Vertical Directed distance 
.. 1-> number lin x 
Origin er line) a 
t t +—~-@—+} | |—»> x-axis ' (x, y) 
3 —-2 -!1 1 2) 3 Us eedboses 
-1- (Horizontal |] 7 Directed 
all number line) at Vi diseamac 
Quadrant mn Quadrant IV > X-axis 
FIGURE PB FIGURE P.9 


Each point in the plane corresponds to an ordered pair (x, y) of real numbers 
x and y, called coordinates of the point. The x-coordinate represents the directed 
distance from the y-axis to the point, and the y-coordinate represents the directed 
distance from the x-axis to the point, as shown in Figure P.9. 


(x ) Directed distance 
oy from x-axis 


a 


The notation (x, y) denotes both a point in the plane and an open interval on 
the real number line. The context will tell you which meaning is intended. 


Directed distance 
from y-axis 


Plotting Points in the Cartesian Plane 


Example 1 | 


Plot the points (— 1, 2), (3, 4), (0, 0), (3, 0), and (— 2, —3). 

Solution 

To plot the point (— 1, 2), imagine a vertical line through — 1 on the x-axis and a 
horizontal line through 2 on the y-axis. The intersection of these two lines is the 


point (— 1, 2). The other four points can be plotted in a similar way, as shown in 
Figure P.10. 


cueckroint 


Now try Exercise 3. 


Amount, A 


1990 475 
1991 577 
1992 521 
1993 569 
1994 609 
1995 562 
1996 707 
1997 723 
1998 718 
1999 648 
2000 495 
2001 476 
2002 527 
2003 464 
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The beauty of a rectangular coordinate system is that it allows you to see 
relationships between two variables. It would be difficult to overestimate the 
importance of Descartes’s introduction of coordinates in the plane. Today, his 


ideas are in common use in virtually every scientific and business-related field. 


| Example 2 | Sketching a Scatter Plot 


From 1990 through 2003, the amounts A (in millions of dollars) spent on skiing 
equipment in the United States are shown in the table, where ¢ represents the 
year. Sketch a scatter plot of the data. (Source: National Sporting Goods 
Association) 


Solution 


To sketch a scatter plot of the data shown in the table, you simply represent each 
pair of values by an ordered pair (t, A) and plot the resulting points, as shown in 
Figure P.11. For instance, the first pair of values is represented by the ordered 
pair (1990, 475). Note that the break in the t-axis indicates that the numbers 
between 0 and 1990 have been omitted. 


Amount Spent on Skiing Equipment 


Dollars (in millions) 
as 
S 


t t++++++ +4 
1991 1995 
Year 


FIGURE P.11 


oueckromt 
In Example 2, you could have let tf = | represent the year 1990. In that case, 


the horizontal axis would not have been broken, and the tick marks would have 
been labeled 1 through 14 (instead of 1990 through 2003). 


Technology 


The scatter plot in Example 2 is only one way to represent the data graphically. 


Now try Exercise 17. 


You could also represent the data using a bar graph and a line graph. If you have 
access to a graphing utility, try using it to represent graphically the data given in 
Example 2. 
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The Distance Formula 


Recall from the Pythagorean Theorem that, for a right triangle with hypotenuse 
of length c and sides of lengths a and b, you have 


a? +b? =c? 


at+h=c? Pythagorean Theorem 


as shown in Figure P.12. (The converse is also true. That is, if a? + b? = c?, then 
the triangle is a right triangle.) 

Suppose you want to determine the distance d between two points (x), y,) 
b and (x,, y>) in the plane. With these two points, a right triangle can be formed, as 
shown in Figure P.13. The length of the vertical side of the triangle is |y, — y,|, 


ele and the length of the horizontal side is |x, — x,|. By the Pythagorean Theorem, 
‘ you can write 
yt (4, ¥,) a? = [xq = 4)? + lye = VI? 
! d= Vx, — x? + lye — HP = VO — a) + Oo — 
Po- vil This result is the Distance Formula. 
to ie 
Re ee ete The Distance Formula 
al x ~" | The distance d between the points (x,, y,) and (x5, y,) in the plane is 
Ita - | d= Je, — x, + GO = y,)?. 
FIGURE P.13 


Setultwem Finding a Distance 


Find the distance between the points (—2, 1) and (3, 4). 


Algebraic Solution Graphical Solution 
Let (x,, y,) = (—2, 1) and (x5, y,) = (3, 4). Then apply the Distance | Use centimeter graph paper to plot the points 
Formula. A(—2, 1) and B(3, 4). Carefully sketch the line 
= —3 ——3 : segment from A to B. Then use a centimeter 
d= Vm, — x)’ + On — yy) ne oa ruler to measure the length of the segment. 
ubstitute ror 
= wI{s ~ (=2)P at (4 ~~ 1)? Xie Vis Mean Jy. 


= /(5)? + (3)? Simplify. 
= /34 Simplify. 


= 5.83 Use a calculator. 


So, the distance between the points is about 5.83 units. You can use 
the Pythagorean Theorem to check that the distance is correct. 


9 
da? = 37 + 5? Pythagorean Theorem 
3 
(V 34) = 32+ 52 Substitute for d. 
34 = 34 Distance checks. J 


FIGURE P.14 


The line segment measures about 5.8 centime- 
ters, as shown in Figure P.14. So, the distance 
wWeueckpoint Now try Exercises 25(a) and (b). between the points is about 5.8 units. 
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| Example 4 | Verifying a Right Triangle 


far e (5, 7) 
A Show that the points (2, 1), (4, 0), and (5, 7) are vertices of a right triangle. 
Oar i } 
eal es Solution 
ial d, =/45 2 : ae The three points are plotted in Figure P.15. Using the Distance Formula, you can 
r: paces find the lengths of the three sides as follows. 
Bde / ; 
cane a, = JG —2)7 +7 — 1? = V9 + 36 = 45 

al ee = 2 2 = = 
itA06 4 d,= J/4—2)7? + 0-1? = V44+1= V5 

ae ee d,= /5— 4)? + (7-0)? = /1 + 49 = J/50 

1 De eS in 

Because 


FIGURE P.15 
(d,)? + (d,)? = 45 + 5 = 50 = (d,)? 


you can conclude by the Pythagorean Theorem that the triangle must be a right 
triangle. 


eueckpoinr Now try Exercise 35. 


The Midpoint Formula 


To find the midpoint of the line segment that joins two points in a coordinate 
plane, you can simply find the average values of the respective coordinates of the 
two endpoints using the Midpoint Formula. 


The Midpoint Formula 
The midpoint of the line segment joining the points (x,, y,) and (x,, y>) is 
given by the Midpoint Formula 
Xt XY + 22) 
2° : 


Midpoint = ( 


For a proof of the Midpoint Formula, see Proofs in Mathematics on page 126. 


| Example 5 | Finding a Line Segment’s Midpoint 


Y Find the midpoint of the line segment joining the points (— 5, — 3) and (9, 3). 
ee Solution 
: (9, 3) Let (x,, y,) = (—5, —3) and (x, y) = (9, 3). 
+ x) 
es ~ + 
(0) 2 Midpoint = [* 72. M1 22) Midpoint Formula 
t t et t eee 2 2 
26 30 |e IGhntGa 9 
oe | [I-34] ener r 
eee = titut X45 V4> Xo, ald yp. 
(Con 3) Midpoint 2° 2 Bungee ere " 
=95F = (2, 0) Simplify. 
FIGURE P.16 The midpoint of the line segment is (2, 0), as shown in Figure P.16. 


weveckpoint Now try Exercise 25(c). 
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Football Pass 
A 

35+ 
3 30 (40, 28) 
S 25+ 
= 20+ 
o 
Z 15+ 
= 10 
A , (20, 5) 

i i i i i i > 


i 

T T T T T T T 

5 10 15 20 25 30 35 40 
Distance (in yards) 


FIGURE P.17 


FedEx Annual Revenue 
26 <a ee 
25 reve (2004, 24.7) a 
24 ey Aa 


Revenue 
(in billions of dollars) 


2002 2003 2004 
Year 


FIGURE P.18 


Applications 


Serko Finding the Length of a Pass @ 


During the third quarter of the 2004 Sugar Bowl, the quarterback for Louisiana 
State University threw a pass from the 28-yard line, 40 yards from the sideline. 
The pass was caught by the wide receiver on the 5-yard line, 20 yards from the 
same sideline, as shown in Figure P.17. How long was the pass? 


Solution 


You can find the length of the pass by finding the distance between the points 
(40, 28) and (20, 5). 


b= Sx, - 2+ 
= ./(40 — 20)? + 28 — 5)? Substitute for x,, y,.X,, and y,. 
= ./400 + 529 Simplify. 
= ,/929 Simplify. 


= 30 Use a calculator. 


= A Distance Formula 


So, the pass was about 30 yards long. 


fcueckpont Now try Exercise 39. 


In Example 6, the scale along the goal line does not normally appear on a 
football field. However, when you use coordinate geometry to solve real-life prob- 
lems, you are free to place the coordinate system in any way that is convenient for 
the solution of the problem. 


Selutwae Estimating Annual Revenue 


FedEx Corporation had annual revenues of $20.6 billion in 2002 and $24.7 
billion in 2004. Without knowing any additional information, what would you 
estimate the 2003 revenue to have been? (Source: FedEx Corp.) 


Solution 


One solution to the problem is to assume that revenue followed a linear pattern. 
With this assumption, you can estimate the 2003 revenue by finding the midpoint 
of the line segment connecting the points (2002, 20.6) and (2004, 24.7). 


oe at 
Midpoint = (* ) 2 bal 5) 22) Midpoint Formula 
|— + 2004 20.6 + =) 
= > Substitute for x,, y,, x5, and y,. 
2 2 
= (2003, 22.65) Simplify. 


So, you would estimate the 2003 revenue to have been about $22.65 billion, as 
shown in Figure P.18. (The actual 2003 revenue was $22.5 billion.) 


woueckronnT = Now try Exercise 41. 


STUDY TIP 


One of your goals in this course 
is to learn to classify the basic 
shape of a graph from its 
equation. For instance, you will 
learn that a linear equation has 
the form 


y=mx+b 


and its graph is a line. Similarly, 
the quadratic equation in 
Example 8 has the form 


y=art+tbxt+ec 


and its graph is a parabola. 
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The Graph of an Equation 


Earlier in this section, you used a coordinate system to represent graphically the 
relationship between two quantities. There, the graphical picture consisted of a 
collection of points in a coordinate plane (see Example 2). 

Frequently, a relationship between two quantities is expressed as an equa- 
tion in two variables. For instance, y = 7 — 3x is an equation in x and y. An 
ordered pair (a, b) is a solution or solution point of an equation in x and y if the 
equation is true when a is substituted for x and b is substituted for y. For instance, 
(1, 4) is a solution of y = 7 — 3x because 4 = 7 — 3(1) is a true statement. 

In the remainder of this section you will review some basic procedures for 
sketching the graph of an equation in two variables. The graph of an equation is 
the set of all points that are solutions of the equation. The basic technique used 
for sketching the graph of an equation is the point-plotting method. To sketch a 
graph using the point-plotting method, first, if possible, rewrite the equation so 
that one of the variables is isolated on one side of the equation. Next, make a table 
of values showing several solution points. Then plot the points from your table on 
a rectangular coordinate system. Finally, connect the points with a smooth curve 
or line. 


Selim Sketching the Graph of an Equation 


Sketch the graph of y = x? — 2. 
Solution 


Because the equation is already solved for y, begin by constructing a table of 
values. 


% -2 -1 0 1 2 3 
y=x?-2 2 -1 -2 -1 2 7 
(x, y) (—2, 2)| (-1,-1) | © —2) | (,-) | @,2)| 6.7) 


Next, plot the points given in the table, as shown in Figure P.19. Finally, connect 
the points with a smooth curve, as shown in Figure P.20. 


y 
A 
ap e (3,7) 
6+ 
4+ 
e@ 2+ e 
G22) @, 2) 
i t i t t i t i +> x 
(-1,-)*® | ®a,-1 
TO, -2) 
FIGURE P.19 FIGURE P.20 


weueckpoinr 


Now try Exercise 47. 
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\/ Technology 


To graph an equation involving x and y on a graphing utility, use the 
following procedure. 


1. Rewrite the equation so that y is isolated on the left side. 
2. Enter the equation into the graphing utility. 


3. Determine a viewing window that shows all important features of the graph. 
4. Graph the equation. 


NGA IRISICEDE ORE YHNETEE For more extensive instructions on how to use a graphing utility to graph an 


equation, see the Graphing Technology Guide on the text website at 


‘ 
4 college.hmco.com. 
Intercepts of a Graph 
7 It is often easy to determine the solution points that have zero as either the 
x-coordinate or the y-coordinate. These points are called intercepts because they 


are the points at which the graph intersects or touches the x- or y-axis. It is 
possible for a graph to have no intercepts, one intercept, or several intercepts, as 
shown in Figure P.21. 


y 
t Note that an x-intercept can be written as the ordered pair (x, 0) and a 
y-intercept can be written as the ordered pair (0, y). Some texts denote the 
x-intercept as the x-coordinate of the point (a, 0) [and the y-intercept as the 
y-coordinate of the point (0, b)] rather than the point itself. Unless it is necessary 
to make a distinction, we will use the term intercept to mean either the point or 

> X 


Three x-intercepts; one y-intercept 


the coordinate. 


One x-intercept; two y-intercepts Findin g Intercepts 


1. To find x-intercepts, let y be zero and solve the equation for x. 


2. To find y-intercepts, let x be zero and solve the equation for y. 


Sete Finding x- and y-Intercepts 


> xX 
Find the x- and y-intercepts of the graph of y = x* — 4x. 
No intercepts Solution 
FIGURE P.21 
Let y = 0. Then 
y 0 = x3 — 4x = x0? -— 4 


has solutions x = 0 and x = +2. 
x-intercepts: (0, 0), (2, 0), (—2, 0) 
Let x = 0. Then 
y = (0)? — 400) 


has one solution, y = 0. 


y-intercept: (0, 0) See Figure P.22. 
FIGURE P.22 wouecxrowrT = Now try Exercise 51. 


FIGURE P.24 y-axis symmetry 
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Symmetry 


Graphs of equations can have symmetry with respect to one of the coordinate 
axes or with respect to the origin. Symmetry with respect to the x-axis means that 
if the Cartesian plane were folded along the x-axis, the portion of the graph above 
the x-axis would coincide with the portion below the x-axis. Symmetry with 
respect to the y-axis or the origin can be described in a similar manner, as shown 
in Figure P.23. 


"(x, y) 


> X 


eens (Ge, -y) 
(5, =) 


x-axis symmetry y-axis symmetry Origin symmetry 
FIGURE P.23 


Knowing the symmetry of a graph before attempting to sketch it is helpful, 
because then you need only half as many solution points to sketch the graph. There 
are three basic types of symmetry, described as follows. 


Graphical Tests for Symmetry 
1. A graph is symmetric with respect to the x-axis if, whenever (x, y) is on 
the graph, (x, —y) is also on the graph. 


2. A graph is symmetric with respect to the y-axis if, whenever (x, y) is on 
the graph, (—.x, y) is also on the graph. 


3. A graph is symmetric with respect to the origin if, whenever (x, y) is on 
the graph, (—x, —y) is also on the graph. 


Selma Testing for Symmetry 


The graph of y = x? — 2 is symmetric with respect to the y-axis because the 
point (—.x, y) is also on the graph of y = x? — 2. (See Figure P.24.) The table 
below confirms that the graph is symmetric with respect to the y-axis. 


x —3 -2 =] 1 3 3 
y 7 2 ={4 = 2 7 
ieee (—3.7) | (—2,2) | (-1,-1) | @,—-1) | 2.2) | G7) 


woeweckpoinr ~—- Now try Exercise 61. 
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FIGURE P.25 


STUDY TIP 


Notice that when creating the 
table in Example 11, it is easier 
to choose y-values and then find 
the corresponding x-values of 
the ordered pairs. 


2+ 


FIGURE P.26 


Algebraic Tests for Symmetry 
1. The graph of an equation is symmetric with respect to the x-axis if 
replacing y with —y yields an equivalent equation. 


. The graph of an equation is symmetric with respect to the y-axis if 
replacing x with —x yields an equivalent equation. 


. The graph of an equation is symmetric with respect to the origin if 
replacing x with —x and y with —y yields an equivalent equation. 


Settee Using Symmetry as a Sketching Aid 


Use symmetry to sketch the graph of 

x-y=l1, 
Solution 
Of the three tests for symmetry, the only one that is satisfied is the test for x-axis 
symmetry because x — (—y)* = 1 is equivalent to x — y* = 1. So, the graph is 
symmetric with respect to the x-axis. Using symmetry, you only need to find the 


solution points above the x-axis and then reflect them to obtain the graph, as 
shown in Figure P.25. 


eas (x, y) 

1 (1, 0) 

1 2 (2; 1) 
2 5 (5, 2) 


cueckPoint 


Now try Exercise 77. 


Serta Sketching the Graph of an Equation 


Sketch the graph of 

y= |x- 1]. 
Solution 
This equation fails all three tests for symmetry and consequently its graph is not 
symmetric with respect to either axis or to the origin. The absolute value sign indi- 
cates that y is always nonnegative. Create a table of values and plot the points as 


shown in Figure P.26. From the table, you can see that x = 0 when y = 1. So, the 
y-intercept is (0, 1). Similarly, y = 0 when x = 1. So, the x-intercept is (1, 0). 


x -2 -1 0 i 2 3 4 
y=|x-1| 3 2 1 0 1 2 3 
(x, y) (—2, 3) | (—1, 2) | (, 1) | (1,0) | (2, 1) | (3,2) | (4,3) 


cneckpont 


Now try Exercise 81. 


Point on 
circle: (x, y) 
> XxX 


FIGURE P.27 


STUDY TIP 


To find the correct h and k, from 
the equation of the circle in 
Example 13, it may be helpful 
to rewrite the quantities (x + 1)? 
and (y — 2), using subtraction. 


Ga) = at )ie 
(V2) ly = Oi. 
So, h = —landk = 2. 


FIGURE P.28 
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Throughout this course, you will learn to recognize several types of graphs 
from their equations. For instance, you will learn to recognize that the graph of 
a second-degree equation of the form 


y=ax*+bxt+ec 


is a parabola (see Example 8). The graph of a circle is also easy to recognize. 


Circles 


Consider the circle shown in Figure P.27. A point (x, y) is on the circle if and only 
if its distance from the center (h, k) is r. By the Distance Formula, 


J@—WP FOR =r 


By squaring each side of this equation, you obtain the standard form of the 
equation of a circle. 


Standard Form of the Equation of a Circle 
The point (x, y) lies on the circle of radius r and center (h, k) if and only if 


(x — h)? + (y— kh? = r?. 


From this result, you can see that the standard form of the equation of a 
circle with its center at the origin, (h, k) = (0, 0), is simply 


x? + y? = r?, 


Sete Finding the Equation of a Circle 


The point (3, 4) lies on a circle whose center is at (— 1, 2), as shown in Figure 
P.28. Write the standard form of the equation of this circle. 


Circle with center at origin 


Solution 
The radius of the circle is the distance between (— 1, 2) and (3, 4). 


r= JS@—hP + (y — &P 
= J3 -(-)DP + @- 2) 


Distance Formula 


Substitute for x, y, h, and k. 


= /P+P Simplify. 
= /16+4 Simplify. 
= /20 Radius 


Using (A, k) = (—1, 2) and r = ./20, the equation of the circle is 
(e— AP t+ (y—-kP ar 

[x — (-DP + (y — 27 = (Y20) 
(x + 1)? + (y — 2)? = 20. 


cueckpoint 


Equation of circle 
Substitute for h, k, and r. 


Standard form 


Now try Exercise 87. 
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VOCABULARY CHECK: Fill in the blanks. 


1. An ordered pair of real numbers can be represented in a plane called the rectangular coordinate 
system or the plane. 


2. The is a result derived from the Pythagorean Theorem. 


3. Finding the average values of the respective coordinates of the two endpoints of a line segment 
in a coordinate plane is also known as using the 


4. An ordered pair (a, b) is a of an equation in x and y if the equation is true 
when a is substituted for x and b is substituted for y. 


5. The set of all solution points of an equation is the of the equation. 
6. The points at which a graph intersects or touches an axis are called the of the graph. 


7. A graph is symmetric with respect to the if, whenever (x, y) is on the graph, (—x, y) 
is also on the graph. 


8. The equation (x — h)? + (y — k)? = r? is the standard form of the equation of a 


with center and radius 
In Exercises 1 and 2, approximate the coordinates of the 12. x > 2andy =3 
points. 13. x < Oand-y>0 
1. y 2. y 14. —x > Oandy < 0 
A A 
6+ @A i 15. xy > 0 
4+ ell 16. xy < 0 
a. 2 
e@ 2+ D ali 
+ Beate tet X . 
aaa ee, i at) +B 2 In Exercises 17 and 18, sketch a scatter plot of the data. 
HO = = 4 2 al 2 
©R al C a A 17. Number of Stores The table shows the number y of 
S456 e =4h5- _O Wal-Mart stores for each year x from 1996 through 2003. 


(Source: Wal-Mart Stores, Inc.) 
In Exercises 3-6, plot the points in the Cartesian plane. 


3. (—4, 2), (—3, —6), (0, 5), (1, —4) Z| Year, x Number of stores, y 
4. (0, 0), (3, 1), (—2, 4), (, -1) 1996 3054 
5, (3,8), (05, -1), 6; 6), (=2,25) 1997 3406 

1) (3 4 3 
6. (1, —3), le 3), (—3, 4), (-3. -3) 1998 3599 
In Exercises 7 and 8, find the coordinates of the point. bid a8 
2000 4189 
7. The point is located three units to the left of the y-axis and 2001 4414 
four units above the x-axis. 2002 4688 
8. The point is located eight units below the x-axis and four 2003 4906 
units to the right of the y-axis. 


18. Meteorology The lowest temperature on record y (in 
degrees Fahrenheit) in Duluth, Minnesota, for each month 
x, where x = | represents January, are shown as data points 
9. x > Oandy < 0 (x,y). (Source: NOAA) 


10. x < Oandy < 0 (1, =39), (2, =39), (3, =29), (4, =5),.(3,.17), (6,27), 
11. x = —4 and y > 0 (7,35), (8, 32), (9, 22), (10, 8), (11, —23), (12, —34) 


In Exercises 9-16, determine the quadrant(s) in which 
(x, y) is located so that the condition(s) is (are) satisfied. 


Section P.3 


In Exercises 19-22, find the distance between the points. 
(Note: In each case, the two points lie on the same horizon- 
tal or vertical line.) 
19. (6, —3), (6, 5) 

21 (=3,;—1),2,—1) 


20. (1, 4), (8, 4) 
22. (—3, —4), (-3, 6) 


In Exercises 23 and 24, (a) find the length of each side of the 
right triangle, and (b) show that these lengths satisfy the 
Pythagorean Theorem. 


23. y 24. ~y 
A 
54 (4, 5) sla 
il IL 
A =a (13, 5) 
2) 4~ (1, 0) 
1 10, 2) (4, 2) cll 
— x 
if} ap 8 I) 
i ssp eS Siz 


In Exercises 25-34, (a) plot the points, (b) find the distance 
between the points, and (c) find the midpoint of the line 
segment joining the points. 
25. (1, 1), (9, 7) 

27. (—4, 10), (4, —5) 

29. (—1, 2), (5, 4) 

ai. (, 1), (-3.3) 

33. (6.2, 5.4), (—3.7, 1.8) 

34. (— 16.8, 12.3), (5.6, 4.9) 


26. (1, 12), (6, 0) 

28. (—7, —4), (2, 8) 
30. (2, 10), (10, 2) 

32, (4-9. (“5-9 


In Exercises 35 and 36, show that the points form the 
vertices of the indicated polygon. 


35. Right triangle: (4, 0), (2, 1), (—1, —5) 
36. Isosceles triangle: (1, —3), (3, 2), (—2, 4) 


Advertising \n Exercises 37 and 38, use the graph below, 
which shows the costs of a 30-second television spot (in 
thousands of dollars) during the Super Bowl from 1989 to 
2003. (Source: USA Today Research and CNN) 


A 
2400 + 
2200 = 
2000 be» 
1800 + 
1600 + 
1400 + 
1000 + 
800 + 
Ce 

t t t t t t t-—> 
1989 1991 1993 1995 1997 1999 2001 2003 
Year 


(in thousands of dollars) 


Cost of 30-second TV spot 
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37. Approximate the percent increase in the cost of a 
30-second spot from Super Bowl XXIII in 1989 to Super 
Bowl XXXV in 2001. 


38. Estimate the percent increase in the cost of a 30-second 
spot (a) from Super Bowl XXIII in 1989 to Super Bowl 
XXVII in 1993 and (b) from Super Bowl XXVII in 1993 
to Super Bowl XXXVII in 2003. 


39. Sports A soccer player passes the ball from a point that 
is 18 yards from the endline and 12 yards from the sideline. 
The pass is received by a teammate who is 42 yards from 
the same endline and 50 yards from the same sideline, as 
shown in the figure. How long is the pass? 


50 = ios ssl 
40 a 


30 


Distance (in yards) 


10 20 30 40 50 60 
Distance (in yards) 


40. Flying Distance An airplane flies from Naples, Italy in a 
straight line to Rome, Italy, which is 120 kilometers north 
and 150 kilometers west of Naples. How far does the plane 
fly? 

41. Sales Pepsi Bottling Group, Inc. had sales of $6603 
million in 1996 and $10,800 million in 2004. Use the 
Midpoint Formula to estimate the sales in 1998, 2000, and 
2002. Assume that the sales followed a linear pattern. 
(Source: Pepsi Bottling Group, Inc.) 


42. Sales The Coca-Cola Company had sales of $18,546 
million in 1996 and $21,900 million in 2004. Use the 
Midpoint Formula to estimate the sales in 1998, 2000, and 
2002. Assume that the sales followed a linear pattern. 
(Source: The Coca-Cola Company) 


In Exercises 43-46, determine whether each point lies on 
the graph of the equation. 


Equation Points 
43. y= Jx+4 (a) (0, 2) (b) (5, 3) 
44. y=x?—-3x+2 (a) (2, 0) (b) (—2, 8) 
45. y=4-|x-2| (a) (1, 5) (b) (6, 0) 


46. y = pO — 2x? (a) (2,-%) — (b) (-3,9) 
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In Exercises 47-48, complete the table. Use the resulting 
solution points to sketch the graph of the equation. 


47. y=—-2x+5 


48. y =x? — 3x 
a ei 0 1 2 3 
yy 
(x, y) 


In Exercises 49-60, find the x- and y-intercepts of the graph 
of the equation. 


49. y = 16 — 4x? 50. y = (x + 3)? 
51. y = 5x — 6 52. y = 8 — 3x 
53. y= /x+4 54. y= J/2x—1 
55. y = [3x —7| 56. y= —|x + 10] 
57. y = 2x3 — 4x? 58. y = xt — 25 
59. yy =6-x 60. yy=x+1 


In Exercises 61-64, assume that the graph has the indicated 
type of symmetry. Sketch the complete graph of the 
equation. To print an enlarged copy of the graph, go to the 
website www.mathgraphs.com. 


61. 62. y 
A 
4+ 
2+ 
ae Se te 
T Leal oma! | dep Io) Laas | 
a 4 + 2 46 8 
=) ae 
Aiele 
y-Axis symmetry x-Axis symmetry 
63. y 64. y 
A 
4+ 
2-4 
i t+ x al 
eh ey” IB 7 -4 
2+ 
ae eile 


Origin symmetry y-Axis symmetry 


In Exercises 65-72, use the algebraic tests to check for 
symmetry with respect to both axes and the origin. 


65. x7 -y=0 66. x — y? = 

67. y=x3 68. y= xt— x7 +3 
1 

Oy a We] Sag 

71. xy? +10=0 72. xy =4 


In Exercises 73-84, use symmetry to sketch the graph of 
the equation. 


73. y= —3x4+1 74, y= 2x —3 
75. y =x? — 2x 76. y = —x? — 2x 
771, y=x+3 78. y=x°- 1 
9. y= J/x—3 80. y= JI —x 
81. y = |x — 6| 82. y= 1 — |a| 
83. x=y?- 1 84.x=y?—-—5 


In Exercises 85-90, write the standard form of the equation 
of the circle with the given characteristics. 

85. Center: (2, —1); radius: 4 

86. Center: (—7, —4); radius: 7 

87. Center: (—1, 2); solution point: (0, 0) 

88. Center: (3, —2); solution point: (—1, 1) 

89. Endpoints of a diameter: (0, 0), (6, 8) 

90. Endpoints of a diameter: (— 4, — 1), (4, 1) 


In Exercises 91-96, find the center and radius of the circle, 
and sketch its graph. 


1, 24+ 52 = 25 
93. (x — 1)? 
95. (x — 3) +(y—3) =7 96. (x 


92. x7 + y? = 16 


(y +3 =9 94. x? + (y- 1)? =1 
2)? + (y + 3) : 


97. Depreciation A manufacturing plant purchases a new 
molding machine for $225,000. The depreciated value y 
(drop in value) after ¢ years is given by 
y = 225,000 — 20,0002, 0 < t < 8. Sketch the graph of the 
equation. 


98. Consumerism You purchase a jet ski for $8100. The 
depreciated value y after ¢ years is given by 
y = 8100 — 9297, O<t<6. Sketch the graph of the 
equation. 


99. Electronics The resistance y (in ohms) of 1000 feet of 
solid copper wire at 68 degrees Fahrenheit can be approxi- 
10,770 


x? 


mated by the model y = — 0.37, 5s x < 100 


where x is the diameter of the wire in mils (0.001 inch). 


(Source: American Wire Gage) 
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(a) Complete the table. 


ae 5 10 | 20 | 30 | 40 | 50 


x | 60 | 70 | 80 | 90 | 100 


y 


(b) Use the table of values in part (a) to sketch a graph of 
the model. Then use your graph to estimate the resist- 
ance when x = 85.5. 


(c) Use the model to confirm algebraically the estimate 
you found in part (b). 


(d) What can you conclude in general about the relation- 
ship between the diameter of the copper wire and the 
resistance? 


100. Population Statistics The table shows the life 


expectancies of a child (at birth) in the United States 
for selected years from 1920 to 2000. (Source: U.S. 
National Center for Health Statistics) 


Year Life expectancy, y 


1920 54.1 
1930 9:1) 
1940 62.9 
1950 68.2 
1960 69.7 
1970 70.8 
1980 73.7 
1990 75.4 
2000 77.0 


A model for the life expectancy during this period is 
y = —0.00251? + 0.574r + 44.25, 20 <1 < 100, 
where y represents the life expectancy and f is the time 
in years, with t = 20 corresponding to 1920. 


(a) Sketch a scatter plot of the data. 

(b) Graph the model for the data and compare the 
scatter plot and the graph. 

(c) Determine the life expectancy in 1948 both graph- 
ically and algebraically. 

(d) Use the graph of the model to estimate the life 
expectancies of a child for the years 2005 and 2010. 

(e) Do you think this model can be used to predict the 
life expectancy of a child 50 years from now? 
Explain. 


Synthesis 


True or False? \n Exercises 101-104, determine whether 
the statement is true or false. Justify your answer. 


101. In order to divide a line segment into 16 equal parts, you 
would have to use the Midpoint Formula 16 times. 

102. The points (—8, 4), (2,11), and (—5, 1) represent the 
vertices of an isosceles triangle. 

103. A graph is symmetric with respect to the x-axis if, when- 
ever (x, y) is on the graph, (—., y) is also on the graph. 


104. A graph of an equation can have more than one y-intercept. 


105. Think About It What is the y-coordinate of any point on 
the x-axis? What is the x-coordinate of any point on the 
y-axis? 

106. Think About It When plotting points on the rectangular 
coordinate system, is it true that the scales on the x- and 
y-axes must be the same? Explain. 


107. Proof Prove that the diagonals of the parallelogram in 
the figure intersect at their midpoints. 


y 


(b,c) (atb,c) 


(0, 0) 


(a, 0) 


a 108. Think About It Suppose you correctly enter an expres- 
sion for the variable y on a graphing utility. However, no 
graph appears on the display when you graph the equa- 
tion. Give a possible explanation and the steps you could 
take to remedy the problem. Illustrate your explanation 
with an example. 


109. Think About It Find a and b if the graph of 
y = ax* + bx? is symmetric with respect to (a) the 
y-axis and (b) the origin. (There are many correct 
answers.) 

110. Make a Conjecture Plot the points (2, 1), (—3, 5), and 
(7, —3) on a rectangular coordinate system. Then change 
the sign of the x-coordinate of each point and plot the 
three new points on the same rectangular coordinate sys- 
tem. Make a conjecture about the location of a point when 
each of the following occurs. 


(a) The sign of the x-coordinate is changed. 
(b) The sign of the y-coordinate is changed. 


(c) The signs of both the x- and y-coordinates are 
changed. 
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P.4 


Prerequisites 


Linear Equations in Two Variables 


What you should learn 
* Use slope to graph linear 
equations in two variables. 
Find slopes of lines. 

Write linear equations in 
two variables. 

Use slope to identify parallel 
and perpendicular lines. 
Use slope and lin u 


Courtesy of Pennsylvania State University 


The HM mathSpace® CD-ROM and 
Eduspace® contain additional resources 
related to the concepts discussed in this 
chapter. 


Using Slope 


The simplest mathematical model for relating two variables is the linear equation 
in two variables y = mx + b. The equation is called linear because its graph is a 
line. (In mathematics, the term /ine means straight line.) By letting x = 0, you can 
see that the line crosses the y-axis at y = b, as shown in Figure P.29. In other 
words, the y-intercept is (0, b). The steepness or slope of the line is m. 


y=mx+t+b 


a oe ee 


The slope of a nonvertical line is the number of units the line rises (or falls) 
vertically for each unit of horizontal change from left to right, as shown in 
Figure P.29 and Figure P.30. 


Slope y-Intercept 


y 
A 


» 
A 


y=mxt+b 


y-intercept 


; | m units, 
m<0 


C2 a c 


y-intercept 


y=mxt+b 


Positive slope, line rises. 
FIGURE P.29 


Negative slope, line falls. 
FIGURE P.30 


A linear equation that is written in the form y = mx + b is said to be 
written in slope-intercept form. 


The Slope-Intercept Form of the Equation of a Line 
The graph of the equation 


y= mx + b 


is a line whose slope is m and whose y-intercept is (0, b). 


Exploration 


Use a graphing utility to compare the slopes of the lines y = mx,where 

m = 0.5, 1, 2, and 4. Which line rises most quickly? Now, let m = —0.5, 
—1, —2, and —4. Which line falls most quickly? Use a square setting to 
obtain a true geometric perspective. What can you conclude about the slope 
and the “rate” at which the line rises or falls? 


y 
A 
Sar (Gb 5) 
4 ats 
x=3 
3 fo 
2) pubes! 
ise @, 1) 
t t \ [—» x 
12 AS 
FIGURE P.31 Slope is undefined. 
}—> x 


When m is positive, the line rises. 
FIGURE P.32 
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Once you have determined the slope and the y-intercept of a line, it is a 
relatively simple matter to sketch its graph. In the next example, note that none 


of the lines is vertical. A vertical line has an equation of the form 
Med. Vertical line 


The equation of a vertical line cannot be written in the form y = mx + b because 
the slope of a vertical line is undefined, as indicated in Figure P.31. 


Selita Graphing a Linear Equation 


Sketch the graph of each linear equation. 


a y=2x+1 
b y=2 
ae xty=2 
Solution 


a. Because b = 1, the y-intercept is (0, 1). Moreover, because the slope is 
m = 2, the line rises two units for each unit the line moves to the right, as 
shown in Figure P.32. 


b. By writing this equation in the form y = (0)x + 2, you can see that the 
y-intercept is (0, 2) and the slope is zero. A zero slope implies that the line is 
horizontal—that is, it doesn’t rise or fall, as shown in Figure P.33. 


c. By writing this equation in slope-intercept form 


xt+y=2 Write original equation. 
y=-x+2 Subtract x from each side. 
y= (- 1)x + 2 Write in slope-intercept form. 
you can see that the y-intercept is (0,2). Moreover, because the slope is 
m = —1, the line falls one unit for each unit the line moves to the right, as 
shown in Figure P.34. 
y y 
A A 
Sap 54 
4 = 
3+ gia 
(0,2) m=0 
1 =, 
[+—}+—+ ++» x i+ x 
12 3 dA § 4.5 


When m is 0, the line is horizontal. When m is negative, the line falls. 
FIGURE P.33 FIGURE P.34 


fcueckpoint 


Now try Exercise 9. 
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Finding the Slope of a Line 


Given an equation of a line, you can find its slope by writing the equation in 

slope-intercept form. If you are not given an equation, you can still find the slope 

of a line. For instance, suppose you want to find the slope of the line passing 
: through the points (x,, y,) and (x5, y,), as shown in Figure P.35. As you move 
from left to right along this line, a change of (y, — y,) units in the vertical 
direction corresponds to a change of (x, — x,) units in the horizontal direction. 


Y> — y, = the change in y = rise 
and 


X, — X, = the change in x = run 


The ratio of (y, — y,) to (x, — x,) represents the slope of the line that passes 
through the points (x,, y,) and (x, y>). 


FIGURE P.35 
change in 

Slope = a 

change in x 


rise 


run 


y27 V1 


XQ 7 X1 


The Slope of a Line Passing Through Two Points 
The slope m of the nonvertical line through (x,, y,) and (x,, y,) is 


_ 27 
pong 2 See 2 
XQ Xy 


where x, # x5. 


When this formula is used for slope, the order of subtraction is important. 
Given two points on a line, you are free to label either one of them as (x,, y,) and 
the other as (x5, y,). However, once you have done this, you must form the numer- 
ator and denominator using the same order of subtraction. 


_y27 J — Yi ~ 2 y2 Hi 
ae =" m = ——= m= 
Xy _ x; x; = Xy x, Xx. 
x, ~- J Ne ~- Sy UY 
Correct Correct Incorrect 


For instance, the slope of the line passing through the points (3, 4) and (5, 7) can 
be calculated as 


7-4 3 
A= = 
dS=3 2 
or, reversing the subtraction order in both the numerator and denominator, as 
4-7 -3 3 
35 —2 2 
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| Example 2 | Finding the Slope of a Line Through Two Points 


Find the slope of the line passing through each pair of points. 

a. (—2, 0) and (3, 1) b. (—1, 2) and (2, 2) 

c. (0, 4) and (1, —1) d. (3, 4) and (3, 1) 

Solution 

a. Letting (x,, y,) = (—2, 0) and (x5, y,) = (3, 1), you obtain a slope of 


yoy 1-0 1 
%—-x, 3-(-2) 5° 


m= See Figure P.36. 


b. The slope of the line passing through (— 1, 2) and (2, 2) is 


fea 

m ( ) 0 ee rigure 7 
Cc. The slope of the line passing through (0, 4) and (1, 1) 1S 
m 5: See F igure P.38. 


d. The slope of the line passing through (3, 4) and (3, 1) is 


--§ See Figune B30 
m 73 ON ee igure Fr. s 


Because division by 0 is undefined, the slope is undefined and the line is 


vertical. 
y y 
STUDY TIP zal az 
In Figures P.36 to P.39, note the 34 ; Be on = 0 
relationships between slope and "5 
the orientation of the line aq 
: : (3, 1) (-1, 2) A (2, 2) 
a. Positive slope: line rises (—2, 0) 
i t t t [> x t t t t [> x 
from left to right ae 12 3 ae 1 2 3 
b. Zero slope: line is horizontal = ai Salk 
c. Negative slope: line falls FIGURE P36 FIGURE P.37 
from left to right 
d. Undefined slope: line is y y 
: A 
vertical ml (3, 4) 
3+ Slope is 
2 -+ undefined. 
Ls ©, WW) 
=. Lt > x 
4 =1 il 2 4 
-Il+ 
FIGURE P.38 FIGURE P.39 


woneckrowr = Now try Exercise 21. 
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ae - 
=i 
24 
aaa 
=/i4 
=5) 
FIGURE P.40 
STUDY TIP 


When you find an equation of 
the line that passes through two 
given points, you only need to 
substitute the coordinates of one 
of the points into the point-slope 
form. It does not matter which 
point you choose because both 
points will yield the same result. 


Writing Linear Equations in Two Variables 


If (x,, y,) is a point on a line of slope m and (x, y) is any other point on the line, 
then 


Ni 
X= dj 


=m. 


This equation, involving the variables x and y, can be rewritten in the form 
y—y, = mx — x) 


which is the point-slope form of the equation of a line. 


Point-Slope Form of the Equation of a Line 
The equation of the line with slope m passing through the point (x,, y,) is 


yo Yy = m(x — x,). 


The point-slope form is most useful for finding the equation of a line. You 
should remember this form. 


Seluyt-weme Using the Point-Slope Form 


Find the slope-intercept form of the equation of the line that has a slope of 3 and 
passes through the point (1, —2). 

Solution 

Use the point-slope form with m = 3 and (x,, y,) = (1, —2). 


yry= me x,) Point-slope form 
y~ (—2) = 3(x a 1) Substitute for m, x,, and y,. 
y+t2=3x—-—3 Simplify. 
y=3x-5 Write in slope-intercept form. 


The slope-intercept form of the equation of the line is y = 3x — 5. The graph of 
this line is shown in Figure P.40. 


weneckrowntr ~=— Now try Exercise 39. 


The point-slope form can be used to find an equation of the line passing 
through two points (x,, y,) and (x,, y,). To do this, first find the slope of the line 


yo VM 
m >= —, x, FX, 
ay 
and then use the point-slope form to obtain the equation 
yo Vu 


XQ xy 


Se ka ee Two-point form 


This is sometimes called the two-point form of the equation of a line. 


Exploration 


Find d, and d, in terms of m, 
and m,, respectively (see fig- 
ure). Then use the Pythagorean 
Theorem to find a relationship 
between m, and m). 


FIGURE P.41 


Technology 


On a graphing utility, lines will not 
appear to have the correct slope 
unless you use a viewing window 
that has a square setting. For 
instance, try graphing the lines 

in Example 4 using the standard 
setting —10 < x < 10and 

—10 < y < 10.Then reset the 
viewing window with the square 
setting —9 < x < 9and 

—6 < y < 6. Onwhich setting do 
the lines y = $x — 3and 

y = —3x + 2 appear to be 
perpendicular? 
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Parallel and Perpendicular Lines 


Slope can be used to decide whether two nonvertical lines in a plane are parallel, 
perpendicular, or neither. 


Parallel and Perpendicular Lines 


1. Two distinct nonvertical lines are parallel if and only if their slopes are 
equal. That is, m, = my. 


2. Two nonvertical lines are perpendicular if and only if their slopes are 
negative reciprocals of each other. That is, m, = —1/m). 


Selim Finding Parallel and Perpendicular Lines 


Find the slope-intercept forms of the equations of the lines that pass through the 
point (2, — 1) and are (a) parallel to and (b) perpendicular to the line 2x — 3y = 5. 


Solution 
By writing the equation of the given line in slope-intercept form 

2x — 3y =5 
—3y = -2x +5 


se 5 
y= 3X ~ 3 


Write original equation. 
Subtract 2x from each side. 
Write in slope-intercept form. 
you can see that it has a slope of m = z as shown in Figure P.41. 


a. Any line parallel to the given line must also have a slope of z So, the line 
through (2, — 1) that is parallel to the given line has the following equation. 


y —(-1) = 3@- 2) 
3(y + 1) = 2m — 2) 
3y +3 =2x-4 


Write in point-slope form. 
Multiply each side by 3. 


Distributive Property 


— 2 Z 
y= 5x3 


Write in slope-intercept form. 


b. Any line perpendicular to the given line must have a slope of -3 (because —3 


is the negative reciprocal of 2) So, the line through (2, — 1) that is perpendi- 
cular to the given line has the following equation. 


y = (1) = =3@ = 2) 
2(y + 1) = —3(% — 2) 
2y+2=—-3x+6 


Write in point-slope form. 
Multiply each side by 2. 
Distributive Property 
y= —3y + 2 Write in slope-intercept form. 


cueckpont 


Notice in Example 4 how the slope-intercept form is used to obtain informa- 
tion about the graph of a line, whereas the point-slope form is used to write the 
equation of a line. 


Now try Exercise 69. 
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10,000 
9,000 
8,000 
7,000 
6,000 
5,000 
4,000 
3,000 
2,000 
1,000 


Cost (in dollars) 


FIGURE P.43 
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Manufacturing 


“| C = 25x + 3500 | 


Marginal cost: \ a 
7150 ee 


--Fixed cost: $3500 -- 


50 100 150 
Number of units 


Production cost 


Applications 


In real-life problems, the slope of a line can be interpreted as either a ratio or a 
rate. If the x-axis and y-axis have the same unit of measure, then the slope has no 
units and is a ratio. If the x-axis and y-axis have different units of measure, then 
the slope is a rate or rate of change. 


} Example 5 | Using Slope as a Ratio @ 


The maximum recommended slope of a wheelchair ramp is oe A business is 
installing a wheelchair ramp that rises 22 inches over a horizontal length of 24 feet. 
Is the ramp steeper than recommended? (Source: Americans with Disabilities 
Act Handbook) 


Solution 


The horizontal length of the ramp is 24 feet or 12(24) = 288 inches, as shown in 
Figure P.42. So, the slope of the ramp is 


vertical change —— 22 in. 


Slope = = 0.076. 


horizontal change =. 288 in. 


Because é = 0.083, the slope of the ramp is not steeper than recommended. 


FIGURE P.42 


a cHEcKPoINT Now try Exercise 97. 
Example 6 Using Slope as a Rate of Change 


A kitchen appliance manufacturing company determines that the total cost in 
dollars of producing x units of a blender is 


C = 25x + 3500. Cost equation 
Describe the practical significance of the y-intercept and slope of this line. 


Solution 


The y-intercept (0, 3500) tells you that the cost of producing zero units is $3500. 
This is the fixed cost of production—it includes costs that must be paid regardless 
of the number of units produced. The slope of m = 25 tells you that the cost of 
producing each unit is $25, as shown in Figure P.43. Economists call the cost per 
unit the marginal cost. If the production increases by one unit, then the “margin,” 
or extra amount of cost, is $25. So, the cost increases at a rate of $25 per unit. 


weueckpoinr Now try Exercise 101. 


Useful Life of Equipment 


Value (in dollars) 


Number of years 


FIGURE P.44 Straight-line depreciation 
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Most business expenses can be deducted in the same year they occur. One 
exception is the cost of property that has a useful life of more than | year. Such 
costs must be depreciated (decreased in value) over the useful life of the property. 
If the same amount is depreciated each year, the procedure is called linear or 
straight-line depreciation. The book value is the difference between the original 
value and the total amount of depreciation accumulated to date. 


Seu t-wae Straight-Line Depreciation 


A college purchased exercise equipment worth $12,000 for the new campus 
fitness center. The equipment has a useful life of 8 years. The salvage value at the 
end of 8 years is $2000. Write a linear equation that describes the book value of 
the equipment each year. 


Solution 
Let V represent the value of the equipment at the end of year ¢. You can represent 
the initial value of the equipment by the data point (0, 12,000) and the salvage 
value of the equipment by the data point (8, 2000). The slope of the line is 
2000 — 12,000 
a = 
8-0 


$1250 
which represents the annual depreciation in dollars per year. Using the point- 
slope form, you can write the equation of the line as follows. 
V= 12,000 == 1250(t ad 0) Write in point-slope form. 
V = —1250t + 12,000 Write in slope-intercept form. 


The table shows the book value at the end of each year, and the graph of the 
equation is shown in Figure P.44. 


Year, t Value, V 
0 12,000 
1 10,750 
2 9,500 
3 8,250 
4 7,000 
5 5,750 
6 4,500 
7 3,250 
8 2,000 


eneckpoint Now try Exercise 107. 


In many real-life applications, the two data points that determine the line are 
often given in a disguised form. Note how the data points are described in 
Example 7. 
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SeTiyteee =6Predicting Sales per Share 


The sales per share for Starbucks Corporation were $6.97 in 2001 and $8.47 in 
2002. Using only this information, write a linear equation that gives the sales per 
share in terms of the year. Then predict the sales per share for 2003. (Source: 
Starbucks Corporation) 


Starbucks Corporation Solution 
y Let ¢ = 1 represent 2001. Then the two given values are represented by the data 
A points (1, 6.97) and (2, 8.47). The slope of the line through these points is 
10 -Eeienetebinenicnniciitanagfis arc 
e = G, 9.97) 8.47 — 6.97 
& ot are a a 
ie 2= I 
v (2, 8.47) 
2 
a 7+ (1, 6.97). Using the point-slope form, you can find the equation that relates the sales per 
SB 61 oe share y and the year f to be 
2 y=15t+5.47 - ae 
3 5a y— 6.97 = 1.5(t = 1) Write in point-slope form. 
1 y = 1.5t + 5.47. Write in slope-intercept form. 
+--+ 1 
! 2 j - According to this equation, the sales per share in 2003 was 
Year (1 = 2001) y = 1.5(3) + 5.47 = $9.97, as shown in Figure P.45. (In this case, the prediction 
FIGURE P.45 is quite good—the actual sales per share in 2003 was $10.35.) 
woneckponnT = Now try Exercise 109. 

‘ The prediction method illustrated in Example 8 is called linear extrapola- 
Given tion. Note in Figure P.46 that an extrapolated point does not lie between the given 
points points. When the estimated point lies between two given points, as shown in 

Figure P.47, the procedure is called linear interpolation. 
: Because the slope of a vertical line is not defined, its equation cannot be 
Estimated : : F ; : 
stn written in slope-intercept form. However, every line has an equation that can be 
written in the general form 
> X 
Ax + By + C=0 General form 
Linear extrapolation where A and B are not both zero. For instance, the vertical line given by x = a 
FIGURE P.46 can be represented by the general form x — a = 0. 
y 
A ; : 
Gis Summary of Equations of Lines 
points 1. General form: Ax + By+C=0 
2. Vertical line: x=a 
Estimated 3. Horizontal line: y=b 
point 
= 4. Slope-intercept form: 
5. Point-slope form: 

Linear interpolation 
BGnREEA? 6. Two-point form: 
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Paleo 


VOCABULARY CHECK: 
In Exercises 1-6, fill in the blanks. 


. The simplest mathematical model for relating two variables is the 


. For a line, the ratio of the change in y to the change in x is called the 


. Two lines are if and only if their slopes are equal. 


equation in two variables y = mx + b. 


of the line. 


. When the x-axis and y-axis have different units of measure, the slope can be interpreted as a 


1 
2 
3 
4. Two lines are if and only if their slopes are negative reciprocals of each other. 
5 
6 


. The prediction method is the method used to estimate a point on a line that does not lie between 


the given points. 


7. Match each equation of a line with its form. 
(a) Ax + By +C=0 (i) Vertical line 
(b) x =a (ii) Slope-intercept form 
(c) y=b (iii) General form 
(d) y=mx+b (iv) Point-slope form 
(e) y—y, = mx — x) (v) Horizontal line 


In Exercises 1 and 2, identify the line that has each slope. 


1. (a) m=} 2. (a) m= 0 
(b) m is undefined. (b) m= -3 
(c) m= —2 (c) m=1 
y y 
Ib iL 
1 3 Ly fis 
Ly 
> X > X 
Ly 


In Exercises 3 and 4, sketch the lines through the point with 
the indicated slopes on the same set of coordinate axes. 


Point Slopes 
3. (2, 3) (a)0 )1 ©2 @ -3 
4. (—4,1) (a) 3 (b) -3 (c) 4. Gd) Undefined 


In Exercises 5-8, estimate the slope of the line. 


Ss: 6 = Y 


In Exercises 9-20, find the slope and y-intercept (if possi- 
ble) of the equation of the line. Sketch the line. 


9. y=5x+3 10. 
11. y= —jx +4 12. 
13. 5x — 2 =0 14. 
15. 7x + 6y = 30 16. 
17. y-3=0 18. 
19. x+5=0 20. 


y=x- 10 
y = —3x + 6 
3y+5=0 
2x + 3y =9 
y+4=0 
x=2=0 


In Exercises 21-28, plot the points and find the slope of the 
line passing through the pair of points. 


21. (—3, —2), (1, 6) 2 
23. (—6, —1), (—6, 4) 24. 
25. (Gis) (asa) 26. 
27. (4.8, 3.1), (—5.2, 1.6) 


28. 


. (—1.75, —8.3), (2.25, —2.6) 


(2, 4), (4, —4) 
(0, —10), (—4, 0) 


(3,4), (G4) 
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In Exercises 29-38, use the point on the line and the slope 
of the line to find three additional points through which 
the line passes. (There are many correct answers.) 


Point Slope 
29. (2, 1) m =0 
30. (—4, 1) m is undefined. 
31. (5, —6) m= 1 
32. (10, —6) m=-—\1 
33. (—8, 1) m is undefined. 
34. (—3, -1) m= 
96. (=5,4) m=2 
36. (0, —9) m= -2 
37. (7, —2) m=3 
38. (—1, —6) m= -35 


In Exercises 39-50, find the slope-intercept form of the 
equation of the line that passes through the given point 
and has the indicated slope. Sketch the line. 


Point Slope 

39. (0, —2) m=3 

40. (0, 10) m=-l1 

41. (—3, 6) m= -—2 

42. (0, 0) m= 4 

43. (4, 0) m=-3 

44, (—2, —5) m=} 

45. (6, —1) m is undefined. 
46. (—10, 4) m is undefined. 
47. (4, 3) m=0 

48. (—3,3) m=0 

49. (—5.1, 1.8) m=5 

50. (2.3, —8.5) m=-3 


In Exercises 51-64, find the slope-intercept form of the 
equation of the line passing through the points. Sketch the 
line. 


51. (5, —1), (-5, 5) 52. (4, 3), (—4, -4) 
53. (—8, 1), (-8, 7) 54. (—1, 4), (6, 4) 
55. (2,3), (3,3) 56. (1, 1), (6, ~3) 
57. (76-3), (i -5) 58. (3,3), (3.4) 


59. (1, 0.6), (—2, —0.6) 
60. (—8, 0.6), (2, —2.4) 


él; 2,1); (5,=4) 
62. (4, —2), (-6, —2) 
63. (3, —8), (3, 1) 

64. (1.5, —2), (1.5, 0.2) 


In Exercises 65-68, determine whether the lines L, and 
L, passing through the pairs of points are parallel, perpen- 
dicular, or neither. 


65. L,: (0, -1), (5, 9) 66. L,: (—2, -1), (1, 5) 
L,: (0, 3), (4, 1) Ly: (1, 3), (5, —5) 
67. L,: (3, 6), (—6, 0) 68. L,: (4, 8), (—4, 2) 


L,: 0, — 1), (5, 4) L,: 3, —5), (-1, }) 
In Exercises 69-78, write the slope-intercept forms of the 


equations of the lines through the given point (a) parallel 
to the given line and (b) perpendicular to the given line. 


Point Line 
69. (2, 1) 4x —2y =3 
70. (—3, 2) xt+ty=7 
71. (—3,3) 3x + 4y =7 
72. (2,3) 5x + 3y =0 
73. (—1,0) y=-3 
74. (4, —2) y=1 
75. (2,5) x=4 
76. (—5, 1) x=-2 
77. (2.5, 6.8) x-y=4 
78. (—3.9, —1.4) 6x + 2y = 9 


In Exercises 79-84, use the intercept form to find the equa- 
tion of the line with the given intercepts. The intercept 
form of the equation of a line with intercepts (a, 0) and 
(0, b) is 

s+ 


pal a#0, b#0. 


79, x-intercept: (2, 0) 80. x-intercept: (—3, 0) 


y-intercept: (0, 3) y-intercept: (0, 4) 

81. x-intercept: (-4, 0) 82. x-intercept: (3, 0) 
y-intercept: (0, —3) y-intercept: (0, —2) 

83. Point on line: (1, 2) 84. Point on line: (—3, 4) 
x-intercept: (c, 0) x-intercept: (d, 0) 


y-intercept: (0, c), c #0 y-intercept: (0,2), d #0 


oy Graphical Interpretation \n Exercises 85-88, identify any 


relationships that exist among the lines, and then use a 
graphing utility to graph the three equations in the same 
viewing window. Adjust the viewing window so that the 
slope appears visually correct—that is, so that parallel lines 
appear parallel and perpendicular lines appear to intersect 
at right angles. 


() y= ox 
(c) y=4x4+2 


85. (a) y = 2x 
86. (a) y= ox 


() pS H2e 
OB alee 


87. 
88. 


(b) y= yx +3 
(b) y=x4+1 


(c) y= 2x -—4 
(c) y==x+ 3 


(a) y= —3x 


(a) y=x-8 


In Exercises 89-92, find a relationship between x and y 
such that (x, y) is equidistant (the same distance) from the 


two points. 

89. (4, —1), (—2, 3) 
90. (6, 5), (1, —8) 
91. (3,3), (-7, 1) 
92. (—3, —4), (5,4) 


93. 


94. 


95. 


Sales The following are the slopes of lines representing 
annual sales y in terms of time x in years. Use the slopes to 
interpret any change in annual sales for a one-year increase 
in time. 

(a) The line has a slope of m = 135. 

(b) The line has a slope of m = 0. 

(c) The line has a slope of m = —40. 


Revenue The following are the slopes of lines 
representing daily revenues y in terms of time x in days. 
Use the slopes to interpret any change in daily revenues for 
a one-day increase in time. 

(a) The line has a slope of m = 400. 

(b) The line has a slope of m = 100. 

(c) The line has a slope of m = 0. 

Average Salary The graph shows the average salaries for 


senior high school principals from 1990 through 2002. 
(Source: Educational Research Service) 


85,000 \gmepe Forno he. 83.044) 
=> 80,000 + Ee Pt 0, 191828) great 
75,000 ame e430) eee 
s 70,000 + (6, 69,277) 

85000 eG, 64,993) 
3 60,000 +H (2, 61,768) 
55,000 : 


Year (0 < 1990) 
(a) Use the slopes to determine the time periods in which 
the average salary increased the greatest and the least. 


(b) Find the slope of the line segment connecting the years 
1990 and 2002. 


(c) Interpret the meaning of the slope in part (b) in the con- 
text of the problem. 
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96. Net Profit The graph shows the net profits (in millions) 


for Applebee’s International, Inc. for the years 1994 through 
2003. (Source: Applebee’s International, Inc.) 


A 

100 7a aie ee 
90 -+- ene 
80 + 
70 -- 
60 - een ome, 
50+ Sica nmanaaraen  ciernen’ 
40 +(6, 38.0) 

30 -- 
D0 tet fsrenscanrrac inc 
104 


Net profit 
(in millions of dollars) 


t-—+—+— ++ +> }—_ +1 +++ > 

4 5 6 7 8 9 10 11 12 13 14 

Year (4 > 1994) 

(a) Use the slopes to determine the years in which the net 
profit showed the greatest increase and the least increase. 


(b 


= 


Find the slope of the line segment connecting the years 
1994 and 2003. 


(c) Interpret the meaning of the slope in part (b) in the con- 
text of the problem. 


. Road Grade You are driving on a road that has a 6% 


uphill grade (see figure). This means that the slope of the 
road is jo99. Approximate the amount of vertical change in 
your position if you drive 200 feet. 


. Road Grade From the top of a mountain road, a 


surveyor takes several horizontal measurements x and 
several vertical measurements y, as shown in the table (x 
and y are measured in feet). 


300 | 600 | 900 | 1200 | 1500 | 1800 | 2100 


25 50 75 100 125 150 175 


(a) Sketch a scatter plot of the data. 


(b) Use a straightedge to sketch the line that you think best 
fits the data. 


(c) Find an equation for the line you sketched in part (b). 


(d) Interpret the meaning of the slope of the line in part (c) 
in the context of the problem. 


(e) The surveyor needs to put up a road sign that indicates 
the steepness of the road. For instance, a surveyor 
would put up a sign that states “8% grade” on a road 
with a downhill grade that has a slope of — 5. What 
should the sign state for the road in this problem? 
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Rate of Change _\n Exercises 99 and 100, you are given the 
dollar value of a product in 2005 and the rate at which the 
value of the product is expected to change during the next 
5 years. Use this information to write a linear equation that 
gives the dollar value V of the product in terms of the year 
t. (Let t = 5 represent 2005.) 


2005 Value Rate 
99. $2540 $125 decrease per year 
100. $156 $4.50 increase per year 


Graphical Interpretation _\n Exercises 101-104, match the 
description of the situation with its graph. Also determine 
the slope and y-intercept of each graph and interpret the 
slope and y-intercept in the context of the situation. [The 
graphs are labeled (a), (b), (c), and (d).] 


(a) y (b) y 


x 


Jiao sO 


(d) y 


See < 
Te tl oy tes ae 2 4 6028 


101. A person is paying $20 per week to a friend to repay a 
$200 loan. 


102. An employee is paid $8.50 per hour plus $2 for each unit 
produced per hour. 


103. A sales representative receives $30 per day for food plus 
$0.32 for each mile traveled. 


104. A computer that was purchased for $750 depreciates $100 
per year. 


105. Cash Flow per Share The cash flow per share for the 
Timberland Co. was $0.18 in 1995 and $4.04 in 2003. 
Write a linear equation that gives the cash flow per share 
in terms of the year. Let t = 5 represent 1995. Then pre- 
dict the cash flows for the years 2008 and 2010. 
(Source: The Timberland Co.) 


106. Number of Stores In 1999 there were 4076 J.C. Penney 
stores and in 2003 there were 1078 stores. Write a linear 
equation that gives the number of stores in terms of the 
year. Let t = 9 represent 1999. Then predict the numbers 
of stores for the years 2008 and 2010. Are your answers 
reasonable? Explain. (Source: J.C. Penney Co.) 


107. 


108. 


109. 


110. 


111. 


112. 


113. 


Depreciation A sub shop purchases a used pizza oven 
for $875. After 5 years, the oven will have to be replaced. 
Write a linear equation giving the value V of the equip- 
ment during the 5 years it will be in use. 


Depreciation A school district purchases a high-volume 
printer, copier, and scanner for $25,000. After 10 years, 
the equipment will have to be replaced. Its value at that 
time is expected to be $2000. Write a linear equation 
giving the value V of the equipment during the 10 years it 
will be in use. 


College Enrollment The Pennsylvania State University 
had enrollments of 40,571 students in 2000 and 41,289 
students in 2004 at its main campus in University Park, 
Pennsylvania. (Source: Penn State Fact Book) 


(a) Assuming the enrollment growth is linear, find a 
linear model that gives the enrollment in terms of the 
year t, where t = O corresponds to 2000. 


(b) Use your model from part (a) to predict the enroll- 
ments in 2008 and 2010. 


(c) What is the slope of your model? Explain its meaning 
in the context of the situation. 


College Enrollment The University of Florida had 
enrollments of 36,531 students in 1990 and 48,673 
students in 2003. (Source: University of Florida) 


(a) What was the average annual change in enrollment 
from 1990 to 2003? 


(b) Use the average annual change in enrollment to 
estimate the enrollments in 1994, 1998, and 2002. 


(c) Write the equation of a line that represents the given 
data. What is its slope? Interpret the slope in the 
context of the problem. 


(d) Using the results of parts (a)-(c), write a short para- 
graph discussing the concepts of slope and average 
rate of change. 


Sales A discount outlet is offering a 15% discount on 
all items. Write a linear equation giving the sale price S 
for an item with a list price L. 


Hourly Wage A microchip manufacturer pays its 
assembly line workers $11.50 per hour. In addition, work- 
ers receive a piecework rate of $0.75 per unit produced. 
Write a linear equation for the hourly wage W in terms of 
the number of units x produced per hour. 


Cost, Revenue, and Profit A roofing contractor 
purchases a shingle delivery truck with a shingle elevator 
for $36,500. The vehicle requires an average expenditure 
of $5.25 per hour for fuel and maintenance, and the 
operator is paid $11.50 per hour. 


(a) Write a linear equation giving the total cost C of oper- 
ating this equipment for ¢ hours. (Include the purchase 
cost of the equipment.) 


114. 


115. 


(b) Assuming that customers are charged $27 per hour of 
machine use, write an equation for the revenue R 
derived from ¢ hours of use. 


(c) Use the formula for profit (P = R — C) to write an 
equation for the profit derived from f hours of use. 


(d) Use the result of part (c) to find the break-even 
point—that is, the number of hours this equipment 
must be used to yield a profit of 0 dollars. 


Rental Demand _ A real estate office handles an apart- 
ment complex with 50 units. When the rent per unit is 
$580 per month, all 50 units are occupied. However, 
when the rent is $625 per month, the average number of 
occupied units drops to 47. Assume that the relationship 
between the monthly rent p and the demand x is linear. 


(a) Write the equation of the line giving the demand x in 
terms of the rent p. 


(b) Use this equation to predict the number of units occu- 
pied when the rent is $655. 


(c) Predict the number of units occupied when the rent is 
$595. 


Geometry The length and width of a rectangular garden 
are 15 meters and 10 meters, respectively. A walkway of 
width x surrounds the garden. 


(a) Draw a diagram that gives a visual representation of 
the problem. 


(b) Write the equation for the perimeter y of the walkway 
in terms of x. 


ay (c) Use a graphing utility to graph the equation for the 


perimeter. 


& (d) Determine the slope of the graph in part (c). For each 


116. 


117. 


118. 


additional one-meter increase in the width of the 
walkway, determine the increase in its perimeter. 


Monthly Salary A pharmaceutical salesperson receives a 
monthly salary of $2500 plus a commission of 7% of sales. 
Write a linear equation for the salesperson’s monthly wage 
W in terms of monthly sales S. 


Business Costs A sales representative of a company 
using a personal car receives $120 per day for lodging and 
meals plus $0.38 per mile driven. Write a linear equation 
giving the daily cost C to the company in terms of x, the 
number of miles driven. 


Sports The median salaries (in thousands of dollars) for 
players on the Los Angeles Dodgers from 1996 to 2003 
are shown in the scatter plot. Find the equation of the line 
that you think best fits these data. (Let y represent the 
median salary and let ¢ represent the year, with t = 6 
corresponding to 1996.) (Source: USA TODAY) 
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: 
S 
iw 


Median salary 
(in thousands of dollars) 


Saar a a ae a a 
6 7 8 9 10 11 12 13 
Year (6 © 1996) 


LA, 


FIGURE FOR 118 


119. Data Analysis: Cell Phone Suscribers The num- 


bers of cellular phone suscribers y (in millions) in the 
United States from 1990 through 2002, where x is the 
year, are shown as data points (x,y). (Source: 
Cellular Telecommunications & Internet Association) 


(1990, 5.3) 
(1991, 7.6) 
(1992, 11.0) 
(1993, 16.0) 
(1994, 24.1) 
(1995, 33.8) 
(1996, 44.0) 
(1997, 55.3) 
(1998, 69.2) 
(1999, 86.0) 
(2000, 109.5) 
(2001, 128.4) 
(2002, 140.8) 
(a) Sketch a scatter plot of the data. Let x = 0 corre- 
spond to 1990. 


(b) Use a straightedge to sketch the line that you think 
best fits the data. 


(c) Find the equation of the line from part (b). 
Explain the procedure you used. 


(d) Write a short paragraph explaining the meanings 
of the slope and y-intercept of the line in terms of 
the data. 


(e) Compare the values obtained using your model 
with the actual values. 


(f) Use your model to estimate the number of cellular 
phone suscribers in 2008. 
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Data Analysis: Average Scores An instructor gives 
regular 20-point quizzes and 100-point exams in an alge- 
bra course. Average scores for six students, given as data 
points (x, y) where x is the average quiz score and y is the 
average test score, are (18,87), (10,55), (19, 96), 
(16, 79), (13, 76), and (15, 82). [Note: There are many 
correct answers for parts (b)-(d).] 


(a) Sketch a scatter plot of the data. 


(b) Use a straightedge to sketch the line that you think 
best fits the data. 


(c) Find an equation for the line you sketched in part (b). 


(d) Use the equation in part (c) to estimate the average 
test score for a person with an average quiz score of 
17. 


(e) The instructor adds 4 points to the average test score 
of each student in the class. Describe the changes in 
the positions of the plotted points and the change in 
the equation of the line. 


Synthesis 


True or False? 


In Exercises 121 and 122, determine 


whether the statement is true or false. Justify your answer. 


121. 


122. 


123. 


124. 


125. 


A line with a slope of -3 is steeper than a line with a slope 


6 
of —7. 
The line through (— 8, 2) and (— 1, 4) and the line through 
(0, —4) and (—7, 7) are parallel. 
Explain how you could show that the points A (2, 3), 
B (2, 9), and C (4, 3) are the vertices of a right triangle. 
Explain why the slope of a vertical line is said to be 
undefined. 


With the information shown in the graphs, is it possible to 
determine the slope of each line? Is it possible that the 
lines could have the same slope? Explain. 


(a) (b) 


126. 


127. 


128. 


129. 


The slopes of two lines are —4 and 3. Which is steeper? 
Explain. 

The value V of a molding machine ¢ years after it is 
purchased is 


V = —4000r + 58,500, O<t<5. 


Explain what the V-intercept and slope measure. 


Think About It Is it possible for two lines with positive 
slopes to be perpendicular? Explain. 


Make a Decision To work an extended application 
analyzing the numbers of bachelor’s degrees earned by 
women in the United States from 1985 to 2002, visit this 
text’s website at college.hmco.com. (Data Source: U.S. 
National Center for Educational Statistics) 
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What you should learn 


Introduction to Functions 


* Determine whether relations 


between two variables are Many everyday phenomena involve two quantities that are related to each other 
functions. by some rule of correspondence. The mathematical term for such a rule of 
+ Use function notation and correspondence is a relation. In mathematics, relations are often represented by 
evaluate functions. mathematical equations and formulas. For instance, the simple interest J earned on 
* Find the domains of functions. $1000 for 1 year is related to the annual interest rate r by the formula J = 1000r. 


The formula J = 1000r represents a special kind of relation that matches 
each item from one set with exactly one item from a different set. Such a relation 
is called a function. 


nodel and 


Definition of Function 


A function f from a set A to a set B is a relation that assigns to each 


element x in the set A exactly one element y in the set B. The set A is the 
domain (or set of inputs) of the function f, and the set B contains the range 
(or set of outputs). 


To help understand this definition, look at the function that relates the time 
of day to the temperature in Figure P.48. 


Time of day (P.M.) Temperature (in degrees C) 
(1) ~(9) ier? 
OG oO . 

| ———_ 
(3) (13) re 8 
(6) © “®) ~(10) 16 " 


Set A is the domain. Set B contains the range. 
Inputs: 1, 2, 3, 4,5, 6 Outputs: 9, 10, 12, 13, 15 
© Lester Lefkowitz/Corbis 
FIGURE P.48 


This function can be represented by the following ordered pairs, in which the first 
coordinate (x-value) is the input and the second coordinate (y-value) is the output. 


{(1, 9°), (2, 13°), (3, 15°), (4, 15°), (5, 12°), (6, 10°)} 


Characteristics of a Function from Set A to Set B 


Each element in A must be matched with an element in B. 


Some elements in B may not be matched with any element in A. 


1. 
2. 
3. Two or more elements in A may be matched with the same element in B. 
4, 


An element in A (the domain) cannot be matched with two different 
elements in B. 
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Prerequisites 


Functions are commonly represented in four ways. 


Four Ways to Represent a Function 
1. Verbally by a sentence that describes how the input variable is related to 
the output variable 


2. Numerically by a table or a list of ordered pairs that matches input values 
with output values 


3. Graphically by points on a graph in a coordinate plane in which the input 
values are represented by the horizontal axis and the output values are 
represented by the vertical axis 


4. Algebraically by an equation in two variables 


To determine whether or not a relation is a function, you must decide whether 
each input value is matched with exactly one output value. If any input value is 
matched with two or more output values, the relation is not a function. 


Selita Testing for Functions 


Determine whether the relation represents y as a function of x. 


a. The input value x is the number of representatives from a state, and the output 
value y is the number of senators. 


b. Input, x Output, y e ‘ 
a (| e 3 e 
2 11 2 
1 
zi 10 t-—+—@ +> * 
3 8 Eom ie 23 
=) 
4 5 =3 
5 1 FIGURE P.49 
Solution 


a. This verbal description does describe y as a function of x. Regardless of the 
value of x, the value of y is always 2. Such functions are called constant 
functions. 

b. This table does not describe y as a function of x. The input value 2 is matched 
with two different y-values. 


c. The graph in Figure P.49 does describe y as a function of x. Each input value 
is matched with exactly one output value. 


woweckrowt ~=— Now try Exercise 5. 


Representing functions by sets of ordered pairs is common in discrete 
mathematics. In algebra, however, it is more common to represent functions by 
equations or formulas involving two variables. For instance, the equation 


y= a y is a function of x. 


represents the variable y as a function of the variable x. In this equation, x is 


© Bettmann/Corbis 


Historical Note 

Leonhard Euler (1707-1783), 
a Swiss mathematician, is 
considered to have been the 
most prolific and productive 
mathematician in history. One 
of his greatest influences on 
mathematics was his use of 
symbols, or notation. The 
function notation y = f(x) 
was introduced by Euler. 
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the independent variable and y is the dependent variable. The domain of the 
function is the set of all values taken on by the independent variable x, and the 
range of the function is the set of all values taken on by the dependent variable y. 


| Example 2 | Testing for Functions Represented Algebraically 


Which of the equations represent(s) y as a function of x? 
axt+y=1 b -xt+y?=1 
Solution 
To determine whether y is a function of x, try to solve for y in terms of x. 
a. Solving for y yields 
wr+y=l1 Write original equation. 
y=1- x. Solve for y. 


To each value of x there corresponds exactly one value of y. So, y is a function 
of x. 


b. Solving for y yields 


=1 y? = 1 Write original equation. 
yw=1+x Add x to each side. 


y=tJ1 +x. Solve for y. 


The + indicates that to a given value of x there correspond two values of y. 
So, y is not a function of x. 


Weneckpoinr ~= Now try Exercise 15. 


Function Notation 


When an equation is used to represent a function, it is convenient to name the 
function so that it can be referenced easily. For example, you know that the 
equation y = 1 — x? describes y as a function of x. Suppose you give this 
function the name “f.” Then you can use the following function notation. 


Input Output Equation 
x f(x) f(x) = 1 — x? 


The symbol f(x) is read as the value of f at x or simply f of x. The symbol f(x) 
corresponds to the y-value for a given x. So, you can write y = f(x). Keep in 
mind that f is the name of the function, whereas f(x) is the value of the function 
at x. For instance, the function given by 


f(x) = 3 — 2x 


has function values denoted by f(— 1), f(0), f(2), and so on. To find these values, 
substitute the specified input values into the given equation. 


Forx=—-1, f(-1)=3-2(-1I)=3+2=5. 
For x = 0, f(0) = 3 — 200) = 3-0 =3. 
For x = 2, f(2) =3 — 222) =3 -4=-1. 
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Although f is often used as a convenient function name and x is often used 
as the independent variable, you can use other letters. For instance, 


f(x) =x? -— 4x +7, fi) =? -—4t+7, and g(s) = 52-45 +7 


all define the same function. In fact, the role of the independent variable is that 
of a “placeholder.” Consequently, the function could be described by 


(i) = (MR)? - 4() + 7. 


STUDY TIP Evaluating a Function 


= : . 
Inari 2 mesure 20) Let g(x) = —x? + 4x + 1. Find each function value. 


is not equal to g(x) + g(2). In a. (2) b. et) g(x + 2) 
general, g(u + v) # g(u) + g(v). 
Solution 


a. Replacing x with 2 in g(x) = —x? + 4x + 1 yields the following. 
e2) = -2)? +42) +1=-44+84+1=5 

b. Replacing x with ¢ yields the following. 
et) = -(? +4 +1 =-2 +441 

c. Replacing x with x + 2 yields the following. 


g(x + 2) = -@4+ 2)? +442) 4+1 
= —(x? + 4x +4) +4x4+8+1 
= -x?-4*%-44+444+8+41 
= —-x7+5 


cueckpoint Now try Exercise 29. 


A function defined by two or more equations over a specified domain is 
called a piecewise-defined function. 


Selim A Piecewise-Defined Function 


Evaluate the function when x = —1, 0, and 1. 


wet, x<0 
fey =f x20 
Solution 
Because x = —1 is less than 0, use f(x) = x? + 1 to obtain 


f-) =(-12 +1=2. 

For x = 0, use f(x) = x — 1 to obtain 
f(0) = (0) 1 = =1, 

For x = 1, use f(x) = x — 1 to obtain 
fi) =) 1 = 0, 

woweckronT ~~ Now try Exercise 35. 


Technology 


Use a graphing utility to graph the 
functions given by y = \/4 — x? 
and y = \/x? — 4. What is the 


domain of each function? Do the 
domains of these two functions 
overlap? If so, for what values do 
the domains overlap? 
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The Domain of a Function 


The domain of a function can be described explicitly or it can be implied by the 
expression used to define the function. The implied domain is the set of all real 
numbers for which the expression is defined. For instance, the function given by 


( ) _ 1 Domain excludes x-values that result in 
f(x) = x2 — 4 division by zero. 


has an implied domain that consists of all real x other than x = +2. These two 
values are excluded from the domain because division by zero is undefined. 
Another common type of implied domain is that used to avoid even roots of 
negative numbers. For example, the function given by 


fl ) _ Jk Domain excludes x-values that result in 
as cas even roots of negative numbers. 


is defined only for x > 0. So, its implied domain is the interval [0, 00). In 
general, the domain of a function excludes values that would cause division by 
zero or that would result in the even root of a negative number. 


| Example 5 Finding the Domain of a Function 


Find the domain of each function. 


1 
a. f: {(—3, 0), (—1, 4), (0, 2), (2, 2), (4, -1)} b. g(x) = +45 
c. Volume of a sphere: V = jar} d. h(x) = /4 — 2 


Solution 
a. The domain of f consists of all first coordinates in the set of ordered pairs. 
Domain = {—3, —1, 0, 2, 4} 
b. Excluding x-values that yield zero in the denominator, the domain of g is the 
set of all real numbers x except x = —5. 


c. Because this function represents the volume of a sphere, the values of the 
radius r must be positive. So, the domain is the set of all real numbers r such 
that r > 0. 


d. This function is defined only for x-values for which 
4—x?>0. 


By solving this inequality, you can conclude that —2 < x < 2. So, the 
domain is the interval [—2, 2]. 


oneckroint Now try Exercise 59. 


In Example 5(c), note that the domain of a function may be implied by the 
physical context. For instance, from the equation 

V= tars 
you would have no reason to restrict r to positive values, but the physical context 
implies that a sphere cannot have a negative or zero radius. 
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FIGURE P.50 


Prerequisites 


Applications 


Schilt-mem The Dimensions of a Container @ 


You work in the marketing department of a soft-drink company and are experi- 
menting with a new can for iced tea that is slightly narrower and taller than a 
standard can. For your experimental can, the ratio of the height to the radius is 4, 
as shown in Figure P.50. 


a. Write the volume of the can as a function of the radius r. 


b. Write the volume of the can as a function of the height h. 


Solution 

a. V(r) = rh = ar2(4r) = 4rr3 Write V as a function of r. 
h\? th} 

b. V(h) = TF 4 h= 16 Write V as a function of h. 


wWeneckrownr ~— Now try Exercise 87. 
Schilt-wae The Path of a Baseball 


A baseball is hit at a point 3 feet above ground at a velocity of 100 feet per 
second and an angle of 45°. The path of the baseball is given by the function 


f(x) = —0.0032x? + x + 3 


where y and x are measured in feet, as shown in Figure P.51. Will the baseball 
clear a 10-foot fence located 300 feet from home plate? 


Baseball Path 
ig fx) = —0.0032x? +x +3 

E Lo 

‘0 nei 

Eh 

a7 

T T T T T T T T T > x 
30 60 90 120 150 180 210 240 270 300 
Distance (in feet) 

FIGURE P.51 

Solution 


When x = 300, the height of the baseball is 
f(300) = —0.0032(300)? + 300 + 3 
15 feet. 


Il 


So, the baseball will clear the fence. 


wenecKronT =~ Now try Exercise 93. 


In the equation in Example 7, the height of the baseball is a function of the 
distance from home plate. 


Number of Alternative-Fueled 
Vehicles in the U.S. 


Number of vehicles 
(in thousands) 


5 6 7 8 9 10 11 12 
Year (5 © 1995) 


FIGURE P.52 
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Sclulteem Alternative-Fueled Vehicles @ 


The number V (in thousands) of alternative-fueled vehicles in the United States 
increased in a linear pattern from 1995 to 1999, as shown in Figure P.52. Then, 
in 2000, the number of vehicles took a jump and, until 2002, increased in a 
different linear pattern. These two patterns can be approximated by the function 


vas 18.081 + 155.3 S<r<9 
38.20f + 10.2, 10<¢r< 12 


where ¢ represents the year, with t = 5 corresponding to 1995. Use this function 
to approximate the number of alternative-fueled vehicles for each year from 1995 
to 2002. (Source: Science Applications International Corporation; Energy 
Information Administration) 


Solution 
From 1995 to 1999, use V(t) = 18.08¢ + 155.3. 
245.7 263.8 281.9 299.9 318.0 


~ ——" ——— 


1995 1996 1997 1998 1999 


From 2000 to 2002, use V(t) = 38.20r + 10.2. 
392.2 430.4 468.6 


—— je Y — 


2000 2001 2002 


weneckeownT ~— Now try Exercise 95. 


Difference Quotients 
One of the basic definitions in calculus employs the ratio 


f+ h) ~ f@) 


, h#O0. 
h 


This ratio is called a difference quotient, as illustrated in Example 9. 


Selly C ede Evaluating a Difference Quotient tm 


f(x + h) — f@) 


For f(x) = x? — 4x + 7, find a 
Solution 
fee) —7@). ete 4G te) +7) eae ty) 
h 7 h 
x? + 2h + 2 — 4x —-4h4+7-—x727 +44 -7 
7 h 
2xh +2 — 4h h(2x +h — 4) 
- ; = ; =w+h-4,h#0 


weueckpoint Now try Exercise 79. 


The symbol LJ indicates an example or exercise that highlights algebraic techniques specifically used 


in calculus. 


62 Chapter P Prerequisites 


You may find it easier to calculate the difference quotient in Example 9 by first 
finding f(x + A), and then substituting the resulting expression into the difference 
quotient, as follows. 


fxth=(«+h? —4e4+h) +7 =22 + 2xh +h? — 4x4 -4h+7 
fa t+h) —f@) _ G2 + 2h + Wh — 4x —-4h +7) —- @? - 4 +7) 


h h 
Ds = 
at et ee ee eee 


Summary of Function Terminology 


Function: — A function is a relationship between two variables such that to 
each value of the independent variable there corresponds exactly one value 
of the dependent variable. 


Function Notation: y = f(x) 

f is the name of the function. 

y is the dependent variable. 

x is the independent variable. 

f(x) is the value of the function at x. 
Domain: The domain of a function is the set of all values (inputs) of the 
independent variable for which the function is defined. If x is in the domain 


of f, f is said to be defined at x. If x is not in the domain of f, f is said to be 
undefined at x. 


Range: The range of a function is the set of all values (outputs) assumed 
by the dependent variable (that is, the set of all function values). 


Implied Domain: If f is defined by an algebraic expression and the domain 
is not specified, the implied domain consists of all real numbers for which 
the expression is defined. 


Wririne asout CHIATHEMATICS 


Everyday Functions In groups of two or three, identify common real-life functions. 
Consider everyday activities, events, and expenses, such as long distance tele- 
phone calls and car insurance. Here are two examples. 


a. The statement,“Your happiness is a function of the grade you receive in this 
course” is not a correct mathematical use of the word “function.” The word 
“happiness” is ambiguous. 

. The statement,“Your federal income tax is a function of your adjusted gross 
income” is a correct mathematical use of the word “function.” Once you have 
determined your adjusted gross income, your income tax can be determined. 

Describe your functions in words. Avoid using ambiguous words. Can you find an 

example of a piecewise-defined function? 
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VOCABULARY CHECK: Fill in the blanks. 


1. A relation that assigns to each element x from a set of inputs, or 


of outputs, or , is called a 


2. Functions are commonly represented in four different ways, 


3. For an equation that represents y as a function of x, the set of all values taken on by the 
variable y is the range. 


the domain, and the set of all values taken on by the 


4. The function given by 


2¢= 1, x<0 
a) = PE x20 


is an example of a function. 


, exactly one element y in a set 


i ; , and 


variable x is 


5. If the domain of the function f is not given, then the set of values of the independent variable for which the 


expression is defined is called the 


6. In calculus, one of the basic definitions is that of a 


, given by ia w — FQ) h#0. 


In Exercises 1-4, is the relationship a function? 


1. Domain Range 2. Domain Range 


=) 3 


——— 


| 


-] 6 — | — —~4 
0 7 0 | 5 
1 8 1 <7 
2 2 
3. Domain Range 4. Domain Range 
(Year) (Number of 
. Cub 
National Pi . . North Atlantic 
League 5 a si tropical storms 
Ouptts and hurricanes) 
1994 ————_> 7 
: Orioles 1995 . 
American Yank 1996 12 
League < 7 oe 1997 13 
—_ 1998 14 
1999 15 
2000 19 
2001 
2002 


In Exercises 5-8, does the table describe a function? 
Explain your reasoning. 


= Input value =2.) =1] 0 1 2 


Output value | —8 | —1 | O 1 8 


& Input value 0 1 2 1 0 
Output value | —4 | -2 | O 2 4 
7. | Input value | 10 | 7 | 4 | 7 | 10 
Output value | 3 6 9 12 | 15 
8. 
Input value 0 3 9 12 | 15 
Output value | 3 3 3 3 3 


In Exercises 9 and 10, which sets of ordered pairs represent 
functions from A to B? Explain. 
9. A = {0, 1, 2,3} and B = {—2, —1,0, 1, 2} 
(a) {(0, 1), (1, —2), (2, 0), (3, 2) 
(by {(0, =1), 2, 2), 1, —2), G, 0), G1, 1} 
(c) {(0, 0), (1, 0), (2, 0), (3, 0)} 
(d) {(0, 2), (3,0), (1, 1} 
10. A = {a, b, c} and B = {0, 1, 2, 3} 
(a) {(a, 1), (c, 2), (c, 3), (B, 3)} 
(b) {(a, 1), (b, 2), (c, 3)} 
(c) {(1, a), (0, a), (2, c), (3, )} 
(d) {(c, 0), (b, 0), (a, 3)} 
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Circulation of Newspapers \n Exercises 11 and 12, use the 
graph, which shows the circulation (in millions) of daily 
newspapers in the United States. (Source: Editor & 


Publisher Company) 

A 

pa 50) “pe nen nn nnae ncn 

7) ee e@ @ 

S ee @ eve 528 

= 40+ painter 0707 

5 e Morning 

= 307 e Evening 

=| 

Sg DQ re tener treetereeneeccteeceneccentecentscannctnct cats conessaesesassesaesceneeceneeceneecensacensscansan 

3 e 

2 10 Oh Osis 

Oo overs 
os iar oe ee rere ine ee ee 

1992 1994 1996 1998 2000 2002 


Year 


11. Is the circulation of morning newspapers a function of the 
year? Is the circulation of evening newspapers a function 
of the year? Explain. 


12. Let f(x) represent the circulation of evening newspapers in 
year x. Find f(1998). 


In Exercises 13-24, determine whether the equation repre- 
sents y as a function of x. 


13. x7 + y? = 14. x = y? 

15. x7°+y=4 16.x+ y2= 

17. 2x + 3y =4 18. (x — 2)? + y? =4 
19. y2=x2-1 20. y = Vx +5 

21. y = |4 — | 22. |y| =4-—x 

23. x = 14 24. y = —75 


In Exercises 25-38, evaluate the function at each specified 
value of the independent variable and simplify. 


25. f(x) = 2x — 3 


(a) f(1) (b) f(-3) (c) f(x — 1) 
26. g(y) = 7 — 3y 

(a) @(0) (b) g(3) (c) (s+ 2) 
27. Vir) = tar 

(a) V(3) (b) V(5) (c) V(2r) 
28. h(t) = t? — 2t 

(a) h(2) (b) h(1.5) (c) h(x + 2) 
29. f(y) =3 — Vy 

(a) f(4) (b) f(0.25) () f(4x?) 
30. f(xy) = Vx +8 +2 

(a) f(—8) (b) f(1) (c) f(x — 8) 


31. g(x) = 9 
(a) q(0) 
2t7 + 3 
32. g(t) =— = 
(a) (2) 
33. f(x) = el 
x 
(a) f(2) 
34. f(x) = |x| + 4 
(a) f(2) 
2K Ts 
35. f(x) = is +2, 
(a) f(-1) 
x2 + 2, 
a0, n= ie -% 
(a) f(—2) 
3x = 1; 
37. f(x) = 44, 
Eee 
(a) f(—2) 
A= Dx. 
38. f(x) = 30, 
x+1, 
(a) f(—3) 


In Exercises 39-44, complete the table. 


39. f(x) =x? —3 


(b) (3) 


(b) (0) 


(b) f(—2) 


(b) f(—2) 


x<0 
x20 
(b) f(0) 
x<l 
x>l 
(b) f() 


x <=] 


-Il<x<l 


x>1 


(b) f(-3) 


xs =2 


—2<x<2 


KS 2 


(b) f(4) 


58 =—2 |= 


FG) 


40. g(x) = Vx -— 3 


x 3 4 


g(x) 


41. h(t) =5|t + 3| 


t 5 4 


A(t) 


|s = 2| 
v=2 


42. f(s) = 


§ 0) 1 


aioe) 


Nin 


f(s) 


(c) q(y + 3) 


(c) q(—x) 


(c) f(x — 1) 


(c) f(x?) 


(c) f(2) 


(c) f(2) 


(c) f(3) 


(©) f(-)) 


_Jrxe +4 x« <0 
43. sta) ={/ — V2, ee 
x a2. | =) 0 1 2 
F(x) 
9= 77, «<3 
4. 70) = [23 x23 


In Exercises 45-52, find all real values of x such that 
F(x) = 0. 


45. f(x) = 15 — 3x 
= x2 


3x — 4 12 
5 48. f(x) ~ a 


49. f(x) =x? -9 50. f(x) = x? — 8x + 15 
1. fa) =x —x 52, fQ) =x a? 42 +4 


46. f(x) = 5x41 


47. f(x) = 


In Exercises 53-56, find the value(s) of x for which 
f(x) = g(x). 

53. f(xy) =x? +2x4+ 1, g(x) = 3x +3 

54. f(x) = xt — 2x7, 9(x) = 2x? 

55. f(y) = V3x+1, ga) =x4+1 

56. f(x) = Vx -—4, g(x) =2-x 


In Exercises 57-70, find the domain of the function. 
58. g(x) = 1 — 2x? 


3y 
60. s(y) = y+5 


62. f(t) = 3t+4 
64. f(x) = Vx? + 3x 


57. f(x) = 5x2 + 2x -1 


4 
59. h(t) = t 


61. g(y) = Vy — 10 
63. f(x) = V1 — x? 


1 3 10 
65. g(x) = a ees 66. h(x) = ee 
Js=1 re: 
67, f(s) = = 4 a a a8 
69. f(x) = A 10. f(x) = 7 


In Exercises 71-74, assume that the domain of f is 
the set A = {—2, —1,0, 1, 2}. Determine the set of ordered 
pairs that represents the function f. 


71. f(x) = x? 72. f(x) =x? — 3 
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73. f(x) = |x| +2 74, f(x) = |x + 1| 


Exploration _\n Exercises 75-78, match the data with one 
of the following functions 
F(x) = ox, g(x) = ox2, h(x) = eV x], and r(x) = £ 


and determine the value of the constant c that will make 
the function fit the data in the table. 


7. My -4/-1lo] 1 4 
ma -32 | -2| 0 | -2 | -32 
76. wy -4]-ilolila 
y|-1}-}])o0] 9] 1 
7. m4] -1/| o 1/4 
y |) -8 | -32 | Under. | 32 | 8 
8. 4] -i1lolila 
Mm s6| 3/0/31 6 


In Exercises 79-86, find the difference quotient and 
simplify your answer. 


f+ Wh) -f2) , 


79, f(x) =x? —x 41, , P 
80. f(x) = 5x — x2, fo 2 =f) , ; 
si feta, FMA 4 “£9 5, 20 
82. f(x) = 4x2 — 2x, f(x + z — FO) a 
Sepot, ewes) 25 
x x- 3 

1 fi) -fQ) 
84. f(t) — =a 1 
i Mead ae x#5 
86. f(x) = +1, fx) — f8) ag 


x-8 ° 
87. Geometry Write the area A of a square as a function of 
its perimeter P. 


88. Geometry Write the area A of a circle as a function of its 
circumference C. 


The symbol 5 indicates an example or exercise that highlights algebraic techniques specifically used 


in calculus. 
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89. 


90. 
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Maximum Volume An open box of maximum volume is 
to be made from a square piece of material 24 centimeters 
on a side by cutting equal squares from the corners and 
turning up the sides (see figure). 


ar 
X ww 24 -—-2e eX 
(a) The table shows the volume V (in cubic centimeters) of 


the box for various heights x (in centimeters). Use the 
table to estimate the maximum volume. 


Height, x 1 2 3 4 b) 6 


Volume, V | 484 | 800 | 972 | 1024 | 980 | 864 


(b) Plot the points (x, V) from the table in part (a). Does 
the relation defined by the ordered pairs represent V as 
a function of x? 


(c) If V is a function of x, write the function and determine 
its domain. 


Maximum Profit The cost per unit in the production of a 
portable CD player is $60. The manufacturer charges $90 
per unit for orders of 100 or less. To encourage large 
orders, the manufacturer reduces the charge by $0.15 per 
CD player for each unit ordered in excess of 100 (for 
example, there would be a charge of $87 per CD player for 
an order size of 120). 


(a) The table shows the profit P (in dollars) for various 
numbers of units ordered, x. Use the table to estimate 
the maximum profit. 


Units, x 110 120 130 140 
Profit, P | 3135 | 3240 | 3315 | 3360 
Units, x 150 160 170 
Profit, P | 3375 | 3360 | 3315 


(b) Plot the points (x, P) from the table in part (a). Does 
the relation defined by the ordered pairs represent P as 
a function of x? 


(c) If P is a function of x, write the function and determine 
its domain. 


91. 


92. 


93. 


94. 


Geometry A right triangle is formed in the first quadrant 
by the x- and y-axes and a line through the point (2, 1) (see 
figure). Write the area A of the triangle as a function of x, 
and determine the domain of the function. 


A n 
4 @ (0, b) at 


FIGURE FOR 91 FIGURE FOR 92 


Geometry A rectangle is bounded by the x-axis and the 
semicircle y = 36 — x? (see figure). Write the area A of 
the rectangle as a function of x, and determine the domain 
of the function. 


Path of a Ball The height y (in feet) of a baseball thrown 
by a child is 


|. 
= —— x? + 3x + 
y 10” 3x +6 


where x is the horizontal distance (in feet) from where the 
ball was thrown. Will the ball fly over the head of another 
child 30 feet away trying to catch the ball? (Assume that 
the child who is trying to catch the ball holds a baseball 
glove at a height of 5 feet.) 

Prescription Drugs The amounts d (in billions of 
dollars) spent on prescription drugs in the United States 
from 1991 to 2002 (see figure) can be approximated by the 
model 


7 
12 


t 
t 


5.0t + 37, 1 


a ee — 64, 8 


IA IA 
IA IA 


where f represents the year, with t = 1 corresponding to 
1991. Use this model to find the amount spent on prescrip- 
tion drugs in each year from 1991 to 2002. (Source: U.S. 
Centers for Medicare & Medicaid Services) 


Amount spent 
(in billions of dollars) 


Pe tee 


9 1011 12 
991) 


m~ un 
a 
a 
= of 


96. Postal Regulations 


95. Average Price The average prices p (in thousands of 


dollars) of a new mobile home in the United States from 
1990 to 2002 (see figure) can be approximated by the 
model 


(j= 0.1827 + 0.57¢ + 27.3, OSt<s7 
2.50¢ + 21.3, 8srs 12 


where f represents the year, with t = 0 corresponding to 
1990. Use this model to find the average price of a mobile 
home in each year from 1990 to 2002. (Source: U.S. 
Census Bureau) 


Mobile home price 
(in thousands of dollars) 


0123 45 67 8 9 101112 
Year (0 — 1990) 


A rectangular package to be sent by 
the U.S. Postal Service can have a maximum combined 
length and girth (perimeter of a cross section) of 108 inches 
(see figure). 


(a) Write the volume V of the package as a function of x. 
What is the domain of the function? 


as (b) Use a graphing utility to graph your function. Be sure 


to use an appropriate window setting. 


(c) What dimensions will maximize the volume of the 
package? Explain your answer. 


. Cost, Revenue, and Profit A company produces a 
product for which the variable cost is $12.30 per unit and 
the fixed costs are $98,000. The product sells for $17.98. 
Let x be the number of units produced and sold. 


(a) The total cost for a business is the sum of the variable 
cost and the fixed costs. Write the total cost C as a 
function of the number of units produced. 


98. 


99. 


100. 


101. 
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(b) Write the revenue FR as a function of the number of 
units sold. 


(c) Write the profit P as a function of the number of units 
sold. (Note: P = R — C) 


Average Cost The inventor of a new game believes that 
the variable cost for producing the game is $0.95 per unit 
and the fixed costs are $6000. The inventor sells each 
game for $1.69. Let x be the number of games sold. 


(a) The total cost for a business is the sum of the variable 
cost and the fixed costs. Write the total cost C as a 
function of the number of games sold. 


(b) Write the average cost per unit C = C/x as a function 
of x. 


Transportation For groups of 80 or more people, a 
charter bus company determines the rate per person 
according to the formula 

Rate = 8 — 0.05(n — 80), n= 80 


where the rate is given in dollars and n is the number of 

people. 

(a) Write the revenue R for the bus company as a function 
of n. 


(b) Use the function in part (a) to complete the table. 
What can you conclude? 


n 90 | 100 | 110 | 120 | 130 | 140 | 150 
R(n) 
Physics The force F (in tons) of water against the face 
of a dam is’ estimated by the function 


F(y) = 149.76\/10y>/?, where y is the depth of the water 
(in feet). 


(a) Complete the table. What can you conclude from the 
table? 


y 5 | 10 | 20 | 30 | 40 


F(y) 


(b) Use the table to approximate the depth at which the 
force against the dam is 1,000,000 tons. 


(c) Find the depth at which the force against the dam is 
1,000,000 tons algebraically. 


Height of a Balloon A balloon carrying a transmitter 
ascends vertically from a point 3000 feet from the 
receiving station. 


(a) Draw a diagram that gives a visual representation of 
the problem. Let / represent the height of the balloon 
and let d represent the distance between the balloon 
and the receiving station. 


(b) Write the height of the balloon as a function of d. 
What is the domain of the function? 
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102. Wildlife The graph shows the numbers of threatened 
and endangered fish species in the world from 1996 
through 2003. Let f(7) represent the number of threat- 
ened and endangered fish species in the year t. 
(Source: U.S. Fish and Wildlife Service) 


Number of threatened and 
endangered fish species 


t 
1996 1998 2000 2002 
Year 


f (2003) — f(1996) 
2003 — 1996 
in the context of the problem. 


(a) Find and interpret the result 


(b) Find a linear model for the data algebraically. 
Let N represent the number of threatened and 
endangered fish species and let x = 6 correspond 
to 1996. 


(c) Use the model found in part (b) to complete the 
table. 


x 


N 


(d) Compare your results from part (c) with the actual 
data. 


awd (e) Use a graphing utility to find a linear model for 
the data. Let x = 6 correspond to 1996. How does 
the model you found in part (b) compare with the 
model given by the graphing utility? 


Synthesis 


True or False? \n Exercises 103 and 104, determine 
whether the statement is true or false. Justify your answer. 


103. The domain of the function given by f(x) =x+ — 1 is 
(—00, oo), and the range of f(x) is (0, 00). 

104. The set of ordered pairs {(—8,—2), (—6,0), (—4,0), 
(—2, 2), (0, 4), (2, —2)} represents a function. 


105. Writing In your own words, explain the meanings of 
domain and range. 


106. Think About It Consider f(x) = /x—2 and 
g(x) = </x — 2. Why are the domains of f and g different? 


In Exercises 107 and 108, determine whether the state- 
ments use the word function in ways that are mathemati- 
cally correct. Explain your reasoning. 


107. (a) The sales tax on a purchased item is a function of the 
selling price. 


(b) Your score on the next algebra exam is a function of 
the number of hours you study the night before the 
exam. 


108. (a) The amount in your savings account is a function of 
your salary. 


(b) The speed at which a free-falling baseball strikes the 
ground is a function of the height from which it was 
dropped. 
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25) Analyzing Graphs of Functions 


What you should learn 


* Use the Vertical Line Test for 


The Graph of a Function 


functions. In Section P.5, you studied functions from an algebraic point of view. In this 
* Find the zeros of functions. section, you will study functions from a graphical perspective. 
* Determine intervals on which The graph of a function / is the collection of ordered pairs (x, f(x)) such 
functions are increasing or that x is in the domain of f. As you study this section, remember that 
decreasing and determine 
relative maximum and relative x = the directed distance from the y-axis 


minimum values of functions. 
* Determine the average rate of 
change of a function. as shown in Figure P.53. 
+ Identify even and odd 
functions. : 


y = f(x) = the directed distance from the x-axis 


Why you should learn it 


Graphs of functions can help 
you visualize relationships 
between variables in real life. I+) y=f(x) 
For instance, in Exercise 86 
on page 79, you will use the 
graph of a function to represent ! ! 
visually the temperature for a k ) 
city over a 24-hour period. ee 


FIGURE P.53 


Sl) Ceme Finding the Domain and Range of a Function 


y Use the graph of the function f, shown in Figure P.54, to find (a) the domain of 
st f, (b) the function values f(— 1) and f(2), and (c) the range of f. 


Solution 

a. The closed dot at (— 1, 1) indicates that x = — 1 is in the domain of f, whereas 
the open dot at (5, 2) indicates that x = 5 is not in the domain. So, the domain 
of f is all x in the interval [—1, 5). 

b. Because (—1, 1) is a point on the graph of f, it follows that f(—1) = 1. 
Similarly, because (2, —3) is a point on the graph of f, it follows that 
f(2) = -3. 

c. Because the graph does not extend below f(2) = —3 or above f(0) = 3, the 
range of f is the interval [—3, 3]. 


FIGURE P.54 : 
wonecerowr = Now try Exercise 1. 


The use of dots (open or closed) at the extreme left and right points of a 
graph indicates that the graph does not extend beyond these points. If no such 
dots are shown, assume that the graph extends beyond these points. 
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By the definition of a function, at most one y-value corresponds to a given 
x-value. This means that the graph of a function cannot have two or more 
different points with the same x-coordinate, and no two points on the graph of a 
function can be vertically above or below each other. It follows, then, that a 
vertical line can intersect the graph of a function at most once. This observation 
provides a convenient visual test called the Vertical Line Test for functions. 


Vertical Line Test for Functions 


A set of points in a coordinate plane is the graph of y as a function of x if 
and only if no vertical line intersects the graph at more than one point. 


| Example 2 | Vertical Line Test for Functions 


Use the Vertical Line Test to decide whether the graphs in Figure P.55 represent 
y as a function of x. 


(a) (b) (c) 
FIGURE P.55 


Solution 


a. This is not a graph of y as a function of x, because you can find a vertical line 
that intersects the graph twice. That is, for a particular input x, there is more 
than one output y. 


b. This is a graph of y as a function of x, because every vertical line intersects 
the graph at most once. That is, for a particular input x, there is at most one 
output y. 

c. This is a graph of y as a function of x. (Note that if a vertical line does not 
intersect the graph, it simply means that the function is undefined for that 
particular value of x.) That is, for a particular input x, there is at most one 
output y. 


woweckponnT = Now try Exercise 9. 


Section P.6 Analyzing Graphs of Functions 71 


Zeros of a Function 


If the graph of a function of x has an x-intercept at (a, 0), then a is a zero of the 
function. 


Zeros of a Function 


The zeros of a function f of x are the x-values for which f(x) = 0. 


f(x) = 3x74+x-10 


Lx Selilt-wewe Finding the Zeros of a Function 


Find the zeros of each function. 


a. f(x) = 3x2 + x — 10 b. g(x) = /10 — x? c. h(t) = 


2t — 3 
t+5 
Solution 


To find the zeros of a function, set the function equal to zero and solve for the 
independent variable. 


5 
Zeros of f: x = —2,x = 3 a. 3x27 ++x-10=0 Set f (x) equal to 0. 
FIGURE P.56 
(3x — 5)\(x + 2) =0 Factor. 
i 3x -5=0 =P x= 3 Set Ist factor equal to 0. 
oan x+2=0 > x= -2 Set 2nd factor equal to 0. 


et g(x) =V10—- x? 


ale yj has 3, 0) and (—2, 0) as its x-intercepts. 


4 
(-vi0, 0) << (vi0, 0) 
\ any _ b V10—x? = Set g(x) equal to 0. 


The zeros of f are x = 3 and x = —2. In Figure P.56, note that the graph of f 


pees sal a. 10 -— x? =0 Square each side. 
=4e 10 = x? Add x? to each side. 
Zeros of g: x = +./10 +t/10 =x Extract square roots. 
FIGURE P.57 The zeros of g are x = — \/10 and x = \/10. In Figure P.57, note that the 


graph of g has (- V 10, 0) and (V 10, 0) as its x-intercepts. 


c. a 2 =0 Set h(t) equal to 0. 
2t-3=0 Multiply each side by t + 5. 
2t = 3 Add 3 to each side. 
L= ; Divide each side by 2. 
The zero of his t = 2 In Figure P.58, note that the graph of h has 3, 0) as 


Sud its f-intercept. 
Zero of h: t = 5 


FIGURE P.58 fcueckpont Now try Exercise 15. 
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Increasing and Decreasing Functions 


The more you know about the graph of a function, the more you know about the 
function itself. Consider the graph shown in Figure P.59. As you move from left 
to right, this graph falls from x = —2 to x = 0, is constant from x = 0 to x = 2, 
and rises from x = 2 tox = 4. 


Increasing, Decreasing, and Constant Functions 
A function f is increasing on an interval if, for any x, and x, in the interval, 
X, < Xy implies f(x,) < f(x). 


A function f is decreasing on an interval if, for any x, and x, in the interval, 
X, < Xy implies f(x,) > f(x). 


FIGURE P.59 
A function f is constant on an interval if, for any x, and x, in the interval, 
7) = fxs). 
Seluyt-wew Increasing and Decreasing Functions 
Use the graphs in Figure P.60 to describe the increasing or decreasing behavior 
of each function. 
Solution 
a. This function is increasing over the entire real line. 
b. This function is increasing on the interval (—oo, —1), decreasing on the 
interval (— 1, 1), and increasing on the interval (1, 00). 
c. This function is increasing on the interval (— oo, 0), constant on the interval 
(0, 2), and decreasing on the interval (2, 00). 
y | fQ) =x3-3x y 
A 
2 = 
Gm) GW 
> X > X 
-2 
il ae t+1,t<0 
f)=4 1,0<1<2 
—2-+- -t+3,t>2 
(a) (b) (c) 
FIGURE P.60 


ocueckroint 


Now try Exercise 33. 


To help you decide whether a function is increasing, decreasing, or constant 
on an interval, you can evaluate the function for several values of x. However, 
calculus is needed to determine, for certain, all intervals on which a function is 
increasing, decreasing, or constant. 
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The points at which a function changes its increasing, decreasing, or constant 
STUDY TIP behavior are helpful in determining the relative minimum or relative maximum 
values of the function. 


A relative minimum or relative 
maximum is also referred to as 
a local minimum or local Definitions of Relative Minimum and Relative Maximum 


maximum. A function value f(a) is called a relative minimum of f if there exists an 
interval (x,, x5) that contains a such that 


X; <x <x, implies f(a) < f(x). 


| A function value f(a) is called a relative maximum of f if there exists an 
Relative interval (x,, x5) that contains a such that 
maxima 
xX; <x <x, implies f(a) > f(x). 
Figure P.61 shows several different examples of relative minima and 
relative maxima. By writing a second-degree equation in standard form, 
y = alk — h)? + k, you can find the exact point (h, k) at which it has a relative 
Relative minima minimum or relative maximum. For the time being, however, you can use a 
“graphing utility to find reasonable approximations of these points. 
FIGURE P.61 
| Example 5 | Approximating a Relative Minimum 
Use a graphing utility to approximate the relative minimum of the function given 
by f(x) = 3x? — 4x — 2. 
f= 3x2-4y—2 Solution 
2 The graph of f is shown in Figure P.62. By using the zoom and trace features or 
the minimum feature of a graphing utility, you can estimate that the function has 
- i a relative minimum at the point 
(0.67, = 3.33). Relative minimum 
By writing this second-degree equation in standard form, f(x) = 3(x = a) = 2 
you can determine that the exact point at which the relative minimum occurs is 
= 2 _ 10 
: Goa) 
FIGURE P.62 : 
woweckronr = Now try Exercise 49. 


You can also use the fable feature of a graphing utility to approximate 
numerically the relative minimum of the function in Example 5. Using a table 
that begins at 0.6 and increments the value of x by 0.01, you can approximate that 
the minimum of f(x) = 3x? — 4x — 2 occurs at the point (0.67, — 3.33). 


Technology 


If you use a graphing utility to estimate the x- and y-values of a relative minimum 
or relative maximum, the zoom feature will often produce graphs that are nearly 


flat.To overcome this problem, you can manually change the vertical setting of the 
viewing window. The graph will stretch vertically if the values of Ymin and Ymax 
are closer together. 
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Average Rate of Change 


In Section P.4, you learned that the slope of a line can be interpreted as a rate of 
change. For a nonlinear graph whose slope changes at each point, the average 
rate of change between any two points (x,, f(x,)) and (x5, f(x,)) is the slope of 
the line through the two points (see Figure P.63). The line through the two points 
is called the secant line, and the slope of this line is denoted as m,,.. 


£%) = fl) 


XQ *y 


(%>, f(x2)) 
/ 


5 —~Secant 


Average rate of change of f from x, to x, = 


_ change in y 


change in x 


>X = 
Myo¢ 


FIGURE P.63 7 
SCluNCe Average Rate of Change of a Function om 


y Find the average rates of change of f(x) = x°? — 3x (a) from x, = —2 to x, = 0 
and (b) from x, = 0 to x, = 1 (see Figure P.64). 


Solution 
a. The average rate of change of f from x, = —2 to x, = Ois 


f (x2) — fx) _ f(0) = (=2) _ 0 — (=2) =a Secant line has 


}—> x =; O- (—2) 2 : positive slope. 


b. The average rate of change of f from x, = 0 to x, = 1 is 


f (x2) = fix) _ fQ) — f(0) a —2.—0 2g Secant line has 


Xy — Xy 1-0 1 : negative slope. 


weueckponnT ~— Now try Exercise 63. 
Sli (wae Finding Average Speed a 


The distance s (in feet) a moving car is from a stoplight is given by the function 
s(t) = 2013/2, where ¢ is the time (in seconds). Find the average speed of the car 
(a) from t, = 0 to ¢, = 4 seconds and (b) from ¢, = 4 to t, = 9 seconds. 


FIGURE P.64 


Solution 
a. The average speed of the car from t, = 0 to t, = 4 seconds is 


Exploration 
. s(t) — s(n) = = se) lee 40 feet per second 
Use the information in Example t— ty 4 — (0) 4 E , 


7 to find the average speed of 


b. The average speed of the car from t, = 4 to ¢, = 9 seconds is 


the car from t, = 0 tot, = 9 
seconds. Explain why the result s(t.) — s(t;) _ s(9) — s(4) | 540 — 160 


is less than the value obtained =,  4axg£=4 °° 5 = 76 feet per second. 
5 2 1 
in part (b). 
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Even and Odd Functions 


In Section P.3, you studied different types of symmetry of a graph. In the 
terminology of functions, a function is said to be even if its graph is symmetric 
with respect to the y-axis and to be odd if its graph is symmetric with respect to 
the origin. The symmetry tests in Section P.3 yield the following tests for even 
and odd functions. 


Tests for Even and Odd Functions 


A function y = f(x) is even if, for each x in the domain of f, 


Exploration 


F(—x) = f(x). 


A function y = f(x) is odd if, for each x in the domain of f, 


F(-x) = —f(). 


Graph each of the functions 
with a graphing utility. 
Determine whether the function 
is even, odd, or neither. 


Even and Odd Functions 
a. The function g(x) = x* — x is odd because g(—x) = — g(x), as follows. 
e(—x) = (—x)3 — (—x) Substitute —.x for x. 
=—-x3+% Simplify. 
1p (x) =O +3 — xP +x = = (x3 = x) Distributive Property 
What do you notice about the = —9(x) ek Ceewiid deaied 
equations of functions that are 
odd? What do you notice about b. The function h(x) = x? + 1 is even because h(—x) = h(x), as follows. 
the equations of functions that h(-x) = (-x +1 Seite =e debs: 


are even? Can you describe a 
way to identify a function as = 221 Simplify. 
odd or even by inspecting the _ 

; = h(x) 
equation? Can you describe a 
way to identify a function as The graphs and symmetry of these two functions are shown in Figure P.65. 
neither odd nor even by 
inspecting the equation? 


Test for even function 


(a) Symmetric to origin: Odd Function (b) Symmetric to y-axis: Even Function 
FIGURE P.65 


weveckroint Now try Exercise 71. 


76 


vk wn 


Chapter P 


The 


Prerequisites 


VOCABULARY CHECK: Fill in the blanks. 
1. The graph of a function f is the collection of 


The 


. A function f is 


implies f(a) > f(x). 
The 


. A function value f(a) is a relative 


. A function f is 


of a function f are the values of x for which f(x) = 0. 


or (x, f(x)) such that x is in the domain of f. 


is used to determine whether the graph of an equation is a function of y in terms of x. 


on an interval if, for any x, and x, in the interval, x, < x, implies f(x,) > f(x). 


of f if there exists an interval (x,, x,) containing a such that x, < x < x, 


between any two points (x,, f(x,)) and (x,, f(x,)) is the slope of the line 
through the two points, and this line is called the 


7. A function f is 


In Exercises 1-4, use the graph of the function to find the 
domain and range of f. 


if for the each x in the domain of f, f(—x) = —f(x). 


if its graph is symmetric with respect to the y-axis. 


1. y 
A 
ail y=f@) 
4+ 
2-4 
a en ~ 
Et soy Lyf 
—2-++ 
3. 


In Exercises 5-8, use the graph of the function to find the 


indicated function values. 


5. (a) f(—2) 


©) FQ) 


y=fx) 


(b) f(-1) 


(ad) f() 


. (a) f(-1)— (b) f(2) 
(c) f(0) (d) f() 
y=fe] 7} 


7. (a) f(—2) — (b) F(1) 8. (a) f(2) (bv) f(1) 
(c) f(0) (d) f(2) (c) f(3) dd) f(-1) 
( y=fe]? [y= fe) 
6+ [ 
4~ | y=f() 
ot \\ 
x 
icc cme” * 
2 + 2 
ays le 
In Exercises 9-14, use the Vertical Line Test to determine 
a: _ whether y is a function of x.To print an enlarged copy of the 
+} y=f@) ; 
ot \ graph, go to the website www.mathgraphs.com. 
eee 9 y = 3x 10. y = 40° 
cc“ 4 
2+ 
mle 
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13. x? = 2xy — 1 33. f(x) = x3 — 3x? + 2 34. f(x) = Vx? - 1 


(1, 0) 
p> x 
2 a 
In Exercises 15-24, find the zeros of the function 
algebraically. 
15. f(x) = 2x2 -—7x- 30 16. f(x) = 3x2 + 22x — 16 ; 
x x? — 9x + 14 nN 
17. fi) — On — 4 18. f@ — a ol rae ye 
19. f(x) = 5x3 =x ae 
20. f(x) = x3 — 4x? — 9x + 36 
21. f(x) = 4x3 — 24x2 — x + 6 i 
22. f(x) = 9x4 — 25x? Seema 
23. f(x) = /2x-1 
24. f(x) = /3x +2 _jaxtloxrs-l 
ae eee 
In Exercises 25-30, (a) use a graphing utility to graph the y 
function and find the zeros of the function and (b) verify 
your results from part (a) algebraically. 
5 
25. f(x) =34+= p> x 
- 4 
26. f(x) = x(x — 7) 
27. f(x) = V2x4+ 11 
28. f(x) = V3x —- 14-8 
3x—1 (Seki) ei) a ee 
29. f(x) = xt+1 
x—6 
2x7 — 9 ( i 
30. f(x) = — if 
(0, 1) 
In Exercises 31-38, determine the intervals over which the ne eas i 
function is increasing, decreasing, or constant. (-2, -3) pl 
31. f(x) = 3x ale 
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aed In Exercises 39-48, (a) use a graphing utility to graph the 


function and visually determine the intervals over which 
the function is increasing, decreasing, or constant, and 
(b) make a table of values to verify whether the function is 
increasing, decreasing, or constant over the intervals you 
identified in part (a). 


39. f(x) = 40. g(x) =x 

41. g(s) = - 42. h(x) =x? -4 
43. f(t) = -t* 44. f(x) = 3x4 — 6x? 
45. f(x) = J1-—x 46. f(x) =xJ/x + 3 
47. f(x) = x3? 48. f(x) = x2/3 


_™ In Exercises 49-54, use a graphing utility to graph the func- 


tion and approximate (to two decimal places) any relative 
minimum or relative maximum values. 

49. f(x) = (x — 4)(x + 2) 50. f(x) = 3x2 — 2x — 5 
51. f(x) = —x*7 + 3x-2 52. f(x) = —2x” + 9x 

53. f(x) = x(x — 2)(x + 3) 

54. f(x) = x39 — 3x2? -—x +1 


In Exercises 55-62, graph the function and determine the 
interval(s) for which f(x) > 0. 
55. f(y) =4-x 

57. f(xy) =x727 +x 

59. f(x) = Vx —1 

61. f(x) = —(1 + a) 


56. f(x) = 4x +2 
58. f(x) = x? — 4x 
60. f(x) = Vx +2 
62. f(x) = 3(2 + |x) 


| In Exercises 63-70, find the average rate of change of the 
function from x, to x. 


Function x-Values 
63. f(x) = —2x + 15 x = 0,%, = 
64. f(x) = 3x + 8 x, = 0,x, =3 
65. f(x) = x7 + 12x - 4 x, =1%x,= 
66. f(x) = 27 — 2x + 8 = 1.535 
67. f(x) = 29° — 3x7 -— x x, =1,x, =3 
68. f(x) = -8 + 6 +x x, = 1,x, =6 
69. f(x) = —Vx —24+5 x, = 3,4, = 11 
70. f(x) = —-J/x +143 x, =3,% =8 


In Exercises 71-76, determine whether the function is even, 
odd, or neither. Then describe the symmetry. 


72. h(x) = x3 — 5 
74, f(x) =xVJ1 — x? 


76. 9(s) = 48/3 


71. f(x) = x6 — 2x? + 3 
73. g(x) = x3 — 5x 
75. f(t) = t? + 2t- 3 


In Exercises 77-80, write the height h of the rectangle as a 
function of x. 


Tis ¥ 78. 
A 
yal y=—x2 +4y-1 
at Va 
al S 
? (1.2) "1G; 2) 
t r i” 
1 5 is ee | 
79. 80. 
{—> x 


In Exercises 81-84, write the length L of the rectangle as a 
function of y. 


81. 


82. y 


4 x=V2y 
(2, 4) 
ffm x 
3 4 
83. 84. 
A 
1 
4-9 (5,4) 
y x= 
2 
CG) 
If, 
aie * 
12s 


ay 85. Electronics The number of lumens (time rate of flow of 


light) L from a fluorescent lamp can be approximated by 
the model 


L 0.294x? + 97.744x — 664.875, 20 < x < 90 


where x is the wattage of the lamp. 
(a) Use a graphing utility to graph the function. 


(b) Use the graph from part (a) to estimate the wattage 
necessary to obtain 2000 lumens. 
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88. Geometry Corners of equal size are cut from a square 
with sides of length 8 meters (see figure). 


86. Data Analysis: Temperature The table shows the <—_—_——. 8 ——__ > 
x x 


4\, temperature y (in degrees Fahrenheit) of a certain city 
over a 24-hour period. Let x represent the time of day, 
where x = 0 corresponds to 6 A.M. 


x x 


x Temperature, y 


34 


50 
60 (a) Write the area A of the resulting figure as a function of 


64 x. Determine the domain of the function. 
63 ae (b) Use a graphing utility to graph the area function over its 
domain. Use the graph to find the range of the function. 


59 
(c) Identify the figure that would result if x were chosen to 
53 , ‘ ; ; 
be the maximum value in the domain of the function. 
46 What would be the length of each side of the figure? 


sia 89. Digital Music Sales The estimated revenues r (in billions 
36 of dollars) from sales of digital music from 2002 to 2007 
34 can be approximated by the model 


37 
45 


r= 15.639 — 104.757 + 303.5 - 301, 2<t<7 


where ¢ represents the year, with t = 2 corresponding to 
2002. (Source: Fortune) 


A model that represents these data is given by ae Gay Use aeriphite uhliey @ eipirthemadel 


y = 0.026x3 — 1.03x? + 10.2x + 34, O< x < 24. LJ (b) Find the average rate of change of the model from 
(a) U hi at Faalanaedi 2002 to 2007. Interpret your answer in the context of 
a) Use a graphing utility to create a scatter plot of the fhespeoblen: 


data. Then graph the model in the same viewing 
window. 90. Foreign College Students The numbers of foreign 


students F (in thousands) enrolled in colleges in the United 


9 
iy. Bowennell ices she model tute dee) States from 1992 to 2002 can be approximated by the 
(c) Use the graph to approximate the times when the model. 


temperature was increasing and decreasing. 


= 0.00414 + 0.4617 + 431. <ts 
(d) Use the graph to approximate the maximum and oye OR WLS, Ae 


minimum temperatures during this 24-hour period. where ¢ represents the year, with tf = 2 corresponding to 


(ec) Could this model be used to predict the temperature 1992. (Source: Institute of International Education) 


for the city during the next 24-hour period? Why or a (a) Use a graphing utility to graph the model. 


why not? (b) Find the average rate of change of the model from 1992 


to 2002. Interpret your answer in the context of the 
problem. 


87. Coordinate Axis Scale Each function models the speci- 
fied data for the years 1995 through 2005, with t = 5 
corresponding to 1995. Estimate a reasonable scale for the 
vertical axis (e.g., hundreds, thousands, millions, etc.) of 
the graph and justify your answer. (There are many correct 
answers.) 


(c) Find the five-year time periods when the rate of change 
was the greatest and the least. 


(a) f(t) represents the average salary of college professors. 
(b) f(t) represents the U.S. population. 


(c) f(t) represents the percent of the civilian work force 
that is unemployed. 


80 
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ay Physics \n Exercises 91-96, (a) use the position equation 
G Ss = —16t? + vot + s, to write a function that represents 
the situation, (b) use a graphing utility to graph the func- 
tion, (c) find the average rate of change of the function 
from t, to t,, (d) interpret your answer to part (c) in the 
context of the problem, (e) find the equation of the secant 
line through t, and t,, and (f) graph the secant line in the 
same viewing window as your position function. 


91. 


92. 


93. 


94. 


95. 


96. 


An object is thrown upward from a height of 6 feet at a 
velocity of 64 feet per second. 


t =0,, =3 


An object is thrown upward from a height of 6.5 feet at a 
velocity of 72 feet per second. 


L= 04-24 


An object is thrown upward from ground level at a veloc- 
ity of 120 feet per second. 


£=3,,=5 


An object is thrown upward from ground level at a veloc- 
ity of 96 feet per second. 


hy = 2, = 3 

An object is dropped from a height of 120 feet. 
t= 0,4, =2 

An object is dropped from a height of 80 feet. 


i=1 = 2 


Synthesis 


True or False? 


In Exercises 97 and 98, determine whether 


the statement is true or false. Justify your answer. 


97. 


98. 


99. 


100. 


A function with a square root cannot have a domain that 
is the set of real numbers. 


It is possible for an odd function to have the interval 
[0, co) as its domain. 


If f is an even function, determine whether g is even, odd, 
or neither. Explain. 


(a) g(x) = —f() 
(b) g(x) = f(—x) 
(c) g(x) = f(x) — 2 
(d) g(x) = f(x — 2) 


Think About It Does the graph in Exercise 11 represent 
x as a function of y? Explain. 


Think About It 


In Exercises 101-104, find the coordinates 


of a second point on the graph of a function f if the given 
point is on the graph and the function is (a) even and (b) 


odd. 


101. 
102. 
103. 
104. 


105. 


2E 106. 


3 
(—3,4) 
a) 
(4, 9) 
(5, -1) 
Writing Use a graphing utility to graph each function. 


Write a paragraph describing any similarities and differ- 
ences you observe among the graphs. 


(a) y=x 

(b) y = x? 

() y= x? 

(d) y = x* 

@) y=x 

Cjy= 2" 

Conjecture Use the results of Exercise 105 to make a 


conjecture about the graphs of y = x7 and y = x®. Use a 
graphing utility to graph the functions and compare the 
results with your conjecture. 
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wwe =A Library of Parent Functions 


What you should learn 


ee ee Linear and Squaring Functions 


squaring functions. One of the goals of this text is to enable you to recognize the basic shapes of the 
* Identify and graph cubic, graphs of different types of functions. For instance, you know that the graph of the 

square root, and reciprocal linear function f(x) = ax + b is a line with slope m = a and y-intercept at 

functions. (0, b). The graph of the linear function has the following characteristics. 


¢ The domain of the function is the set of all real numbers. 
e The range of the function is the set of all real numbers. 
° The graph has an x-intercept of (—b/m, 0) and a y-intercept of (0, b). 


¢ The graph is increasing if m > 0, decreasing if m < 0, and constant 
ifm = 0. 


Scluiywee Writing a Linear Function 


Write the linear function f for which f(1) = 3 and f(4) = 0. 


Solution 


To find the equation of the line that passes through (x,, y,) = (1,3) and 
(x5, ¥>) = (4, 0), first find the slope of the line. 
Ve = i Oe 8 


= —1 
- X,— x, 4-1 3 


Next, use the point-slope form of the equation of a line. 


ye Ya m(x — ei) Point-slope form 
y-2>= I@— 1) Substitute for x,, y,, and m. 
yo-x+4 Simplify. 
fa) =-x+4 Function notation 
LL The graph of this function is shown in Figure P.66. 
© Getty Images 
¥ 
A 


ff) =-x+4 


FIGURE P.66 


wWeweckrownT = Now try Exercise 1. 
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There are two special types of linear functions, the constant function and 


the identity function. A constant function has the form 


f(x) =e 


and has the domain of all real numbers with a range consisting of a single real 
number c. The graph of a constant function is a horizontal line, as shown in 


Figure P.67. The identity function has the form 
FG) = x: 


Its domain and range are the set of all real numbers. The identity function has a 
of m = 1 and a y-intercept (0, 0). The graph of the identity function is a 
line for which each x-coordinate equals the corresponding y-coordinate. The 


slope 


graph is always increasing, as shown in Figure P.68. 


A 4 | f@=x 
3 ta 
2+ f(x) =e 
il iis 
t t t-—> x 
1 2» 3 
FIGURE P.67 FIGURE P.68 


The graph of the squaring function 
fa) = 


is a U-shaped curve with the following characteristics. 


The domain of the function is the set of all real numbers. 

The range of the function is the set of all nonnegative real numbers. 
The function is even. 

The graph has an intercept at (0, 0). 

The graph is decreasing on the interval (— 00, 0) and increasing on 
the interval (0, 00). 

The graph is symmetric with respect to the y-axis. 

The graph has a relative minimum at (0, 0). 


The graph of the squaring function is shown in Figure P.69. 


» Tf@=x? 


FIGURE P.69 
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Cubic, Square Root, and Reciprocal Functions 


The basic characteristics of the graphs of the cubic, square root, and reciprocal 
functions are summarized below. 
1. The graph of the cubic function f(x) = x? has the following characteristics. 
¢ The domain of the function is the set of all real numbers. 
¢ The range of the function is the set of all real numbers. 
¢ The function is odd. 
° The graph has an intercept at (0, 0). 
* The graph is increasing on the interval (— 00, 00). 
¢ The graph is symmetric with respect to the origin. 
The graph of the cubic function is shown in Figure P.70. 
2. The graph of the square root function f(x) = x has the following 
characteristics. 
¢ The domain of the function is the set of all nonnegative real numbers. 
¢ The range of the function is the set of all nonnegative real numbers. 
° The graph has an intercept at (0, 0). 


* The graph is increasing on the interval (0, 00). 


The graph of the square root function is shown in Figure P.71. 


1 
3. The graph of the reciprocal function f(x) =— has the following 
characteristics. . 


* The domain of the function is (— 00, 0) U (0, ce). 

° The range of the function is (—00, 0) U (0, 0). 

¢ The function is odd. 

¢ The graph does not have any intercepts. 

¢ The graph is decreasing on the intervals (— 00, 0) and (0, o0). 


¢ The graph is symmetric with respect to the origin. 


The graph of the reciprocal function is shown in Figure P.72. 


Cubic function Square root function Reciprocal function 
FIGURE P.70 FIGURE P.71 FIGURE P.72 
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Step and Piecewise-Defined Functions 


Functions whose graphs resemble sets of stairsteps are known as step functions. 
The most famous of the step functions is the greatest integer function, which is 
denoted by [x] and defined as 


f(x) = |X] = the greatest integer less than or equal to x. 


A Some values of the greatest integer function are as follows. 
lk ae [—1] = (greatest integer < —1) = —1 
2+ e—o 
1+ e-o [-3] = (greatest integer < —3) =-| 
* [ol = (greatest integer < iu) =0 
= 3 2) il 1 2 4 @ 


[1.5] = (greatest integer < 1.5) = 1 
—o * | f= bl 


The graph of the greatest integer function 


C—2 =s8lo- 
mo 4 fG) = bd 
FIGURE P.73 has the following characteristics, as shown in Figure P.73. 


¢ The domain of the function is the set of all real numbers. 

¢ The range of the function is the set of all integers. 

° The graph has a y-intercept at (0, 0) and x-intercepts in the interval [0, 1). 
¢ The graph is constant between each pair of consecutive integers. 


Wh hi tep function, i : ‘ : 
Sih Scneecei o  Oh ¢ The graph jumps vertically one unit at each integer value. 


| Example 2 | Evaluating a Step Function 


you should set your graphing 
utility to dot mode. 


Evaluate the function when x = —1, 2, and 2. 
ff) =Bb) +1 
y Solution 
4 For x = —1, the greatest integer < —1 is —1, so 
5+ o_o 
4+ e—o f(-) =[-1) +1 =-1+1=0. 
37 Ce For x = 2, the greatest integer < 2 is 2, so 
call \ Q) =P] +1=24+1=3 
1e—o | f)=y]+1 f2Q) = PI ~ —— 
ee a a Te For x = 3 the greatest integer < 3 is 1, so 
= <2 =i 1 2 3 A § ' 2 
al f@) =B]+1=14+1=2. 
— 24+ 


You can verify your answers by examining the graph of f(x) = [x] + 1 shown in 
FIGURE P.74 Figure P.74. 


wouecxponntT = Now try Exercise 29. 
Recall from Section P.5 that a piecewise-defined function is defined by two or 


more equations over a specified domain. To graph a piecewise-defined function, 
graph each equation separately over the specified domain, as shown in Example 3. 


FIGURE P.75 
y 
A 
3 ate 
al — c 
1 a 
t t {-—> x 
1 2 3 


(a) Constant Function 


Section P.7 A Library of Parent Functions 85 


Seluilytcmem Graphing a Piecewise-Defined Function 


Sketch the graph of 


2x+3, x<l 
fla) =| = ** x>l 


Solution 


This piecewise-defined function is composed of two linear functions. At x = 1 
and to the left of x = | the graph is the line y = 2x + 3, and to the right of x = 1 
the graph is the line y = —x + 4, as shown in Figure P.75. Notice that the point 
(1,5) is a solid dot and the point (1,3) is an open dot. This is because 
f() = 20:) + 3 =5. 


wourckponT ~~ Now try Exercise 43. 


Parent Functions 


The eight graphs shown in Figure P.76 represent the most commonly used 
functions in algebra. Familiarity with the basic characteristics of these simple 
graphs will help you analyze the shapes of more complicated graphs—in partic- 
ular, graphs obtained from these graphs by the rigid and nonrigid transformations 
studied in the next section. 


jose 7 [fed = |x| : 


f= Vi 


(e) Quadratic Function 
FIGURE P.76 


(f) Cubic Function 


ee f@) = [Pll 


(g) Reciprocal Function (h) Greatest Integer Function 


a 


SS 
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VOCABULARY CHECK: Match each function with its name. 


1. f(x) = bd 2. f(x) =x 
4. f(xy) = 2 5. f(x) = Vx 
7. f(x) = |x| 8. f(x) = x3 


(a) squaring function (b) square root function 


(d) linear function (e) constant function 


(e) greatest integer function (h) reciprocal function 


In Exercises 1-8, (a) write the linear function f such that it 
has the indicated function values and (b) sketch the graph 
of the function. 


1, #1) = 4,700) =6 2. f(—3) = —8, fl) = 2 


3. f(5) = —4, f(—2) =17 4. f(3) = 9, f(-)) =-11 
5. f(—5) = —1, f(5) = -1 

6. f(—10) = 12, f(16) = — 

7. f() = —6, f(4) = 

8. (3) = —2 f(-4) = - 


In Exercises 9-28, use a graphing utility to graph the func- 
tion. Be sure to choose an appropriate viewing window. 


9. f(x) = -x-3 10. f(x) = 3x -3 
WM. f(x) = -§x - 3 12. f(x) =2- 
13. f(x) = x? — 2x 14. f(x) = —x? + 8x 
15. h(x) = —x? + 4x +12 16. g(x) = x? — 6x — 16 
17. f@®) =~ -1 18. f) =8 — x 
19. f(x) = (« — 17 +2 20. g(x) = 24+ 32 +1 
21. f(x) =4/x 22. f(x) =4-2Vx 
23. g(x) =2- J/x +4 24. h(x) = /x F243 
1 1 
25. f(x) = = 26. f(x) =4 + - 
1 1 
27. h(x) = a 28. k(x) = ee 


In Exercises 29-36, evaluate the function for the indicated 
values. 


29. f(x) = bd 

(a) f(2.1)  ) £29) © f(-3.1) @ FQ) 
30. g(x) = 2x] 

(a) g(-3) —(b) 8(0.25) (ce) ¢(9.5) a) g (4) 


3. f(x) = 


6. f(x) =c 
9. f(x) =ax +b 


(c) cubic function 


u 
x 


(f) absolute value function 


(i) identity function 


31. h(x) = [x + 3] 


(a) h(—2) — (b) (3) (c) h(4.2) — (d) h(=21.6) 
32. f(x) = 4x] +7 

(a) #0) =’) F(-15) @ FO  @ FQ) 
33. h(x) = [Bx — 1] 

(a) h(2.5) — (b) h(—3.2) (c) Al) (d) a(—#) 
34, k(x) = [x + 6f 

(a) k(5) (b) k(—6.1) (c) K(O.1) — (d) KIS) 
35. g(x) = 3x — 2] + 5 

(a) g(-2.7) (b) g(-1) (ce) g (0.8) —@d) g (14.5) 
36. g(x) = —7[x + 4] + 6 

(a) e@) ~—() gs) (4) — @) (3) 


In Exercises 37-42, sketch the graph of the function. 


g(x) = — bl g(x) = 4h] 
39. g(x) = LX] - 2 40. g(x) = LX] - 1 
41. g(x) = [x + 1 g(x) = [x - 3] 


In Exercises 43-50, graph the function. 


43. f(x) = Bos ee 
a4. ot) = [7 * 6 a 
w= [EE os 
aaa 0 er 
a eee 4 


3-77, x<0 
ba n= Pa x2=0 
4 — x, x<—2 
49. h(x) =43 +x, —-2<x<0 
x + 1, x20 
26 1; x<-l 
50. k(x) =32x7-1, -l<x<l 
1 — x2, ec 


In Exercises 51 and 52, (a) use a graphing utility to graph 
the function, (b) state the domain and range of the func- 
tion, and (c) describe the pattern of the graph. 


51. s(x) = 2(jx — [ix]) 52. g(x) = 2(}x — [ix] 


In Exercises 53-60, (a) identify the parent function and the 
transformed parent function shown in the graph, (b) write 
an equation for the function shown in the graph, and (c) use 
a graphing utility to verify your answers in parts (a) and (b). 


53. 54. y 


55. 56. y 


57. 


59. 


61. 


62. 


63. 


64. 


65. 
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Communications The cost of a telephone call between 
Denver and Boise is $0.60 for the first minute and $0.42 
for each additional minute or portion of a minute. A model 
for the total cost C (in dollars) of the phone call is 
C = 0.60 — 0.42[1 — ¢], t > 0 where t is the length of the 
phone call in minutes. 


(a) Sketch the graph of the model. 


(b) Determine the cost of a call lasting 12 minutes and 30 
seconds. 


Communications The cost of using a telephone calling 
card is $1.05 for the first minute and $0.38 for each addi- 
tional minute or portion of a minute. 


(a) A customer needs a model for the cost C of using a 
calling card for a call lasting t minutes. Which of the 
following is the appropriate model? Explain. 


C(t) = 1.05 + 0.38[¢ — 1] 
C,(t) = 1.05 — 0.38[—-(t — 1)] 


(b) Graph the appropriate model. Determine the cost of a 
call lasting 18 minutes and 45 seconds. 


Delivery Charges The cost of sending an overnight pack- 
age from Los Angeles to Miami is $10.75 for a package 
weighing up to but not including 1 pound and $3.95 for 
each additional pound or portion of a pound. A model for 
the total cost C (in dollars) of sending the package is 
C = 10.75 + 3.95[[x], x > 0 where x is the weight in 
pounds. 


(a) Sketch a graph of the model. 


(b) Determine the cost of sending a package that weighs 
10.33 pounds. 


Delivery Charges The cost of sending an overnight pack- 
age from New York to Atlanta is $9.80 for a package 
weighing up to but not including 1 pound and $2.50 for 
each additional pound or portion of a pound. 


(a) Use the greatest integer function to create a model for 
the cost C of overnight delivery of a package weighing 
x pounds, x > 0. 

(b) Sketch the graph of the function. 

Wages A mechanic is paid $12.00 per hour for regular 

time and time-and-a-half for overtime. The weekly wage 

function is given by 


12h, 
18(h — 40) + 480, 


0<h< 40 


a | h > 40 


where hi is the number of hours worked in a week. 
(a) Evaluate W(30), W(40), W(45), and W(50). 


(b) The company increased the regular work week to 45 
hours. What is the new weekly wage function? 
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66. Snowstorm During a nine-hour snowstorm, it snows at a 
rate of 1 inch per hour for the first 2 hours, at a rate of 
2 inches per hour for the next 6 hours, and at a rate of 
0.5 inch per hour for the final hour. Write and graph a 
piecewise-defined function that gives the depth of the 
snow during the snowstorm. How many inches of snow 
accumulated from the storm? 


67. Revenue The table shows the monthly revenue y (in 
thousands of dollars) of a landscaping business for each 
month of the year 2005, with x = 1 representing 
January. 


Month, x Revenue, y 


5.2 
5.6 
6.6 
8.3 
11.5 
15.8 
12.8 
10.1 
8.6 
6.9 
4.5 
12 2.7 


COmAANIDUN FWY 


ero 
re oO 


A mathematical model that represents these data is 


—1.97x + 26.3 
0.505x* — 1.47x + 6.3" 


FQ) = | 


(a) What is the domain of each part of the piecewise- 
defined function? How can you tell? Explain your 
reasoning. 

(b) Sketch a graph of the model. 


(c) Find f(5) and f(11), and interpret your results in 
the context of the problem. 


(d) How do the values obtained from the model in part 
(b) compare with the actual data values? 


68. Fluid Flow The intake pipe of a 100-gallon tank has a 
flow rate of 10 gallons per minute, and two drainpipes have 
flow rates of 5 gallons per minute each. The figure shows 
the volume V of fluid in the tank as a function of time ¢. 
Determine the combination of the input pipe and drain 
pipes in which the fluid is flowing in specific subintervals 
of the 1 hour of time shown on the graph. (There are many 
correct answers.) 


(60, 100) 


Volume (in gallons) 


T 
10 20 30 40 50 60 
Time (in minutes) 


Synthesis 


True or False? _\n Exercises 69 and 70, determine whether 
the statement is true or false. Justify your answer. 


69. A piecewise-defined function will always have at least one 
x-intercept or at least one y-intercept. 


2, l<x<2 
70. f(x) =44, 2<x <3 
6, 3<x<4 


can be rewritten as f(x) = 2[x], 1 <x < 4. 


Exploration \n Exercises 71 and 72, write equations for 
the piecewise-defined function shown in the graph. 


71. 72. 


Section P.8 Transformations of Functions 89 


PS | Transformations of Functions 


What you should learn 


¢ Use vertical and horizontal 
shifts to sketch graphs of 
functions. 


* Use reflections to sketch 


© Ken Fisher/Getty Images 


STUDY TIP 


In items 3 and 4, be sure you 
see that h(x) = f(x — c) 
corresponds to a right shift and 
h(x) = f(x + c) corresponds to 
a left shift for c > 0. 


Shifting Graphs 


Many functions have graphs that are simple transformations of the parent graphs 
summarized in Section P.7. For example, you can obtain the graph of 


h(x) = x? + 2 


by shifting the graph of f(x) = x? upward two units, as shown in Figure P.77. In 
function notation, / and f are related as follows. 


h(x) = x2 + 2 = f(x) +2 Upward shift of two units 
Similarly, you can obtain the graph of 
g(x) = (x — 27 


by shifting the graph of f(x) = x? to the right two units, as shown in Figure P.78. 
In this case, the functions g and f have the following relationship. 


g(x) = (x _ 2) _ f(x — 2) Right shift of two units 


h(x) =x? +2 fier 


g(x) = (x- 2)? 


FIGURE P.77 FIGURE P.78 


The following list summarizes this discussion about horizontal and vertical 
shifts. 


Vertical and Horizontal Shifts 


Let c be a positive real number. Vertical and horizontal shifts in the graph 
of y = f(x) are represented as follows. 


1. Vertical shift c units upward: 
2. Vertical shift c units downward: 


3. Horizontal shift c units to the right: 


4. Horizontal shift c units to the /eft: 


90 


Chapter P 


Prerequisites 


Some graphs can be obtained from combinations of vertical and horizontal 
shifts, as demonstrated in Example 1(b). Vertical and horizontal shifts generate a 
family of functions, each with the same shape but at different locations in the 
plane. 


Shifts in the Graphs of a Function 


Use the graph of f(x) = x3 to sketch the graph of each function. 
a. g(x) =x? - 1 

b. A(x) = (x + 2)? + 1 

Solution 


a. Relative to the graph of f(x) = x3, the graph of g(x) = x? — 1 is a downward 
shift of one unit, as shown in Figure P.79. 

b. Relative to the graph of f(x) = x3, the graph of h(x) = (x + 2)? + 1 involves 
a left shift of two units and an upward shift of one unit, as shown in Figure 
P.80. 


y | fa) =x3 A(x) =(x+2) 41)» [f@)=x3 
A A 


FIGURE P.79 FIGURE P.80 


wcueckpont Now try Exercise 1. 


In Figure P.80, notice that the same result is obtained if the vertical shift 
precedes the horizontal shift or if the horizontal shift precedes the vertical shift. 


Explora tion 


Graphing utilities are ideal tools for exploring translations of functions. 
Graph f, g, and h in same viewing window. Before looking at the graphs, 
try to predict how the graphs of g and h relate to the graph of f. 


a fi)=2, aoa @—4e, Ae) =@— ar +2 
nBi@Q=s eH=C@tEDE Ma=@+ IP =2 
c. f(x) =x?, ex) =@4+4)?, ho) =&@+4)74+2 


FIGURE P.81 


fy=xt 


FIGURE P.82 


Exploration 


Reverse the order of transfor- 
mations in Example 2(a). Do 
you obtain the same graph? 
Do the same for Example 2(b). 
Do you obtain the same graph? 
Explain. 
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Reflecting Graphs 


The second common type of transformation is a reflection. For instance, if you 
consider the x-axis to be a mirror, the graph of 


h(x) = —x? 
is the mirror image (or reflection) of the graph of 
fax, 


as shown in Figure P.81. 


Reflections in the Coordinate Axes 


Reflections in the coordinate axes of the graph of y = f(x) are represented 
as follows. 


1. Reflection in the x-axis: h(x) 


2. Reflection in the y-axis: h(x) 


| Example 2 | Finding Equations from Graphs 


The graph of the function given by 
F(x) = x4 


is shown in Figure P.82. Each of the graphs in Figure P.83 is a transformation of 
the graph of f. Find an equation for each of these functions. 


3 1 
-1 5 
-3 3 
-1 -3 
y= g() y=h@) 
(a) (b) 
FIGURE P.83 
Solution 


a. The graph of g is a reflection in the x-axis followed by an upward shift of two 
units of the graph of f(x) = x+. So, the equation for g is 


g(x) = —x4+ +2. 


b. The graph of h is a horizontal shift of three units to the right followed by a 
reflection in the x-axis of the graph of f(x) = x*. So, the equation for h is 


h(x) = —(x — 3)4. 


woweckpoinrT ~=— Now try Exercise 9. 
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Serutwem Reflections and Shifts 


Compare the graph of each function with the graph of f(x) = /x. 
agx)=—-Vx bh =JS-x « kK) =-Vx4+2 


Algebraic Solution 


a. The graph of g is a reflection of the graph of 
J in the x-axis because 


g(x) = —Vx 
=f): 


b. The graph of / is a reflection of the graph of 
f in the y-axis because 


h(x) = /-x 
= f(-2). 


c. The graph of k is a left shift of two units 
followed by a reflection in the x-axis because 


k(x) = —-V/x+2 
= —f(x + 2). 


weweckrownr ~=Now try Exercise 19. 


Graphical Solution 


a. Graph f and g on the same set of coordinate axes. From the graph 
in Figure P.84, you can see that the graph of g is a reflection of the 
graph of f in the x-axis. 

b. Graph f and h on the same set of coordinate axes. From the graph 
in Figure P.85, you can see that the graph of h is a reflection of the 
graph of f in the y-axis. 

c. Graph f and k on the same set of coordinate axes. From the graph 
in Figure P.86, you can see that the graph of k is a left shift of two 
units of the graph of f, followed by a reflection in the x-axis. 


y y 
A 


ot | f@) = Vx 34 
ne = v= || [fey = Ve 


t t t }—> x 
=? =il 1 p) 
1+ 
FIGURE P.84 FIGURE P.85 
y 
A 
a+) f@) = Vx 
1 pe 
e t t > X 


k(x) = -Vx+2 


FIGURE P.86 


When sketching the graphs of functions involving square roots, remember 
that the domain must be restricted to exclude negative numbers inside the radical. 
For instance, here are the domains of the functions in Example 3. 


Domain of g(x) = — Vx: x>0 
Domain of h(x) = /—x: x <0 
Domain of k(x) = —J/x +2: x 2-2 


»| h@) = 3 |x| 


oon 


FIGURE P.88 


g(x~) =2- 8x3 


FIGURE P.89 


FIGURE P.90 
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Nonrigid Transformations 


Horizontal shifts, vertical shifts, and reflections are rigid transformations 
because the basic shape of the graph is unchanged. These transformations change 
only the position of the graph in the coordinate plane. Nonrigid transformations 
are those that cause a distortion—a change in the shape of the original graph. For 
instance, a nonrigid transformation of the graph of y = f(x) is represented 
by g(x) = cf(x), where the transformation is a vertical stretch if c > 1 and a 
vertical shrink if 0 < c < 1. Another nonrigid transformation of the graph of 
y = f(x) is represented by h(x) = f(cx), where the transformation is a horizontal 
shrink if c > 1 and a horizontal stretch if 0 < c < 1. 


Selita §=Nonrigid Transformations 


Compare the graph of each function with the graph of f(x) = |x|. 
a. h(x) = 3]x| b. g(x) = Fla] 
Solution 

a. Relative to the graph of f(x) = |x 


h(x) = 3|x| = 3fG) 


, the graph of 


is a vertical stretch (each y-value is multiplied by 3) of the graph of f: (See 
Figure P.87.) 


b. Similarly, the graph of 
gs) = ala] = 3/0) 


is a vertical shrink (each y-value is multiplied by ) of the graph of f/ (See 
Figure P.88.) 


wcueckroint 
Selly Nonrigid Transformations 


Compare the graph of each function with the graph of f(x) = 2 — x°. 


a. g(x) = f(2x) b. A(x) = (3x) 
Solution 


Now try Exercise 23. 


a. Relative to the graph of f(x) = 2 — x°, the graph of 


g(x) = f(2x) = 2 
is a horizontal shrink (c > 1) of the graph of f. (See Figure P.89.) 


(2x)? = 2 — 8x3 


b. Similarly, the graph of 
h(x) = f(5x) =2 (5x)° 2 gx? 
is a horizontal stretch (0 < c < 1) of the graph of f. (See Figure P.90.) 


cueckpoint 


Now try Exercise 27. 
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VOCABULARY CHECK: 
In Exercises 1-5, fill in the blanks. 
1. Horizontal shifts, vertical shifts, and reflections are called transformations. 
2. A reflection in the x-axis of y = f(x) is represented by h(x) = , while a reflection in the y-axis 
of y = f(x) is represented by h(x) = 
3. Transformations that cause a distortion in the shape of the graph of y = f(x) are 
called transformations. 
4. A nonrigid transformation of y = f(x) represented by h(x) = f(cx) is a ifc > 1 and 
a ifO0<c< 1. 
5. A nonrigid transformation of y = f(x) represented by g(x) = cf(x) isa ifc > 1 and 
a ifO0<c< 1. 
6. Match the rigid transformation of y = f(x) with the correct representation of the graph of h, where c > 0. 
(a) h(x) = f(x) + ¢ (i) A horizontal shift of f, c units to the right 
(b) A(x) = f(x) — ¢ (ii) A vertical shift of f, c units downward 
(c) h(x) = f(x + c) (iti) A horizontal shift of f, c units to the left 
(d) h(x) = f(x — c) (iv) A vertical shift of f, c units upward 
1. For each function, sketch (on the same set of coordinate 5. (a) y=f(x) +2 6. (a) y = f(—x) 
axes) a graph of each function for c = —1, 1, and 3. (b) y = f(x — 2) (b) y=f() +4 
@) f= al (©) y = 2F(x) (©) y = 2f0) 

(b) f(x) = [x - ¢| d) y = —f(x) ) y = —f( — 4) 
O10) =F 4| +e . () y = fle + 3) (©) y= f(x) — 3 
2. For each function, sketch (on the same set of coordinate (f) y = f(—x) (f) y= f(x) - 1 

axes) a graph of each function for c = —3, —1, 1, and 3. (2) re ) () F(2x) 
— 8) y= flax 8) y= flex 
(a) f@) = Vx tc z 
OH) fa) = ae i y 
() f@) =Vx-3t+e Pal cali 
3. For each function, sketch (on the same set of coordinate 4+, 1) aL 
axes) a graph of each function for c = —2, 0, and 2. (1, 0) ot : (4, 2) (-4, 2) + (6, 2) 
(a) f(x) = bk] +c Pee x Nailed 
_ Sa 2 GE =i 4 8 
(b) f(x) = [e+ i eI) POD 
(c) f(x) = [x - lJ +e Saal ex,AL 
4. For each function, sketch (on the same set of coordinate eeuneeees aeons 
axes) a graph of each function for c = —3, —1, 1, and 3. 
(a) f(x) = x hits <0 - (a) y=fQX) — 1 8. (a) y = f(x — S) 
YI) 46, x20 (b) y= fe - 1) (b) y= -f@) +3 
x+cP, x<0 (c) y= Ff(-2) (c) y = 3f@) 
(b) f(x) = . : Y 3 
(xtc), x20 (d) y=f + 1) y= =f(e+ 1) 
(©) y=—f(x-2 (©) y=f(-x 
In Exercises 5-8, use the graph of f to sketch each graph. To f y a : ) ) f ¥ _ . ) é 10 
print an enlarged copy of the graph go to the website wy =aiM yy WIG 
www.mathgraphs.com. (g) y = f(2x) (g) y = f(x) 


(-6, -4) © 1(6, -4) 
=e 


-14+ 


FIGURE FOR 7 FIGURE FOR 8 


9. Use the graph of f(x) = x? to write an equation for each 
function whose graph is shown. 


(b) y 
A 


10. Use the graph of f(x) = x? to write an equation for each 
function whose graph is shown. 


(a) (b) 
+ }+—> x +—> x 
—2 a) 3 
(c) y (d) y 
A A 
4-- 4-- 
2+ +f» + 
-4 4 8 
p> x =43) 
=6 =4 2) 
2+ -8-+ 
dt ait 
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11. Use the graph of f(x) = |x| to write an equation for each 
function whose graph is shown. 


(a) y (b) y 


Y 


12. Use the graph of f(x) = \/x to write an equation for each 
function whose graph is shown. 


(ayy (b) » 
A A 
4- 2-- 
at SEE SEP aC 
A, (BK een = 2 4 6 & 10 
T T T x ale 
pee hy 6 8 10 avitde 
ot a 
=Gak gale 
=o =105- 
(c) (d) y 
A A 
bt pels 
6+ ee ee 
al oo Ad || 2 a & 
Dia -4+ 
t == Fd in 
—2 | 2 4 8 id aoa 
=e S057 


In Exercises 13-18, identify the parent function and the 
transformation shown in the graph. Write an equation for 
the function shown in the graph. 


13. oy 14. y 
A A 


pall Ales 
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In Exercises 19-42, g is related to one of the parent func- 
tions described in this chapter. (a) Identify the parent 
function f. (b) Describe the sequence of tranformations 
from f to g. (c) Sketch the graph of g. (d) Use function 
notation to write g in terms of f. 


19. g(x) = 12 — x? 20. g(x) = (x — 8)? 
21. g(x) = x3 +7 22. g(x) = -x3- 1 
23. g(x) = x2 + 4 24. 9(x) = 2(x — 7)? 


25. 
27. 


g(x) =2—-(x + 5)? 
e(x) = V3x 


. g(x) = —(x +10)? +5 


. g@) = V4x 


29. g(x) =(«- 137 +2 30. g(x) = («+3 — 10 
31. g(x) = —|x| — 2 32. g(x) = 6— |x + 5| 
33. g(a) = —|x +4, +8 34. g(x) = |-x + 3| +9 
35. g(x) =3 —- bd 36. g(x) = 2x + 5] 

37. g(x) = /x—9 38. g(x) = Vx +448 
39. g(x) = J/7-x-2 40. g(x) = -Vx + 1-6 
41. ¢() = Vix —4 42. g(x) = J3x +1 


In Exercises 43-50, write an equation for the function that 


is described by the given characteristics. 


43. 


44. 


45. 
46. 


47. 


48. 


49. The shape of f(x) = \/x, but moved six units to the left and 
reflected in both the x-axis and the y-axis 


50. The shape of f(x) = Vx, but moved nine units downward 
and reflected in both the x-axis and the y-axis 


51. Use the graph of f(x) = x? to write an equation for each 
function whose graph is shown. 


(a) y (b) y 
A 


1, 7) 


52. Use the graph of f(x) = x? to write an equation for each 
function whose graph is shown. 
(a) y (b) y 
A 
6 eS 
4 a 


53. Use the graph of f(x) = |x| to write an equation for each 
function whose graph is shown. 


(a) y (b) y 


—6+ 
I cates 


54. Use the graph of f(x) = \/x to write an equation for each 
function whose graph is shown. 


The shape of f(x) = x?, but moved two units to the right 
and eight units downward 


The shape of f(x) = x?, but moved three units to the left, 
seven units upward, and reflected in the x-axis 

The shape of f(x) = x°, but moved 13 units to the right 
The shape of f(x) = x3, but moved six units to the left, six 
units downward, and reflected in the y-axis 

The shape of f(x) = |x 
reflected in the x-axis 
The shape of f(x) = |x 
seven units downward 


, but moved 10 units upward and 


, but moved one unit to the left and 


(a) y (b) y 
A A 
20- feo 
16+- 
(4, 16) —— re, 5 
1275 1 
84 -I+ a 
(2) 
Pg 
t ieee” * 
A. 4 8 12 16 20 Lall 
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In Exercises 55-60, identify the parent function and the Graphical Reasoning \n Exercises 65 and 66, use the 
transformation shown in the graph. Write an equation for graph of fto sketch the graph of g. To print an enlarged 
the function shown in the graph. Then use a graphing copy of the graph, go to the website www.mathgraphs.com. 
utility to verify your answer. 

65. Bg 

A 

4+ 

3-4 

a4 


i t I t 
sail J il 2 a a 
—2-++ 
=anle 


(a) g(x) = f(x) +2 (b) g(x) =f) - 1 


(c) g(x) = f(-x) (d) g(x) = —2f(x) 
(e) (x) = f(4x) (f) 9x) = (4x) 
66. y 
A 
6 a 
4 Sle 
| | ee ee | | | 
245 DAY & 8 oo 


59. y 60. y Bal 
A A = OFT 
2+ 4+ 
Al 24 (a) @) =f) - 5 (b) 8) =F) +3 
ee x =esnen) (©) alx) = f(—%) @ sh) = — Afb) 
ee el (e) g(x) = f(x) +1 (f) a) =F(Gx) - 2 
2+ 


& Graphical Analysis \n Exercises 61-64, use the viewing 


window shown to write a possible equation for the 67. Fuel Use The amounts of fuel F (in billions of 
transformation of the parent function. gallons) used by trucks from 1980 through 2002 can be 


approximated by the function 
61. 62. 
6 5 F = f(t) = 20.6 + 0.0357, O<1t< 22 


where f represents the year, with t = 0 corresponding to 
1980. (Source: U.S. Federal Highway Administration) 


-10 2 (a) Describe the transformation of the parent function 
f(x) = x?. Then sketch the graph over the specified 
domain. 


fio) Find the average rate of change of the function 
63. 64. from 1980 to 2002. Interpret your answer in the 
1 7 context of the problem. 


-4 8 (c) Rewrite the function so that t = 0 represents 1990. 
Explain how you got your answer. 


(d) Use the model from part (c) to predict the amount 
of fuel used by trucks in 2010. Does your answer 
seem reasonable? Explain. 
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Finance The amounts M (in trillions of dollars) of 
mortgage debt outstanding in the United States from 1990 
through 2002 can be approximated by the function 


M = f(t) = 0.0054(t + 20.396)?, O0<1< 12 


where f represents the year, with t = 0 corresponding to 
1990. (Source: Board of Governors of the Federal 
Reserve System) 


(a) Describe the transformation of the parent function 
f(x) = x?. Then sketch the graph over the specified 
domain. 


(b) Rewrite the function so that tf = 0 represents 2000. 
Explain how you got your answer. 


Synthesis 


True or False? 


In Exercises 69 and 70, determine whether 


the statement is true or false. Justify your answer. 


69. 


70. 


71. 


The graphs of 
f() =|x]+6 and f(x)=|-2| +6 


are identical. 


If the graph of the parent function f(x) = x? is moved six 
units to the right, three units upward, and reflected in the 
x-axis, then the point (—2, 19) will lie on the graph of the 
transformation. 


Describing Profits Management originally predicted that 
the profits from the sales of a new product would be 
approximated by the graph of the function f shown. The 
actual profits are shown by the function g along with a 
verbal description. Use the concepts of transformations of 
graphs to write g in terms of f. 


40,000 ff 
20,000 
t 
2 4 
(a) The profits were only y 


three-fourths as large 
as expected. 


(b) The profits were 
consistently $10,000 
greater than predicted. 


60,000 


30,000 


72. 


73. 


74. 


(c) There was a two-year y 

delay in the introduction 40,000 

of the product. After sales + 
20,000 +- 8 


began, profits grew as 
expected. 


Explain why the graph of y = —f(x) is a reflection of the 
graph of y = f(x) about the x-axis. 

The graph of y = f(x) passes through the points (0, 1), 
(1, 2), and (2, 3). Find the corresponding points on the 
graph of y = f(x + 2) — 1. 

Think About It You can use either of two methods to 
graph a function: plotting points or translating a parent 
function as shown in this section. Which method of graph- 
ing do you prefer to use for each function? Explain. 

(a) f(x) = 3x? — 4x 4+ 1 


(b) f(x) = 2 — 1)? - 6 
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What you should learn 


* Add, subtract, multiply, and 
divide functions. 


+ Find the composition of 
one function with another 
function. 


© Jim West/The Image Works 


Arithmetic Combinations of Functions 


Just as two real numbers can be combined by the operations of addition, subtrac- 
tion, multiplication, and division to form other real numbers, two functions can be 
combined to create new functions. For example, the functions given by 
f(x) = 2x — 3 and g(x) = x? — 1 can be combined to form the sum, difference, 
product, and quotient of f and g. 


F(x) + g(x) = (2x — 3) +? — 1) 


=x?7+2x-4 Sum 
F(x) — g(x) = (x - 3) - @? - 1) 
See a Difference 
f(x)g(x) = (2x — 3)(x? — 1) 
= 2x3 — 3x2 — 2x + 3 Product 
oS. xt+l1 Quotient 


The domain of an arithmetic combination of functions f and g consists of all 
real numbers that are common to the domains of f and g. In the case of the quo- 
tient f(x)/g(x), there is the further restriction that g(x) # 0. 


Sum, Difference, Product, and Quotient of Functions 
Let f and g be two functions with overlapping domains. Then, for all x 
common to both domains, the sum, difference, product, and quotient of f 
and g are defined as follows. 


1. Sum: (fF + g)(x) = f(x) + g@) 


(x) 


Schilltwee Finding the Sum of Two Functions 


Given f(x) = 2x + 1 and g(x) = x? + 2x — 1, find (f + g)(x). 
Solution 

(f + g)(x) = f(x) + g(x) = (2x + 1) + (x? + 2x — 1) = x? + 4x 
cueckpont Now try Exercise 5(a). 
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| Example 2 | Finding the Difference of Two Functions 


Given f(x) = 2x + 1 and g(x) = x? + 2x — 1, find (f — g)(x). Then evaluate 
the difference when x = 2. 


Solution 
The difference of f and g is 


(f — g)(x) =f) — gQ) 
(2x + 1) — (2? + 2x - 1) 


= —x2 + 2. 


When x = 2, the value of this difference is 
(f — g)(2) = -QP +2 
= -2. 
cueckpont Now try Exercise 5(b). 
In Examples | and 2, both f and g have domains that consist of all real 
numbers. So, the domains of (f+ g) and (f — g) are also the set of all real 


numbers. Remember that any restrictions on the domains of f and g must be 
considered when forming the sum, difference, product, or quotient of f and g. 


Schilt-wem Finding the Domains of Quotients of Functions 


Find (4) and (Jo for the functions given by 
&§ 


f@) = and g(x) = /4 — x?. 
Then find the domains of f/g and g/f. 


Solution 
The quotient of f and g is 
(4 6 £0). _v 
8 gx) V4 — x? 
and the quotient of g and f is 
(2) _ g(x) _ V4 =x" 
fe F(x) Vx 


The domain of f is [0, 00) and the domain of g is [—2, 2]. The intersection of 
these domains is [0, 2]. So, the domains of (4) and @ are as follows. 
& 


, Lf), ; ap 
Domain of (£) : [0, 2) Domain of (4) : (0, 2] 


Note that the domain of (f/g) includes x = 0, but not x = 2, because x = 2 
yields a zero in the denominator, whereas the domain of (g/f) includes x = 2, 
but not x = 0, because x = 0 yields a zero in the denominator. 


wonecxrowr = Now try Exercise 5(d). 
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Composition of Functions 


Another way of combining two functions is to form the composition of one with 
the other. For instance, if f(x) = x? and g(x) = x + 1, the composition of f with 
gis 
F(g(x)) = f( + 1) 
= (x + 1). 


This composition is denoted as (f © g) and reads as “f composed with g.” 


Definition of Composition of Two Functions 


The composition of the function f with the function g is 


e& (f° g)(x) = f(g). 


Domain of g The domain of (f° g) is the set of all x in the domain of g such that g(x) is 
Domain of f in the domain of f. (See Figure P.91.) 
FIGURE P.91 
Selita Composition of Functions 
Given f(x) = x + 2 and g(x) = 4 — x’, find the following. 
a. (feg)(x) b (gf) — «& (g °f)(—2) 
Solution 
STUDY TIP a. The composition of f with g is as follows. 
The following tables of values (f° g(x) = f(e(x)) Definition of f° g 
help illustrate the composition i 
(f° g)(x) given in Example 4. = f(4 — x?) Definition of g(x) 
= (4 = x?) +2 Definition of f(x) 
BG 0}; 1) 2 3 
=-x?+6 Simplify. 


ex) | 4| 3/0] -5 


b. The composition of g with f is as follows. 


ex) 14/310] -5 (g °f)(x) = g( f(x) Definition of g °f 
fl(e@)| 6/5) 2] -3 = g(x + 2) Definition of f(x) 
= 4 -— (x + 2) Definition of g(x) 
x 0; 1/2 3 = 4 — (x? + 4x + 4) Expand. 
f(g) | 6} 5) 2) -3 = —-x? — Ay Simplify. 
Note that the first two tables can Note that, in this case, (f» g)(x) # (g °f)(). 


be combined (or “composed’’) 


: : c. Using the result of part (b), you can write the following. 
to produce the values given in 


the third table. (g¢ °f)(—2) = —(-—2)? = 4(—2) Substitute. 
=-4+8 Simplify. 
=4 Simplify. 


weueckpoinr Now try Exercise 31. 
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Technology 


You can use a graphing utility 

to determine the domain of a 
composition of functions. For the 
composition in Example 5, enter 
the function composition as 


y= (V9 =e) — 9, 


You should obtain the graph 
shown below. Use the trace 
feature to determine that the 


x-coordinates of points on the 
graph extend from —3 to 3.So, the 
domain of (f° g)(x) is —3 < x < 3. 


1 


Prerequisites 


| Example 5 | Finding the Domain of a Composite Function 


Given f(x) = x? — 9 and g(x) = /9 — x?, find the composition (f © g)(x). Then 
find the domain of (f° g). 


Solution 


II 
| 
ta 


From this, it might appear that the domain of the composition is the set of all real 
numbers. This, however is not true. Because the domain of f is the set of all real 
numbers and the domain of g is —3 < x < 3, the domain of (f°g) is 
—-3<x<3. 


ofcueckroint 


In Examples 4 and 5, you formed the composition of two given functions. In 
calculus, it is also important to be able to identify two functions that make up a 
given composite function. For instance, the function h given by 


h(x) = (3x — 5)3 


Now try Exercise 35. 


is the composition of f with g, where f(x) = x° and g(x) = 3x — 5. That is, 


h(x) = (3x — 5)? = [e@) P = fle). 


Basically, to “decompose” a composite function, look for an “inner” function and 
an “outer” function. In the function h above, g(x) = 3x — 5 is the inner function 
and f(x) = x? is the outer function. 


SeTuyt-em ~=Decomposing a Composite Function am 


Write the function given by h(x) = 


5 as a composition of two functions. 


_— 
(e=.2) 
Solution 


One way to write h as a composition of two functions is to take the inner func- 
tion to be g(x) = x — 2 and the outer function to be 


f@) ==, 


ao 
Then you can write 


! 2= 
h(x) = a @- 2) fe 


cuecKpoint 


2) = f(g(x)). 


Now try Exercise 47. 
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Application 


Slut Bacteria Count @ 


The number JN of bacteria in a refrigerated food is given by 
N(T) = 20T? — 80T + 500, 2<T<l4 


where J is the temperature of the food in degrees Celsius. When the food is 
removed from refrigeration, the temperature of the food is given by 


T(t) = 4t + 2, 0<1t<3 
where ¢ is the time in hours. (a) Find the composition N(7(t)) and interpret its 
meaning in context. (b) Find the time when the bacterial count reaches 2000. 
Solution 
a. N(T(1)) = 20(4r + 2)? — 80(4 + 2) + 500 
= 20(16r2 + 16r + 4) — 320r — 160 + 500 
= 320r7 + 320t + 80 — 320r — 160 + 500 
= 320r7 + 420 


The composite function N(7(t)) represents the number of bacteria in the food 
as a function of the amount of time the food has been out of refrigeration. 


b. The bacterial count will reach 2000 when 320r7 + 420 = 2000. Solve this 
equation to find that the count will reach 2000 when t ~ 2.2 hours. When you 
solve this equation, note that the negative value is rejected because it is not in 
the domain of the composite function. 


weweckpoinT = Now try Exercise 65. 


Warne asout (#UATHEMATICS 


Analyzing Arithmetic Combinations of Functions 


a. Use the graphs of f and (f + g) in Figure P.92 to make a table showing the values 
of g(x) when x = 1, 2,3, 4,5, and 6. Explain your reasoning. 


. Use the graphs of f and (f — h) in Figure P.92 to make a table showing the values 
of h(x) when x = 1,2, 3,4,5,and 6. Explain your reasoning. 


y 


FIGURE P.92 
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VOCABULARY CHECK: Fill in the blanks. 


1. Two functions f and g can be combined by the arithmetic operations of ‘ : : 


and to create new functions. 
2. The of the function f with g is (f° g)(x) = f(g(x)). 
3. The domain of (f° g) is all x in the domain of g such that is in the domain of f. 
4. To decompose a composite function, look for an function and an function. 
In Exercises 1-4, use the graphs of f and g to graph In Exercises 13-24, evaluate the indicated function for 
h(x) = (f + g)(x). To print an enlarged copy of the graph, f(x) = x2 + 1 andg(x) = x — 4. 
0 to the website www.mathgraphs.com. 
- ae 13. (f + 92) 14. (f- g)(-1) 
f, <9 2 4 15. (f — 8)(0) 16. (f + g\(1) 
r 17. (f — 8)(30) 18. (f + g)(t — 2) 
19. (fg)(6) 20. (fg)(—6) 
a * 21. (Z Jos 22. (Z)o 
& g 
f 
23, (2\(—1) - a6) 24. (fe) +114) 
3. In Exercises 25-28, graph the functions f, g, and f + g on 
the same set of coordinate axes. 
25. f(x) = 5x, g(x) =x-1 
2. 26. f(x) = ay g(x) = —-x +4 
27. f(x) = x, g(x) = —2x 
28. f(x) = 4 — x?, g(x) =x 
ag Graphical Reasoning _\n Exercises 29 and 30, use a graph- 
In Exercises 5-12, find (a) (f+ )(x), (b) (f — g)(x), ing utility to graph fg, and f + ginthe same viewing win- 
(c) (Fg)(x), and (d) (f/g)(x). What is the domain of f/g? dow. Which function contributes most to the magnitude of 
the sum when 0 < x < 2? Which function contributes most 
5. f®) =x +2, g(x) =x—2 to the magnitude of the sum when x > 6? 
6. f(x) = 2x — 5, g(x) =2-—x # 
7. fx) =x, g(x) = 4x — 5 29. f(x) = 3x, a(x) = 10 
8. f(x) = 2x — 5, g(x) = 4 rr 
9. fl) =x? +6, eo) = VT =a 30. fla) = 55 a aie 
Fane < —s a 
10. flx) = vx — 4, glx) = e+] In Exercises 31-34, find (a) f ° g, (b) g ° f, and (c) f° f. 
1 1 42 == 
Mf) =~ sh) =< a ooh 
x x 32. f(x) = 3x + 5, gx) =5 —x 
12. f(x) = i ‘a ex) = 33 33. f(x) = ¥x - 1, g(x) =x +1 
x 


34, GQ) = x4, a= . 
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In Exercises 35-42, find (a) f>g and (b) g°f. Find the 
domain of each function and each composite function. 


35. f(x) = Vx +4, g(x) = x? 
36. f(x) = Yx —5, g(x) =x +1 
37. f) =x? +1, g(x) = Sx 
38. f(x) = x7/3, g(x) = x® 
39. f(x) = |x, g(x) =xt+6 
40. f(x) = |x — 4], g(x) =3-—x 
41. fy = - g(x) =x +3 
42. fo) ==, eo) =x 41 
In Exercises 43-46, use the graphs of f and g to evaluate the 
functions. 

y  |y=fe) 


43. 
44. 
45. 
46. 


(b) (f/g)(2) 
(b) (fs)(4) 

(b) (g ° f)Q2) 
(b) (g ° f)(3) 


(a) (f + g)(3) 
(a) (f— g)(1) 
(a) (f° g)(2) 
(a) (f° g)Q) 


In Exercises 47-54, find two functions f and g such that 


(fe 


47. 
49. 


51. 
53. 


55. 


g)(x) = h(x). (There are many correct answers.) 


A(x) = (2x + 1 48. h(x) = (1 — x) 


h(x) = 42-4 50. h(x) = /9 —x 
4 
h(x) = 52. h(x) = ———, 
@) x+2 i) (Sx + 2)? 
—x? +3 27x3 + 6x 
eae a a9 =o 
Stopping Distance The research and development 


department of an automobile manufacturer has determined 
that when a driver is required to stop quickly to avoid an 
accident, the distance (in feet) the car travels during the 
driver’s reaction time is given by R(x) = 3x, where x is the 
speed of the car in miles per hour. The distance (in feet) 
traveled while the driver is braking is given by B(x) = 7x2. 
Find the function that represents the total stopping distance 
T. Graph the functions R, B, and T on the same set of coor- 
dinate axes for 0 <x < 60. 
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56. 
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Sales From 2000 to 2005, the sales R, (in thousands of 
dollars) for one of two restaurants owned by the same 
parent company can be modeled by 


R, = 480 — 8t — 0.817, t= 0, 1,2, 3,4,5 


where t = 0 represents 2000. During the same six-year 
period, the sales R, (in thousands of dollars) for the second 


restaurant can be modeled by 
R, = 254 + 0.781, t = 0, 1, 2, 3, 4, 5. 


(a) Write a function R, that represents the total sales of the 
two restaurants owned by the same parent company. 


a2) (b) Use a graphing utility to graph R,, R,, and R, in the 


57. 


58. 


59. 


same viewing window. 


Vital Statistics Let b(t) be the number of births in the 
United States in year 7, and let d(z) represent the number 
of deaths in the United States in year ¢, where t = 0 
corresponds to 2000. 


(a) If p(z) is the population of the United States in year f, 
find the function c(t) that represents the percent change 
in the population of the United States. 

(b) Interpret the value of c(5). 

Pets Let d(t) be the number of dogs in the United States 

in year ¢, and let c(t) be the number of cats in the United 

States in year t, where t = 0 corresponds to 2000. 


(a) Find the function p(¢) that represents the total number 
of dogs and cats in the United States. 


(b) Interpret the value of p(5). 


(c) Let n(7) represent the population of the United States in 
year t, where ¢t = 0 corresponds to 2000. Find and 


interpret 
— Plt) 
h(t) = ay 


Military Personnel The total numbers of Army personnel 
(in thousands) A and Navy personnel (in thousands) N from 
1990 to 2002 can be approximated by the models 


A(t) = 3.367 — 59.8¢ + 735 


and 


N(t) = 1.95? — 42.21 + 603 
where ¢ represents the year, with t = 0 corresponding to 
1990. (Source: Department of Defense) 


(a) Find and interpret (A + N)(t). Evaluate this function for 
t = 4, 8, and 12. 


(b) Find and interpret (A — )(1). Evaluate this function 
for t = 4, 8, and 12. 
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60. Sales The sales of exercise equipment EF (in millions of 62. Graphical Reasoning An electronically controlled ther- 
dollars) in the United States from 1997 to 2003 can be mostat in a home is programmed to lower the temperature 
approximated by the function automatically during the night. The temperature in the 
F() = 25.952 — 231.21 + 3356 house T (in degrees Fahrenheit) is given in terms of f, the 


time in hours on a 24-hour clock (see figure). 
and the U.S. population P (in millions) from 1997 to 2003 
can be approximated by the function 


= 
P(t) = 3.02 + 252.0 = 
oO 
where ¢ represents the year, with t = 7 corresponding to g 
1997. (Source: National Sporting Goods Association, D 
U.S. Census Bureau) I 
(1) ia ce ee eae eee a ee a 
Ett 3 6 9 12 15 18 21 24 
a) Find and interpret h(t) = —-. 
(a) ? 0 P(t) Time (in hours) 


(b) Evaluate the function in part (a) for t = 7, 10, and 12. 
(a) Explain why T is a function of t. 


(b) Approximate 7(4) and T(15). 
(c) The thermostat is reprogrammed to produce a temper- 


ature H for which H(*) = T(t — 1). How does this 


61. Health Care Costs The table shows the total amounts change the temperature? 


4\; (in billions of dollars) spent on health services and ; 
SS cts ‘ ; ; : (d) The thermostat is reprogrammed to produce a temper- 
supplies in the United States (including Puerto Rico) Hf hich H(t) = T(t) — 1. H 4 hi 
for the years 1995 through 2001. The variables y,, y,, eis h OF Wale 0 = TW) PRON Ces: EY 
and y, represent out-of-pocket payments, insurance CHAR Be We teMperetlty 
premiums, and other types of payments, respectively. (e) Write a piecewise-defined function that represents the 
(Source: Centers for Medicare and Medicaid Services) graph. 


63. Geometry A square concrete foundation is prepared as a 
base for a cylindrical tank (see figure). 


1995 146.2 329.1 44.8 
1996 152.0 344.1 48.1 
1997 162.2 359.9 52.1 
1998 175.2 382.0 55.6 
1999 184.4 412.1 57.8 
2000 194.7 449.0 57.4 
2001 205.5 496.1 57.8 ~ 
(a) Use the regression feature of a graphing utility to (a) Write the radius r of the tank as a function of the length 
find a linear model for y, and quadratic models for x of the sides of the square. 


y, and y;. Let f = 5 represent 1995. (b) Write the area A of the circular base of the tank as a 


(b) Find y, + y, + y,. What does this sum represent? function of the radius r. 
(c) Use a graphing utility to graph y,, y, 3, and (c) Find and interpret (A ° r)(x). 
y, + y. + y3 in the same viewing window. 


(d) Use the model from part (b) to estimate the total 
amounts spent on health services and supplies in 
the years 2008 and 2010. 


64. 


65. 


66. 


67. 
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Physics A pebble is dropped into a calm pond, causing 


ripples in the form of concentric circles (see figure). The 
radius r (in feet) of the outer ripple is r(¢) = 0.6t, where t 
is the time in seconds after the pebble strikes the water. The 
area A of the circle is given by the function A(r) = r?. 
Find and interpret (A ° r)(t). 


Bacteria Count The number N of bacteria in a refriger- 
ated food is given by 


MT) = 10T? — 207 + 600, 1< T< 20 


where T is the temperature of the food in degrees Celsius. 
When the food is removed from refrigeration, the tempera- 
ture of the food is given by 


Tt) =3t+2, O<t<6 


where f is the time in hours. 


(a) Find the composition M(T(t)) and interpret its meaning 
in context. 


(b) Find the time when the bacterial count reaches 1500. 


Cost The weekly cost C of producing x units in a manu- 
facturing process is given by 


C(x) = 60x + 750. 


The number of units x produced in f hours is given by 
x(t) = 50t. 
(a) Find and interpret (C ° x)(t). 


(b) Find the time that must elapse in order for the cost to 
increase to $15,000. 


Salary You are a sales representative for a clothing 
manufacturer. You are paid an annual salary, plus a bonus 
of 3% of your sales over $500,000. Consider the two 
functions given by 


f(x) = x — 500,000 and e(x) = 0.03x. 


If x is greater than $500,000, which of the following repre- 
sents your bonus? Explain your reasoning. 


(a) f(gQ)) (b) g(fG)) 
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68. 
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Consumer Awareness The suggested retail price of a new 
hybrid car is p dollars. The dealership advertises a factory 
rebate of $2000 and a 10% discount. 


(a) Write a function R in terms of p giving the cost of the 
hybrid car after receiving the rebate from the factory. 


(b) Write a function S in terms of p giving the cost of the 
hybrid car after receiving the dealership discount. 


(c) Form the composite functions (R ° S)(p) and (S ° R)(p) 
and interpret each. 

(d) Find (R ° $)(20,500) and (S ° R)(20,500). Which yields 
the lower cost for the hybrid car? Explain. 


Synthesis 


True or False? 


In Exercises 69 and 70, determine whether 


the statement is true or false. Justify your answer. 


69. 


70. 


71. 


72. 


If f(x) = x + 1 and g(x) = 6x, then 
(f° gx) = (g of). 


If you are given two functions f(x) and g(x), you can 
calculate (f° g)(x) if and only if the range of g is a subset 
of the domain of f- 


Proof Prove that the product of two odd functions is an 
even function, and that the product of two even functions is 
an even function. 


Conjecture Use examples to hypothesize whether the 
product of an odd function and an even function is even or 
odd. Then prove your hypothesis. 
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What you should learn 


* Find inverse functions infor- 
mally and verify that two 
functions are inverse functions 
of each other. 

+ Use graphs of functions to 

determine whether functions 

have inve 


© Tim Boyle/Getty Images 


Inverse Functions 


Recall from Section P.5, that a function can be represented by a set of ordered 
pairs. For instance, the function f(x) = x + 4 from the set A = {1, 2, 3, 4} to the 
set B = {5, 6, 7, 8} can be written as follows. 


F(x) = x + 4: {(1, 5), (2, 6), (3, 7), (4, 8)} 


In this case, by interchanging the first and second coordinates of each of these 
ordered pairs, you can form the inverse function of f, which is denoted by f~!. 
It is a function from the set B to the set A, and can be written as follows. 


FG) =x — 4: {6, 1), (6, 2), (7, 3), (8, 4)} 


Note that the domain of f is equal to the range of f~!, and vice versa, as shown in 
Figure P.93. Also note that the functions f and f~! have the effect of “undoing” 
each other. In other words, when you form the composition of f with f~! or the 
composition of f~! with f, you obtain the identity function. 


ff) =f@-4=%-4)+4=x 
fUG¢@) =f @+4=@+4)-4=% 


fa=axt+4 
Domain of f V Range of f 


eG 
Range of f~! JA Domain of f~! 
f'@=z-4 
FIGURE P.93 


Settee Finding Inverse Functions Informally 
Find the inverse function of f(x) = 4x. Then verify that both f(f~'(x)) and 
f—'(f(x)) are equal to the identity function. 
Solution 


The function f multiplies each input by 4. To “undo” this function, you need to 
divide each input by 4. So, the inverse function of f(x) = 4x is 


You can verify that both f(f~'(x)) = x and f-'(f(x)) = x as follows. 


FF") A) 4(*) x UW) =a) = =x 


weuecxpont ~—Now try Exercise 1. 
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Exploration 


Definition of Inverse Function 


Consider the functions given by Let f and g be two functions such that 


fi@)s=x#+2 


f(e(x)) = x for every x in the domain of g 


aad and 


foQ) =x — 2. e(f(x)) =x for every x in the domain of f. 
Evaluate f(f~'(x)) and 

f '(f(&)) for the indicated 
values of x. What can you 
conclude about the functions? 


Under these conditions, the function g is the inverse function of the func- 
tion f. The function g is denoted by f~! (read “f-inverse”). So, 


ff '@) =x and f-'(f(x)) =x. 


The domain of f must be equal to the range of f~!, and the range of f must 
be equal to the domain of f~!. 


Don’t be confused by the use of —1 to denote the inverse function f~'. In this 
text, whenever f~! is written, it always refers to the inverse function of the func- 
tion f and not to the reciprocal of f(x). 

If the function g is the inverse function of the function f, it must also be true 
that the function f is the inverse function of the function g. For this reason, you 
can say that the functions f and g are inverse functions of each other. 


| Example 2 | Verifying Inverse Functions 


=) 
Which of the functions is the inverse function of f(x) = a 
ii 
=2 eS) 
g(x) = ~~ hi) =~ +2 
5 x 
Solution 


By forming the composition of f with g, you have 


sle0o) = 4) 


= 5 ae 
= ee _ Substitute 5 for x. 
5 
25 
= FX. 


Because this composition is not equal to the identity function x, it follows that g 
is not the inverse function of f. By forming the composition of f with h, you have 


Anco) = 4{2 + 2) = ; = = 5 - 


So, it appears that h is the inverse function of f. You can confirm this by showing 
that the composition of / with f is also equal to the identity function. 


weweckpoInT = Now try Exercise 5. 
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The Graph of an Inverse Function 


The graphs of a function f and its inverse function f~! are related to each other 
in the following way. If the point (a, b) lies on the graph of f, then the point (b, a) 
must lie on the graph of f~', and vice versa. This means that the graph of f~! is 
a reflection of the graph of f in the line y = x, as shown in Figure P.94. 


Setuyyt-wewe Finding Inverse Functions Graphically 


Sketch the graphs of the inverse functions f(x) = 2x — 3 and f~!(x) = 5(x + 3) 
on the same rectangular coordinate system and show that the graphs are reflec- 
tions of each other in the line y = x. 


> xX 


7 


FIGURE P.94 


Solution 
fla) = 4 43)| | f@) =2x-3 The graphs of f and f~! are shown in Figure P.95. It appears that the graphs are 
: reflections of each other in the line y = x. You can further verify this reflective 
property by testing a few points on each graph. Note in the following list that if 
the point (a, b) is on the graph of f, the point (b, a) is on the graph of f~!. 
Graph of f(x) = 2x — 3 Graph of f~\(x) = 5(x + 3) 
(ial ae—]) 
(0, —3) (—3, 0) 
=) (i) 
(2, 1) (1, 2) 
ey Dar (3, 3) (3, 3) 
FIGURE P.95 woneckronnr ~=— Now try Exercise 15. 


Scie Finding Inverse Functions Graphically 


Sketch the graphs of the inverse functions f(x) = x2 (x = 0) and f—!(x) = /xon 
the same rectangular coordinate system and show that the graphs are reflections 
of each other in the line y = x. 

Solution 

The graphs of f and f~! are shown in Figure P.96. It appears that the graphs are 


\ reflections of each other in the line y = x. You can further verify this reflective 
property by testing a few points on each graph. Note in the following list that if 
the point (a, b) is on the graph of f, the point (b, a) is on the graph of f~!. 

Graph of f(x) = x7, x>0 Graph of f~'(x) = x 
(0, 0) (0, 0) 
(i, 1) (i, 1) 
(2, 4) (4, 2) 
(3, 9) (23) 
Try showing that f(f~!(x)) = x and f~!(f(x)) = x. 


FIGURE P.96 woneckrowntr ~=— Now try Exercise 17. 


FIGURE P.97 


FIGURE P.98 
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One-to-One Functions 


The reflective property of the graphs of inverse functions gives you a nice 
geometric test for determining whether a function has an inverse function. This 
test is called the Horizontal Line Test for inverse functions. 


Horizontal Line Test for Inverse Functions 


A function f has an inverse function if and only if no horizontal line 
intersects the graph of f at more than one point. 


If no horizontal line intersects the graph of f at more than one point, then no 
y-value is matched with more than one x-value. This is the essential characteristic 
of what are called one-to-one functions. 


One-to-One Functions 


A function f is one-to-one if each value of the dependent variable corre- 


sponds to exactly one value of the independent variable. A function f has an 
inverse function if and only if f is one-to-one. 


Consider the function given by f(x) = x. The table on the left is a table of 
values for f(x) = x?. The table of values on the right is made up by interchang- 
ing the columns of the first table. The table on the right does not represent a func- 
tion because the input x = 4 is matched with two different outputs: y = —2 and 
y = 2. So, f(x) = x? is not one-to-one and does not have an inverse function. 


x FQ) = x y 

“3 4 4 a) 
ae | 1 1 1 
0 0 0 0 
1 1 1 1 
j) 4 4 y] 
3 9 9 3 


} Example 5 | Applying the Horizontal Line Test 


a. The graph of the function given by f(x) = x? — 1 is shown in Figure P.97. 
Because no horizontal line intersects the graph of f at more than one point, 
you can conclude that f is a one-to-one function and does have an inverse 
function. 


b. The graph of the function given by f(x) = x? — 1 is shown in Figure P.98. 
Because it is possible to find a horizontal line that intersects the graph of f at 
more than one point, you can conclude that f is not a one-to-one function and 
does not have an inverse function. 


weueckponnrT = Now try Exercise 29. 
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Finding Inverse Functions Algebraically 


STUDY TIP 
For simple functions (such as the one in Example 1), you can find inverse func- 
Note what happens when you try tions by inspection. For more complicated functions, however, it is best to use the 
to find the Lee function of a following guidelines. The key step in these guidelines is Step 3—interchanging 
function that is not one-to-one. the roles of x and y. This step corresponds to the fact that inverse functions have 
= Original ordered pairs with the coordinates reversed. 
fon function : 
os Replace f(x) Z 7 r. 
yea ae oll by y. Finding an Inverse Function 
244 Interchange x . Use the Horizontal Line Test to decide whether f has an inverse function. 
oe Oy and y. 
. In the equation for f(x), replace f(x) by y. 
= ere) solate 
eee, y-term. . Interchange the roles of x and y, and solve for y. 
y=+/x—1 Solve fory. . Replace y by f~!(x) in the new equation. 
You obtain two y-values for . Verify that f and f~! are inverse functions of each other by showing that 
each x. the domain of f is equal to the range of f~!, the range of f is equal to the 
domain of f~!, and f( f~'(x)) = x and f~!(f(x)) = x. 
Settee Finding an Inverse Function Algebraically 
i Find the inverse function of 
> = 3x 
fx) = — 
Solution 


The graph of f is a line, as shown in Figure P.99. This graph passes the Horizontal 
Line Test. So, you know that f is one-to-one and has an inverse function. 


S'' 3x 
f(x) = a Write original function. 
33x 
y= 5 Replace f(x) by y. 
FIGURE P.99 
2 =.3y 
x= = 7 Interchange x and y. 
2x = 5 — 3y Multiply each side by 2. 


3y = 5 — 2x Isolate the y-term. 


Exploration J = eee 
Restrict the domain of 5-2 
— 2x 
f@) =x + 1tox 2 0. Use fo) = Replace y by f(x). 
a graphing utility to graph the 3 
function. Does the restricted Note that both f and f~! have domains and ranges that consist of the entire set of 
function have an inverse func- real numbers. Check that f(f~!(x)) = x and f~!(f(x)) = x. 


tion? Explain. 


weveckponnT = Now try Exercise 55. 
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Selly (wae Finding an Inverse Function 


Find the inverse function of 


f(x) = Yn +1. 
Solution 
( The graph of f is a curve, as shown in Figure P.100. Because this graph passes the 
sl Horizontal Line Test, you know that f is one-to-one and has an inverse function. 
| ae =Vx+1 f(x) = fae FI Write original function. 
y= et] Replace f(x) by y. 
x= ¥V7y+1 Interchange x and y. 
we=aytl Cube each side. 
Pall we-l=y Solve for y. 
ofall x3—1=f7(x) Replace y by f(x). 


Both f and f~! have domains and ranges that consist of the entire set of real 


FIGURE P.100 numbers. You can verify this result numerically as shown in the tables below. 

x f(x) x £71) 

—28 =3 =3 — 28 

—9 —2 —2 =—9 

=2 —1 i | —2 

= 0 0 — ll 

0) 1 1 0 

7 2 2 7 

26 3 3 26 


woweckpont ~— Now try Exercise 61. 


Wairinc asour Wtatuemarics 


The Existence of an Inverse Function Write a short paragraph 
describing why the following functions do or do not have 
inverse functions. 


a. Let x represent the retail price of an item (in dollars), and 
let f(x) represent the sales tax on the item. Assume that 
the sales tax is 6% of the retail price and that the sales tax 
is rounded to the nearest cent. Does this function have 
an inverse function? (Hint: Can you undo this function? 


For instance, if you know that the sales tax is $0.12, can 
you determine exactly what the retail price is?) 


. Let x represent the temperature in degrees Celsius, and 


let f(x) represent the temperature in degrees Fahrenheit. 
Does this function have an inverse function? (Hint: The 


formula for converting from degrees Celsius to degrees 
Fahrenheit is F = aC + 32.) 
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Pao] ees 


VOCABULARY CHECK: Fill in the blanks. 


1. If the composite functions f(g(x)) = x and g(f(x)) = x then the function g is the 
of f—! is the range of f. 


. The graphs of f and f~! are reflections of each other in the line 


2. The domain of f is the of f~!, and the 


Ww 


. A function f is 
independent variable. 


5. A graphical test for the existence of an inverse function of f is called the 


In Exercises 1-8, find the inverse function of f informally. 
Verify that f(f-"(x)) = x and f-"(F(x)) = x. 


1. f(x) = 6x 2. f(x) = 5x 
3. fy =x4+9 4. f(y) =x-4 
5. f(x) =3x+1 6. f(x) => - ; 
7. fa) =v 8. f(x) =x 


In Exercises 9-12, match the graph of the function with the 
graph of its inverse function. [The graphs of the inverse 
functions are labeled (a), (b), (c), and (d).] 


Line Test. 


function of f. 


if each value of the dependent variable corresponds to exactly one value of the 


12. 


In Exercises 13-24, show that f and g are inverse functions 
(a) algebraically and (b) graphically. 


(a) 


(b) 


y 


T t }—> x 
1 9 3 
(c) y (d) y 
A A 
3+ 
2+ 
1+ 
1 i} + 
-3 -2 i ay 3 
2+ 
34+ 
9. 10. y 
6 
5} 
4 
3} 
2 
il 
x 
123. 4 6 


13. f(x) = 2x, 

14. f@) =x-5, 

15. f(x) = 7x + 1, 

16. f(x) = 3 — 4x, 

17. fo) =%, 
1 

18. f(x) = , 

19. f(x) = Vx -— 4, 

20. f(x) = 1-2, 

21. f(x) =9-x7, x = 0, 

22. f(x) = , x20, 
1 ex 

23. fo) ==, 

x3 
24. f(x) = = 


ale) = 5 

g(x) =x +5 

go) == 

eo) == 

a(x) = 38x 

la) = + 

g(x) =17 +4, x =0 

gx) = V1 —x 

a(x) = J9-x, x <9 
1 

g(x) =——,, 0<x<1 
5x + 1 

ern 

go) = 37+ 


In Exercises 25 and 26, does the function have an inverse 
function? 


25. 


x ={'| 6 1 y, 3 4 
f(s) | —2 | 1 2 1 | =2 | 6 
26. =o: |. | 1 )| a 2 3 
f(x) | 10 6 4} 1 | -3 | -10 


In Exercises 27 and 28, use the table of values for y = f(x) 
to complete a table for y = f-"(x). 


27. 


28. 


f(x) | -10 | -7 4 1| 2 5 


In Exercises 29-32, does the function have an inverse 
function? 


29, oy 30. y 


31. y 32. y 
A A 
2+ an 
iL ol 
tele etieeteta * a 
=2 aL 2 t t iia” ~ 
to 2 A 
—2-++ Pee 


oe In Exercises 33-38, use a graphing utility to graph the func- 


tion, and use the Horizontal Line Test to determine whether 
the function is one-to-one and so has an inverse function. 
4-x 

6 
35. h(x) = |x + 4| — |x -4| 
36. g(x) = (x + 5)3 
37. f(x) = —2x/16 — 2 
38. f(x) =3(4 + 22-1 


33. g(x) = 34. f(x) = 10 
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In Exercises 39-54, (a) find the inverse function of f, 
(b) graph both f and f— on the same set of coordinate axes, 


(c) describe the relationship between the graphs of f and 
f—', and (d) state the domain and range of f and f~. 


39. f(x) = 2x — 3 40. f(x) =3x+1 
41. f(x) = -—2 42. f(x) = +1 
43. f(x) = Vx 44, f(x) =x?, x20 
45. f(y) = V4-2, OS x<2 
46. f(x) =x? -2, x <0 
47, #@) =* 4B. #@) = —2 

x x 

Daa a | K=3 
49. fx) = 50. fQ) = 
51. fw =%-1 52. f(x) = x3/5 

6x +4 8x — 4 
53. f(x) = dn 5 54. f(x) = ye EG 


In Exercises 55-68, determine whether the function has an 
inverse function. If it does, find the inverse function. 


1 
55. f(x) = x4 56. f(x) =s 
x 
x 
57. g(x) = : 58. f(x) = 3x +5 
+4 
0. 3) =a Fie ee 
61. f(x) = («+ 3), x = -3 62. g(x) = (x — 5)? 
x+3, x<0O 2 Paes x<0 
63. f@) = E —x, x20 64. FQ) = 2 —3x, x>0 
4 
65. h(x) = 3 66. f(x) =|x-2|, x<2 
y 
A 
1+ 
Pt ttt 
=e il 
aL Xx 
67. f(x) = V2x 43 68. f(x) = Vx — 2 
Ra y 
A A 
at 7k 
ae oe 
24 vee 
i ie. 
t+—+—_+# t+—+> x I t t+—|+>> x 
eo alt 2-141123 
Zope =A8 
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In Exercises 69-74, use the functions given by 
f(x) = 4x — 3 and g(x) = x? to find the indicated value or 
function. 

69. (f-'eg"')(1) 
71. (f lef ')(6) 
73: (fog) 


70. (g-ef')(—3) 
72. (g-'eg” ')(—4) 
74. g lof! 


In Exercises 75-78, use the functions given by f(x) = x + 4 
and g(x) = 2x — 5 to find the specified function. 


75. glef 7} 76. f-leg 
77. (fog)! 78. (gef)! 


79. U.S. Households The numbers of households f (in 
thousands) in the United States from 1995 to 2003 are 
shown in the table. The time (in years) is given by ¢, 
with t=5 corresponding to 1995. (Source: U.S. 
Census Bureau) 


(a Year, 


Households, f (t) 


98,990 

99,627 
101,018 
102,528 
103,874 
104,705 
108,209 
109,297 
111,278 


(a) Find f~!(108,209). 
(b) What does f~! mean in the context of the problem? 
faicd (c) Use the regression feature of a graphing utility to 
find a linear model for the data, y= mx +b. 
(Round m and b to two decimal places.) 
acd (d) Algebraically find the inverse function of the linear 
model in part (c). 
ac (e) Use the inverse function of the linear model you 
y 
found in part (d) to approximate f'(117, 022). 
fac (f) Use the inverse function of the linear model you 
found in part (d) to approximate f~'(108,209). How 
does this value compare with the original data 
shown in the table? 


80. 


81. 


Digital Camera Sales The factory sales f (in millions of 
dollars) of digital cameras in the United States from 1998 
through 2003 are shown in the table. The time (in years) is 
given by ¢, with t = 8 corresponding to 1998. (Source: 
Consumer Electronincs Association) 


Sales, f(t) 
8 519 
9 1209 
10 1825 
11 1972 
12 2794 
13 3421 


(a) Does f 7 exist? 

(b) If f~! exists, what does it represent in the context of the 
problem? 

(c) If f exists, find f'(1825). 

(d) If the table was extended to 2004 and if the factory 
sales of digital cameras for that year was $2794 
million, would f~! exist? Explain. 

Miles Traveled The total numbers f (in billions) 

of miles traveled by motor vehicles in the United States 

from 1995 through 2002 are shown in the table. The time 

(in years) is given by ft, with tf = 5 corresponding to 1995. 

(Source: U.S. Federal Highway Administration) 


Miles traveled, f (0) 


5 2423 
6 2486 
7 2562 
8 2632 
9 2691 
10 2747 
11 2197 
12 2856 


(a) Does f~! exist? 

(b) If f~! exists, what does it mean in the context of the 
problem? 

(c) If f~! exists, find f~!(2632). 

(d) If the table was extended to 2003 and if the total 


number of miles traveled by motor vehicles for that 
year was 2747 billion, would f~! exist? Explain. 


82. Hourly Wage Your wage is $8.00 per hour plus $0.75 for 
each unit produced per hour. So, your hourly wage y in 
terms of the number of units produced is 


y=8 + 0.75x. 


(a) Find the inverse function. 
(b) What does each variable represent in the inverse 
function? 
(c) Determine the number of units produced when your 
hourly wage is $22.25. 
83. Diesel Mechanics The function given by 


y = 0.03x? + 245.50, 0 <x < 100 


approximates the exhaust temperature y in degrees 
Fahrenheit, where x is the percent load for a diesel engine. 


(a) Find the inverse function. What does each variable 
represent in the inverse function? 


& (b) Use a graphing utility to graph the inverse function. 


(c) The exhaust temperature of the engine must not exceed 
500 degrees Fahrenheit. What is the percent load 
interval? 


84. Cost You need a total of 50 pounds of two types of 
ground beef costing $1.25 and $1.60 per pound, 
respectively. A model for the total cost y of the two types 
of beef is 


y = 1.25x + 1.60(50 — x) 
where x is the number of pounds of the less expensive 
ground beef. 


(a) Find the inverse function of the cost function. What 
does each variable represent in the inverse function? 


(b) Use the context of the problem to determine the 
domain of the inverse function. 


(c) Determine the number of pounds of the less expensive 
ground beef purchased when the total cost is $73. 


Synthesis 


True or False? _\n Exercises 85 and 86, determine whether 
the statement is true or false. Justify your answer. 
85. If f is an even function, f~! exists. 


86. If the inverse function of f exists and the graph of f has a 
y-intercept, the y-intercept of f is an x-intercept of f~!. 


87. Proof Prove that if f and g are one-to-one functions, then 
(fg) = (97 of )@). 

88. Proof Prove that if f is a one-to-one odd function, then 
f | is an odd function. 
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In Exercises 89-92, use the graph of the function f to create 
a table of values for the given points. Then create a second 
table that can be used to find f—', and sketch the graph of 
f— if possible. 


89. y 90. y 


91. 


93. Think About It The function given by 

F(x) = K(2 — x — x’) 

has an inverse function, and f~1(3) = —2. Find k. 
94. Think About It The function given by 


f(x) = k08 + 3x — 4) 


has an inverse function, and f~1(—5) = 2. Find k. 
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ie | Chapter Summary 


What did you learn? 


Section P.1 Review Exercises 
Represent and classify real numbers (p. 2). 1,2 
Order real numbers and use inequalities (p. 3). 3-6 
Find the absolute values of real numbers and find the distance between 7-10 
two real numbers (p. 5). 

Evaluate algebraic expressions (p. 6). 11,12 
Use the basic rules and properties of algebra (p. 8). 13-22 

Section P.2 
Identify different types of equations (p. 72). 23,24 
Solve linear equations in one variable and equations that lead to linear 25-32 
equations (p. 72). 

Solve quadratic equations by factoring, extracting square roots, completing 33-42 
the square, and using the Quadratic Formula (p. 75). 

Solve polynomial equations of degree three or greater (p. 79). 43-46 
Solve equations involving radicals (p. 20). 47-52 
Solve equations with absolute values (p. 27). 53-56 


Section P.3 


Plot points in the Cartesian plane (p. 26). 57-60 
Use the Distance Formula to find the distance between two points (p. 28). 61-64 
Use the Midpoint Formula to find the midpoint of a line segment (p. 29). 61-64 
Use a coordinate plane to model and solve real-life problems (p. 30). 65,66 
Sketch graphs of equations (p. 37). 67-70 
Find x- and y-intercepts of graphs of equations (p. 32). TA, 72 
Use symmetry to sketch graphs of equations (p. 33). 73-80 
Find equations of and sketch graphs of circles (p. 35). 81-86 
Section P.4 
Use slope to graph linear equations in two variables (p. 40). 87-94 
Find slopes of lines (p. 42). 95-98 
Write linear equations in two variables (p. 44). 99-106 
Use slope to identify parallel and perpendicular lines (p. 45). 107, 108 
Use slope and linear equations in two variables to model and solve real-life 109, 110 


problems (p. 46). 
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Section P.5 Review Exercises 
Determine whether relations between two variables are functions (p. 55). 111-116 
Use function notation and evaluate functions (p. 57). laly/palalie 
Find the domains of functions (p. 59). 119-124 
Use functions to model and solve real-life problems (p. 60). 125, 126 
Evaluate difference quotients (p. 61). 127,128 

Section P.6 
Use the Vertical Line Test for functions (p. 70). 129-132 
Find the zeros of functions (p. 77). 133-136 
Determine intervals on which functions are increasing or decreasing and determine 137-142 
relative maximum and relative minimum values of functions (p. 72). 

Determine the average rate of change of a function (p. 74). 143-146 
Identify even and odd functions (p. 75). 147-150 

Section P.7 
Identify and graph linear and squaring functions (p. 87). 151-154 
Identify and graph cubic, square root, and reciprocal functions (p. 83). 155-160 
Identify and graph step and other piecewise-defined functions (p. 84). 161-164 
Recognize graphs of parent functions (p. 85). 165, 166 

Section P.8 
Use vertical and horizontal shifts to sketch graphs of functions (p. 89). 167-170 
Use reflections to sketch graphs of functions (p. 91). 171-176 
Use nonrigid transformations to sketch graphs of functions (p. 93). 177-180 

Section P.9 
Add, subtract, multiply, and divide functions (p. 99). 181, 182 
Find the composition of one function with another function (p. 701). 183-186 
Use combinations and compositions of functions to model and solve real-life 187, 188 


problems (p. 103). 


Section P.10 
Find inverse functions informally and verify that two functions are inverse functions 189, 190 
of each other (p. 708). 


Use graphs of functions to determine whether functions have inverse functions (p.710). 191,192 


Use the Horizontal Line Test to determine if functions are one-to-one (p. 111). 193-196 
Find inverse functions algebraically (p. 172). 197-202 
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Pt | In Exercises 1 and 2, determine which numbers in the 
set are (a) natural numbers, (b) whole numbers, (c) integers, 
(d) rational numbers, and (e) irrational numbers. 

1. {11, -14, -§8,3, V6, 0.4} 

2. {V15, —22, —¥, 0, 5.2, # 


In Exercises 3 and 4, use a calculator to find the decimal 
form of each rational number. If it is a nonterminating 
decimal, write the repeating pattern. Then plot the numbers 
on the real number line and place the appropriate 
inequality sign (< or >) between them. 
5 7 
3. (a) & (b) 3 
9 5 
4. (a) 35) (b) 7 
In Exercises 5 and 6, give a verbal description of the subset 


of real numbers represented by the inequality, and sketch 
the subset on the real number line. 


5.x <7 
6.x>1 


In Exercises 7 and 8, find the distance between a and b. 


7. a= —92,b = 63 
8. a = —112,b = -6 


In Exercises 9 and 10, use absolute value notation to 
describe the situation. 


9, The distance between x and 7 is at least 4. 


10. The distance between x and 25 is no more than 10. 


In Exercises 11 and 12, evaluate the expression for each 
value of x. 


Expression Values 
11. 12x —7 (a) x =0 (b) x= —-1 
12. x7 — 6x + 5 (a) x = —2 (b) x =2 


In Exercises 13-16, identify the rule of algebra illustrated 
by the statement. 


13. 2x + (3x — 10) = (2x + 3x) — 10 
14. 4(¢+ 2) =4-1+4-2 
15.0+ (a-—5)=a-—5 
2 y+4 
yt+4 2 


16. 


In Exercises 17-22, perform the operation without using a 
calculator. 


17. |—3| + 4(-2) - 6 18. + 
19.579 
21. 6[4 — 2(6 + 8)] 


20. (16 — 8) +4 
22. 4/16. — 30 = 10] 


In Exercises 23 and 24, determine whether the equa- 
tion is an identity or a conditional equation. 


23. 6 — (x — 2)? =2 + 4x — x? 
24. 3(x — 2) + 2x = 2(x + 3) 


In Exercises 25-32, solve the equation (if possible) and 
check your solution. 

25. 3x — 2(x + 5) = 10 26. 4x + 2(7 — x) = 5 
27. 4(x + 3) — 3 = 2(4 — 3x) -4 

28. (x — 3) - 2+ 1) =5 

x 4x — 3 


29, 2-35 


x 

= + : +> =x- 

5 3 1 30 6 4 as 
18 10 5 13 
ae 9 as 


In Exercises 33-42, use any method to solve the quadratic 
equation. 


33. 15 + x — 2x7 =0 34. 2x7 —x—- 28 =0 
35. 6 = 3x? 36. 16x? = 25 

37. (x + 4)? = 18 38. (x — 8)? = 15 

39, x2 — 12x + 30=0 40. x27 + 6x -3 =0 
41. —2x? — 5x +27=0 42. —20 — 3x + 3x7 =0 


In Exercises 43-56, find all solutions of the equation. Check 
your solutions in the original equation. 


43. 5x* — 127 =0 44. 4x3 — 6x7 =0 
45. x4 — 5x7 +6=0 


46. 9x4 + 27x3 — 4x? — 12x =0 
47. /x+4=3 48. /x —-2-8=0 


49. /2x+34+ /x-2=2 
50. 5/x — Vx —1=6 
51. (x — 12/3 - 25 =0 
53. |x — 5| = 10 

55. |x? — 3| = 2x 


52. (x + 2)3/4 = 27 
54, 2x + 3| =7 
56. |x? — 6| = x 


In Exercises 57 and 58, plot the points in the 
Cartesian plane. 


57. (2, 2), (0, —4), (—3, 6), (-1, -7) 
58. (5, 0), (8, 1), (4, —2), (—3, —3) 


In Exercises 59 and 60, determine the quadrant(s) in which 
(x, y) is located so that the condition(s) is (are) satisfied. 


59. x > Oandy = —2 60. y>0 

In Exercises 61-64, (a) plot the points, (b) find the 
distance between the points, and (c) find the midpoint of 
the line segment joining the points. 


61. (—3, 8), (1, 5) 62. (—2, 6), (4, —3) 
63. (5.6, 0), (0, 8.2) 64. (0, — 1.2), (—3.6, 0) 


65. Sales The Cheesecake Factory had annual sales of 
$539.1 million in 2001 and $773.8 million in 2003. Use the 
Midpoint Formula to estimate the sales in 2002. (Source: 
The Cheesecake Factory, Inc.) 


66. Meteorology The apparent temperature is a measure of 
relative discomfort to a person from heat and high 
humidity. The table shows the actual temperatures x (in 
degrees Fahrenheit) versus the apparent temperatures y (in 
degrees Fahrenheit) for a relative humidity of 75%. 


x | 70} 75 | 80 | 85 | 90 | 95 100 


y | 70 | 77 | 85 | 95 | 109 | 130 | 150 


(a) Sketch a scatter plot of the data shown in the table. 


(b) Find the change in the apparent temperature when the 
actual temperature changes from 70°F to 100°F. 


In Exercises 67-70, complete a table of values. Use the 
solution points to sketch the graph of the equation. 


68. y= —3x + 2 
70. y= 2x7 -x-9 


.y=3xss 
69. y= x? — 3x 


In Exercises 71 and 72, find the x- and y-intercepts of the 
graph of the equation. 
71. y=(« -— 3? - 


y 


72. y= |x + 1| -3 
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In Exercises 73-80, use the algebraic tests to check for 
symmetry with respect to both axes and the origin. Then 
sketch the graph of the equation. 


73. y= —4x4+ 1 74. y=5x —- 6 
75. y=5-—x? 76. y =x? — 10 
771 y=xe+3 78. y= —-6-—%x7 
79. y= VJ/x45 80. y = |x| +9 


In Exercises 81-84, find the center and radius of the circle 
and sketch its graph. 
81. 0° +y =9 
83. (x — 4)" + (y + 1)? = 36 
84, (x + 4)? + (y — 3)? = 100 


82. x7 +y? =4 


85. Find the standard form of the equation of the circle for 
which the endpoints of a diameter are (0, 0) and (4, — 6). 

86. Find the standard form of the equation of the circle for 
which the endpoints of a diameter are (—2, —3) and 
(4, —10). 


| P.4 | In Exercises 87-94, find the slope and y-intercept (if 
possible) of the equation of the line. Sketch the line. 


87. y= —-2x -—7 88. y = 4x — 3 
89. y=6 90. x = —3 
91. y= 3x + 13 92. y= —-10x + 9 


93. y=—3x-1 94. y=?x +5 


In Exercises 95-98, plot the points and find the slope of the 


line passing through the pair of points. 


96. (—1, 8), (6, 5) 
98. (—3, 2), (8, 2) 


95. (3, —4), (-7, 1) 
97. (—4.5, 6), (2.1, 3) 


In Exercises 99-102, find the slope-intercept form of the 
equation of the line that passes through the given point 
and has the indicated slope. Sketch the line. 


Point Slope 
99. (0, —5) m=3 
100. (—2, 6) m = 
101. (10, —3) m=-4 
102. (—8, 5) m is undefined. 


In Exercises 103-106, find the slope-intercept form of the 
equation of the line passing through the points. 


103. (0,0), (0, 10) 104. (2,5), (—2, -1) 
105. (—1, 4), (2, 0) 106. (11, —2), (6, —1) 
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In Exercises 107 and 108, write the slope-intercept forms of 
the equations of the lines through the given point (a) paral- 
lel to the given line and (b) perpendicular to the given line. 


Point Line 
107. (3, —2) 5x — 4y =8 
108. (—8, 3) 2x + 3y =5 


109. Sales During the second and third quarters of the year, 
a salvage yard had sales of $160,000 and $185,000, 
respectively. The growth of sales follows a linear pattern. 
Estimate sales during the fourth quarter. 


110. Inflation The dollar value of a product in 2005 is $85, 
and the product is expected to increase in value at a rate 
of $3.75 per year. 


(a) Write a linear equation that gives the dollar value 
V of the product in terms of the year ¢. (Let t = 5 
represent 2005.) 


ao (b) Use a graphing utility to graph the equation found in 
part (a). 

acd (c) Move the cursor along the graph of the sales model to 
estimate the dollar value of the product in 2010. 


ey) In Exercises 111 and 112, determine which of the 
sets of ordered pairs represents a function from A to B. 
Explain your reasoning. 


111. A = {10, 20, 30, 40} and B = {0, 2, 4, 6} 
(a) {(20, 4), (40, 0), (20, 6), (30, 2)} 
(b) {(10, 4), (20, 4), (30, 4), (40, 4)} 
(c) {(40, 0), (30, 2), (20, 4), (10, 6)} 
(d) {(20, 2), (10, 0), (40, 4)} 
112. A = {u, v, w} and B = {—2, —1,0, 1, 2} 
(a) {(v, — 1), (u, 2), (w, 0), (4, —2)} 
(b) {(u, —2), (v, 2), w, 1} 
(c) {(u, 2), (v, 2), (w, 1), Ow, 1} 
(d) {(w, —2), (v, 0), (w, 2)} 


In Exercises 113-116, determine whether the equation 
represents y as a function of x. 


113. 16x — yt = 
115. y= J1-x 


114. 2x-y-3=0 
116. |y| =x +2 


In Exercises 117 and 118, evaluate the function at each spec- 
ified value of the independent variable and simplify. 


2xe+1, xs =I 
107. h{x) = 2 ae | 
(a) h(—2) —(b) A(-1) (c) h(0) (d) A(2) 


4 
xr+1 
(a) f() (b) f(-S) 


118. f(x) = 


(c) f(-1) — d) f(0) 


In Exercises 119-124, find the domain of the function. 
Verify your result with a graph. 


119. f(x) = V25 — x? 120. f(x) = 3x + 4 


121. ¢(s) = —> 122, f(x) = Jz? + Bx 


3s: — 9 


123. h(x) = =—"— 


5 124. A(t) = |r + 1| 


125. Physics The velocity of a ball projected upward from 
ground level is given by v(t) = —32r + 48, where f is the 
time in seconds and v is the velocity in feet per second. 
(a) Find the velocity when t = 1. 

(b) Find the time when the ball reaches its maximum 
height. [Hint: Find the time when v(t) = 0.] 
(c) Find the velocity when t = 2. 

126. Total Cost A hand tool manufacturer produces a prod- 
uct for which the variable cost is $5.35 per unit and the 
fixed costs are $16,000. The company sells the product 
for $8.20 and can sell all that it produces. 


(a) Find the total cost as a function of x, the number of 
units produced. 


(b) Find the profit as a function of x. 


| In Exercises 127 and 128, find the difference quotient and 
simplify your answer. 


f(x + h) — f@) 


127. f(x) = 2x? + 3x - 1, A h#0 
8 ee seee - min =I 5 


 P.6 | In Exercises 129-132, use the Vertical Line Test to 
determine whether y is a function of x. To print an enlarged 
copy of the graph, go to the website www.mathgraphs.com. 


129. y = (x — 3 130. y = —2x3 — 2x + 1 


Y 
rey 


In Exercises 133-136, find the zeros of the function 
algebraically. 

133. f(x) = 3x? — 16x + 21 
8x + 3 

ll-x 

136. f(x) = 2 — x? —25x +25 


134. f(x) = 5x? + 4x -1 


135. f(x) = 


In Exercises 137 and 138, determine the intervals over 
which the function is increasing, decreasing, or constant. 


137. f(x) = |x| + |x + 1| 138. f(x) = (2 — 4) 


acd In Exercises 139-142, use a graphing utility to graph the 


function and approximate (to two decimal places) any 
relative minimum or relative maximum values. 

139. f(x) = —? + 2x 41 
141. f(x) = x — 6x47 

142. f(x) = -—47?4+2x%-1 


140. f(x) = x4 — 4x? - 2 


In Exercises 143-146, find the average rate of change of the 
function from x, to x3. 

x-Values 

143. f(xy) =-x° + 8-4 x, =0,x,=4 

144, f() =x° + 12x —-2 x, =0,x,=4 


Function 


145. fx) =2- Vx Fl x, =3,x,=7 
146. fx) =1- Vx +3 x, =1,x, =6 


In Exercises 147-150, determine whether the function is 
even, odd, or neither. 


147. f(x) =x° + 4x -—7 148. f(x) = x+ — 20x? 


Review Exercises 123 


149. f(x) = 2x J? +3 150. f(x) = Sex 


WA) In Exercises 151-154, write the linear function f such 
that it has the indicated function values. Then sketch the 
graph of the function. 

151. f(2) = —6, f(-1) =3 

152. f(0) = —5, f(4) = -8 

153. f(—3) = 2, AS) = 

154. f(3.3) = 5.6, f(-4.7) = -14 


In Exercises 155-164, graph the function. 
155. f(x) = 3 — x7 156. h(x) = x° — 2 


157. f(x) = —Vx 158. f(x) = /x +1 
3 1 
159. g(x) = m 160. g(x) = eS 
161. f(x) = [x] - 2 162. g(x) = [+ + 4] 
5x = 3, xS —1 
tess i an +5, x<-1 
x2-2, x<-2 
164. f(x) = 45, —-2<x<0 
Se 5; SO 


In Exercises 165 and 166, the figure shows the graph of a 
transformed parent function. Identify the parent function. 


165. y 166. y 
A 
10 -+- gt 
8+ all 
6+ 
4 
4+ 
2+ car 
——f-——}—-- « oma * 
Sais = eee ae: 
ul 


| P8 | In Exercises 167-180, h is related to one of the parent 
functions described in this chapter. (a) Identify the parent 
function f. (b) Describe the sequence of transformations 
from f to h. (c) Sketch the graph of h. (d) Use function 
notation to write h in terms of f. 


167. h(x) =x? —9 168. A(x) = (x — 23 +2 
169. A(x) = Vx —7 170. h(x) = |x + 3| — 5 
171. AG) =—-( +32 +1 172. hk) =-(—-—5—-5 
173. A(x) = —[y] + 6 174. h(x) = —-V/e +149 
175. A(x) = —|-x + 4| +6 176. h@®) =—-@+ 1" -3 
177. h(x) = Sfx — 9] 178. h(x) = —3x3 

179. h(x) = —2/x —4 180. h(x) = 4|x| — 1 
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In Exercises 181 and 182, find (a) (f + g)(x), 
(b) (f — g)(x), (c) (fg)(«), and (d) (f/g)(x). What is the 
domain of f/g? 


181. f(x) =2° +3, gx) =2x-1 

182. f(x) =»? -—4, g(x) = V3 -x 

In Exercises 183 and 184, find (a) f° g and (b) g ef. Find 
the domain of each function and each composite function. 


183. f(x) =4x-3, g(x) =3x+1 
184. f(x) =~ -—4, gx) =Y¥x4+7 


fi In Exercises 185 and 186, find two functions f and g such 
that (f ° g)(x) = h(x). (There are many correct answers.) 


185. h(x) = (6x — 5)3 
186. h(x) =x +2 
187. Electronics Sales The factory sales (in millions of 


dollars) for VCRs v(t) and DVD players d(t) from 1997 to 
2003 can be approximated by the functions 


v(t) = —31.8677 + 233.6r + 2594 


and 


d(t) = —4.181? + 571.0¢ — 3706 
where f represents the year, with t = 7 corresponding to 
1997. (Source: Consumer Electronics Association) 
(a) Find and interpret (v + d)(t). 
& (b) Use a graphing utility to graph v(t), d(‘), and the 
function from part (a) in the same viewing window. 
aid (c) Find (v + d)(10). Use the graph in part (b) to verify 
your result. 
188. Bacteria Count The number N of bacteria in a refriger- 
ated food is given by 
N(T) = 25T? — 50T + 300, 2< T < 20 


where T is the temperature of the food in degrees Celsius. 
When the food is removed from refrigeration, the temper- 


ature of the food is given by 
T(t) =2r+1, O<t<9 


where f is the time in hours (a) Find the composition 
N(T(t)) and interpret its meaning in context and (b) find 
the time when the bacterial count reaches 750. 


P.10| In Exercises 189 and 190, find the inverse function of 
f informally. Verify that f(f-'(Q)) = x and f—'(f(x)) = x. 


189. f(x) =x -7 
190. f(x) =x +5 


In Exercises 191 and 192, determine whether the function 
has an inverse function. 


191. y 192. y 
A A 
4 2G ae 
rele 
Eee x 
= de pA 
sail 


ac In Exercises 193-196, use a graphing utility to graph the 


function, and use the Horizontal Line Test to determine 
whether the function is one-to-one and so has an inverse 
function. 


194, f(x) = (x — 1) 


196. 9(x) = Vx + 6 


193. f(x) = 4 - 4x 


195. h(t) _ =. 


In Exercises 197-200, (a) find the inverse function of f, 
(b) graph both f and f— on the same set of coordinate axes, 
(c) describe the relationship between the graphs of f and 
f—', and (d) state the domain and range of f and f~". 

197. f(x) =3x -3 198. f(x) = 5x —7 

199. f(xy) = Vx +1 200. f(x) =.3 +2 


In Exercises 201 and 202, restrict the domain of the func- 
tion f to an interval over which the function is increasing 
and determine f— over that interval. 

201. f(x) = 2(x — 4) 

202. f(x) = |x — 2| 


Synthesis 


True or False? \n Exercises 203 and 204, determine 
whether the statement is true or false. Justify your answer. 


203. Relative to the graph of f(x) = /x, the function given by 
h(x) = —/x + 9 — 13 is shifted 9 units to the left and 
13 units downward, then reflected in the x-axis. 

204. If f and g are two inverse functions, then the domain of g 
is equal to the range of f- 


205. Writing Explain why it is essential to check your solu- 
tions to radical, absolute value, and rational equations. 


206. Writing Explain how to tell whether a relation between 
two variables is a function. 


207. Writing Explain the difference between the Vertical 
Line Test and the Horizontal Line Test. 
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Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 


1. Place < or > between the real numbers —*2 and —|—4]. 
2. Find the distance between the real numbers —5.4 and 33. 
3. Identify the rule of algebra illustrated by (5 — x) +0 =5 — x. 


In Exercises 4-9, solve the equation (if possible). 


4. Ax — 1) + 4x = 10 5. (x — 3)(x + 2) = 14 
-2 4 
a +4=0 7. X*+ x? =6=0 
Kae Q. es 2. 
8. 2/x-— Je +1=1 9, |3x —1| =7 


10. Plot the points (—2,5) and (6, 0). Find the coordinates of the midpoint of the line 
segment joining the points and the distance between the points. 


In Exercises 11-13, check for symmetry with respect to both axes and the origin. 
Then sketch the graph of the equation. Identify any x- and y-intercepts. 


ll. y=4-3x 12. y=4- (x - 2) 13. y=x— x3 
14. Find the center and radius of the circle given by (x — 3)? + y* = 9. Then sketch its 
graph. 


15. Find an equation of the line that passes through the point (3, 8) and is (a) parallel to 
and (b) perpendicular to the line —4x + 7y = —5. 


16. Evaluate the functions given by f(x) = |x + 2| — 15 at each specified value of the 
independent variable and simplify. 


(a) f(-8) — (b) F114) ©) FQ — 6) 


In Exercises 17-19, (a) use a graphing utility to graph the function, (b) determine the 
domain of the function, (c) approximate the intervals over which the function is 
increasing, decreasing, or constant, and (d) determine whether the function is even, 
odd, or neither. 


17. f(x) = 2x® + 5x4 — x? 18. f(x) = 4x/3 -— x 19. f(x) = |x +5| 

In Exercises 20-22, (a) identify the parent function in the transformation, (b) describe 
the sequence of transformations from f to h, and (c) sketch the graph of h. 

20. A(x) = —[b] 21. A(x) =-Ve+54+8 22. A(x) =4 |x + 1] -3 
In Exercises 23 and 24, find (a) (f + g)(x), (b) (fF — g)(x), (©) (fg)(x), (d) (f/9)(x), 
(e) (f  g)(x), and (f) (g ° f)(x). 


23. f(x) = 3x7 -7, g() = -x? -— 4x +5 24. f(x) = . e(x) = 2/x 


In Exercises 25-27, determine whether the function has an inverse function, and if 
so, find the inverse function. 


i le 26. fx) =|2- 3, +6 27. fa) = a 


Proofs in Mathematics 


What does the word proof mean to you? In mathematics, the word proof is used 
to mean simply a valid argument. When you are proving a statement or theorem, 
you must use facts, definitions, and accepted properties in a logical order. You 
can also use previously proved theorems in your proof. For instance, the Distance 
Formula is used in the proof of the Midpoint Formula below. There are several 
different proof methods, which you will see in later chapters. 


The Midpoint Formula (p. 29) 


The midpoint of the line segment joining the points (x,, y,) and (x5, y>) is 
given by the Midpoint Formula 


are xy + xX y+ 22) 
Midpoint ( >? > ; 
Proof 
The Cartesian Plane Using the figure, you must show that d, = d, and d, + d, = d,. 
The Cartesian plane was named y 


after the French mathematician jee 0 
René Descartes (1596-1650). 
While Descartes was lying in 
bed, he noticed a fly buzzing 
around on the square ceiling 
tiles. He discovered that the 
position of the fly could be 
described by which ceiling tile 
the fly landed on. This led to the 
development of the Cartesian 
plane. Descartes felt that a 
coordinate plane could be used 


to facilitate description of the me xy +X Wa Se YA : 
Ae R d, = 3% |) ar Mi 
positions of objects. 2 zZ 


X, +Xy a 
2 ® 


By the Distance Formula, you obtain 


a sVG Zz x)? ar (yo = y) 


sv G5 = xy)? (9 =)” 


dS (a) 
So, it follows that d, = d, and d, + d, = d,. 
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Problem Solving 


This collection of thought-provoking and challenging exercises further explores 
and expands upon concepts learned in this chapter. 


1. As a salesperson, you receive a monthly salary of $2000, 


plus a commission of 7% of sales. You are offered a new job 
at $2300 per month, plus a commission of 5% of sales. 


(a) Write a linear equation for your current monthly wage 
W, in terms of your monthly sales S. 


(b) Write a linear equation for the monthly wage W, of your 
new job offer in terms of the monthly sales S. 


aed (c) Use a graphing utility to graph both equations in the 


same viewing window. Find the point of intersection. 
What does it signify? 


(d) You think you can sell $20,000 per month. Should you 
change jobs? Explain. 

. For the numbers 2 through 9 on a telephone keypad (see 

figure), create two relations: one mapping numbers onto 

letters, and the other mapping letters onto numbers. Are both 

relations functions? Explain. 


. What can be said about the sum and difference of each of the 
following? 


(a) Two even functions (b) Two odd functions 
(c) An odd function and an even function 


. The two functions given by 
fea aul ge) = 


are their own inverse functions. Graph each function and 
explain why this is true. Graph other linear functions that are 
their own inverse functions. Find a general formula for a 
family of linear functions that are their own inverse functions. 


. Prove that a function of the following form is even. 
WY = Gig dP AP Gin, gO? Sb O92 IE yt SP di 


. A miniature golf professional is trying to make a hole-in- 
one on the miniature golf green shown. A coordinate plane 
is placed over the golf green. The golf ball is at the point 
(2.5, 2) and the hole is at the point (9.5, 2). The professional 
wants to bank the ball off the side wall of the green at the 
point (x, y). Find the coordinates of the point (x, y). Then 
write an equation for the path of the ball. 


FIGURE FOR 6 


. At 2:00 p.m. on April 11, 1912, the Titanic left Cobh, Ireland, 


on her voyage to New York City. At 11:40 p.m. on April 14, 
the Titanic struck an iceberg and sank, having covered only 
about 2100 miles of the approximately 3400-mile trip. 


(a) What was the total length of the Titantic’s voyage in 
hours? 


(b) What was the Titantic’s average speed in miles per hour? 


(c) Write a function relating the Titantic’s distance from 
New York City and the number of hours traveled. Find 
the domain and range of the function. 


(d) Graph the function from part (c). 


is. Consider the function given by f(x) = —x? + 4x — 3. Find 


the average rate of change of the function from x, to x). 
(@) 2% = Ihe SZ (Oy se = Wham = Is 
(c) x, = 1,x, = 1.25 

(@)y 3%, = tae = IL Ies) 

(©) a= Ie = 1.0625 


(f) Does the average rate of change seem to be approaching 
one value? If so, what value? 

(g) Find the equation of the secant line through the points 
(%1,,fq)) and (x2, f(x) for parts (a)-(e). 

(h) Find the equation of the line though the point (1, f(1)) 
using your answer from part (f) as the slope of the line. 


. Consider the functions given by f(x) = 4x and g(x) = x + 6. 


(a) Find (f° g)(x). 
(b) Find (f° g)~'(x). 
(c) Find f~!(x) and g~!(x). 


(d) Find (g~! °f~!)(x) and compare the result with that of 
part (b). 


(e) Repeat parts (a) through (d) for f(x) =2.° + 1 and 
g(x) = 2x. 


(f) Write two one-to-one functions f and g, and repeat 
parts (a) through (d) for these functions. 


(g) Make a conjecture about (f ° g)~!(x) and (g~! °f~!)(a). 
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10. You are in a boat 2 miles from the nearest point on the 
coast. You are to travel to a point Q, 3 miles down the coast 
and | mile inland (see figure). You can row at 2 miles per 
hour and walk at 4 miles per hour. 


Ve ee 


S 


. ee, rs 
<— 3 mi — Q Not drawn to scale. 


(a) Write the total time 7 of the trip as a function of x. 
(b) Determine the domain of the function. 
fa (c) Use a graphing utility to graph the function. Be sure to 
choose an appropriate viewing window. 
a (d) Use the zoom and trace features to find the value of x 
that minimizes T. 
ac (e) Write a brief paragraph interpreting these values. 
11. The Heaviside function H(x) is widely used in engineering 
applications. (See figure.) To print an enlarged copy of the 
graph, go to the website www.mathgraphs.com. 


EGS) = | 


I, #20 
0, <0 


Sketch the graph of each function by hand. 


(a) H@)-2 (b) H@-2) (©) -AG®) 
(d) H(-x) — (e) 5x) (f) -H@ - 2) +2 
yy 
A 
3-4 
2-- 
1o——————_ 
+++ HH 
—3 -2 -1 ile 2 3) 
=aab 
-3-+ 


12. Let f(@) = i - 


(a) What are the domain and range of f? 
(b) Find f(f(x)). What is the domain of this function? 
(c) Find f(f(f())). Is the graph a line? Why or why not? 
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13. 


14. 


Show that the Associative Property holds for compositions 
of functions—that is, 


GP EG) Gh 2) n)x), 


Consider the graph of the function f shown in the figure. 
Use this graph to sketch the graph of each function. To 
print an enlarged copy of the graph, go to the website 
www.mathgraphs.com. 


(a) f@+1) () f&)+1 © 24) @ f(x) 
() —f™) =) |F@! —(g) Fl) 
y 
A 
4—-— 


15. Use the graphs of f and f' to complete each table of 


function values. 


| ier, 

(a) | x =f | =2| G4 
(F(f-'(@)) 

(b) Re 3 | =2 0 1 
Gf Je) 

oe =3 | =o |) | 4 
Gi) 

i”) i -4]-3 0) 4 
|f-'@)| 


Trigonometry 


Radian and Degree Measure 


1.2  Trigonometric Functions: The Unit Circle 
1.3 Right Triangle Trigonometry 

1.4 Trigonometric Functions of Any Angle 
1.5 Graphs of Sine and Cosine Functions 

1.6 Graphs of Other Trigonometric Functions 
1.7. Inverse Trigonometric Functions 

1.8 Applications and Models 


Airport runways are named on the 
basis of the angles they form with 
due north, measured in a clockwise 
direction. These angles are called 
bearings and can be determined 
using trigonometry. 


Rajs/Photonica/Getty Images 


SELECTED APPLICATIONS 


Trigonometric functions have many real-life applications. The applications listed below represent a 
small sample of the applications in this chapter. 


¢ Speed of a Bicycle, ¢ Respiratory Cycle, ¢ Security Patrol, 
Exercise 108, page 141 Exercise 73, page 178 Exercise 97, page 199 
e Machine Shop Calculations, e Data Analysis: Meteorology, ¢ Navigation, 
Exercise 69, page 158 Exercise 75, page 178 Exercise 29, page 208 
e Sales, e Predator-Prey Model, ¢ Wave Motion, 


Exercise 88, page 168 Exercise 77, page 189 Exercise 60, page 210 
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‘i Radian and Degree Measure 


What you should learn 


* Describe angles. 
* Use radian measure. 
+ Use degree measure. 


+ Use angles to model and 
solve real-life problems. 


Why you should learn it 


© Wolfgang Rattay/Reuters/Corbis 


The HM mathSpace® CD-ROM and 
Eduspace® for this text contain 

additional resources related to the 
concepts discussed in this chapter. 


Angles 


As derived from the Greek language, the word trigonometry means “measure- 
ment of triangles.” Initially, trigonometry dealt with relationships among the 
sides and angles of triangles and was used in the development of astronomy, 
navigation, and surveying. With the development of calculus and the physical 
sciences in the 17th century, a different perspective arose—one that viewed the 
classic trigonometric relationships as functions with the set of real numbers as 
their domains. Consequently, the applications of trigonometry expanded to 
include a vast number of physical phenomena involving rotations and vibrations. 
These phenomena include sound waves, light rays, planetary orbits, vibrating 
strings, pendulums, and orbits of atomic particles. 

The approach in this text incorporates both perspectives, starting with angles 
and their measure. 


y 
. A 
Terminal 
side 
Vertex 
Initial side 
Angle Angle in Standard Position 
FIGURE 1.1 FIGURE 1.2 


An angle is determined by rotating a ray (half-line) about its endpoint. The 
starting position of the ray is the initial side of the angle, and the position after 
rotation is the terminal side, as shown in Figure 1.1. The endpoint of the ray is 
the vertex of the angle. This perception of an angle fits a coordinate system in 
which the origin is the vertex and the initial side coincides with the positive 
x-axis. Such an angle is in standard position, as shown in Figure 1.2. Positive 
angles are generated by counterclockwise rotation, and negative angles by 
clockwise rotation, as shown in Figure 1.3. Angles are labeled with Greek letters 
a (alpha), B (beta), and @ (theta), as well as uppercase letters A, B, and C. In 
Figure 1.4, note that angles a and 6 have the same initial and terminal sides. 
Such angles are coterminal. 


Positive angle 
(counterclockwise) a 


x x x 
Negative angle B 
(clockwise) B 


FIGURE 1.3 FIGURE 1.4 Coterminal Angles 


Arc length = radius when @ = 1 radian 
FIGURE 1.5 


2 radians ; 
y_ 1 radian 


4 radians -"— 


5 radians 


FIGURE 1.6 


STUDY TIP 


One revolution around a circle 
of radius r corresponds to an 
angle of 27 radians because 

§ Luk 


6 = - = —— = 27radians. 
Ve if 
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Radian Measure 


The measure of an angle is determined by the amount of rotation from the initial 
side to the terminal side. One way to measure angles is in radians. This type 
of measure is especially useful in calculus. To define a radian, you can use a 
central angle of a circle, one whose vertex is the center of the circle, as shown 
in Figure 1.5 


Definition of Radian 


One radian is the measure of a central angle 6 that intercepts an arc s equal 
in length to the radius r of the circle. See Figure 1.5. Algebraically, this 
means that 


where @ is measured in radians. 


Because the circumference of a circle is 27rr units, it follows that a central 
angle of one full revolution (counterclockwise) corresponds to an arc length of 


s = 27r. 


Moreover, because 27 ~ 6.28, there are just over six radius lengths in a full 
circle, as shown in Figure 1.6. Because the units of measure for s and r are the 
same, the ratio s/r has no units—it is simply a real number. 

Because the radian measure of an angle of one full revolution is 27, you can 
obtain the following. 


Z revolution = 2a = 7 radians 
aes ee 
Ld revolution = at a radians 
4 4 2 


: revolution = 2a == radians 
co 6 3 


These and other common angles are shown in Figure 1.7. 


FIGURE 1.7 


Recall that the four quadrants in a coordinate system are numbered J, II, I, 
and IV. Figure 1.8 on page 132 shows which angles between 0 and 277 lie in each 
of the four quadrants. Note that angles between 0 and 7/2 are acute angles and 
angles between 7/2 and 7 are obtuse angles. 
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STUDY TIP 


The phrase “the terminal side of 
@ lies in a quadrant” is often 
abbreviated by simply saying 
that “@ lies in a quadrant.” The 
terminal sides of the “quadrant 
angles” 0, 7/2, a, and 37/2 do 
not lie within quadrants. 


A 
Quadrant II | Quadrant I 
Leocn 0<0< 


O=n > 6=0 
Quadrant III | Quadrant IV 


n<0< 


n|¥ 


FIGURE 1.8 


Two angles are coterminal if they have the same initial and terminal sides. 
For instance, the angles 0 and 27 are coterminal, as are the angles 7/6 and 
1377/6. You can find an angle that is coterminal to a given angle @ by adding or 
subtracting 27 (one revolution), as demonstrated in Example 1. A given angle 0 
has infinitely many coterminal angles. For instance, 9 = 77/6 is coterminal with 


ae) 
ae NWT 
6 


where n is an integer. 


Sketching and Finding Coterminal Angles 


a. For the positive angle 1377/6, subtract 277 to obtain a coterminal angle 


137 7 


“6. —27= 6 See Figure 1.9. 
b. For the positive angle 37/4, subtract 27 to obtain a coterminal angle 
37 57 
27 = : See Figure 1.10. 
4 + 
c. For the negative angle —27/3, add 277 to obtain a coterminal angle 
27 4a 
+27 = See Figure 1.11. 
3 3 


x 
2 


FIGURE 1.9 FIGURE 1.10 FIGURE 1.11 


woueckrowr = Now try Exercise 17. 
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Two positive angles a and B are complementary (complements of each 
other) if their sum is 77/2. Two positive angles are supplementary (supplements 
of each other) if their sum is 7. See Figure 1.12. 


B 
es B 
a 
Complementary Angles Supplementary Angles 
FIGURE 1.12 


| Example 2 | Complementary and Supplementary Angles 


If possible, find the complement and the supplement of (a) 27/5 and (b) 47/5. 


Solution 
a. The complement of 27/5 is 


aw 27 Sar 47 T 
2 5 10 10 10 


The supplement of 27/5 is 


2a Sa 2a 3a 


T 


b. Because 47/5 is greater than 7/2, it has no complement. (Remember that 
complements are positive angles.) The supplement is 


5 2) 5 5 


weveckponntT ~=Now try Exercise 21. 


Degree Measure 


A second way to measure angles is in terms of degrees, denoted by the symbol °. 
90° = 5 (360°) A measure of one degree (1°) is equivalent to a rotation of wi of a complete 
129° | 60°= ® (360°) revolution about the vertex. To measure angles, it is convenient to mark degrees 


on the circumference of a circle, as shown in Figure 1.13. So, a full revolution 
(counterclockwise) corresponds to 360°, a half revolution to 180°, a quarter 
revolution to 90°, and so on. 

- Because 27 radians corresponds to one complete revolution, degrees and 
radians are related by the equations 


360° = 27rad and 180° = wrad. 


45° = 2 (360°) 
30°= 5 (360°) 


From the latter equation, you obtain 


FIGURE 1.13 


1 te} 
1° = — rad and lrad = ( ae ) 


7 


which lead to the conversion rules at the top of the next page. 


134 Chapter 1 


Technology 


With calculators it is convenient 
to use decimal degrees to denote 
fractional parts of degrees. 
Historically, however, fractional 
parts of degrees were expressed 
in minutes and seconds, using the 
prime (’) and double prime (”) 
notations, respectively. That is, 


y . 1 
1’ = one minute = ;,(1°) 


Yo — 1 ° 
1” = one second = 3¢59(1°) 


Consequently, an angle of 64 
degrees, 32 minutes, and 47 seconds 
is represented by 6 = 64° 3247”. 
Many calculators have special keys 
for converting an angle in degrees, 
minutes, and seconds (D° M’S”) 

to decimal degree form, and 

vice versa. 


Trigonometry 


Conversions Between Degrees and Radians 


qrad 
180°" 


re} 


Trad 


1. To convert degrees to radians, multiply degrees by 


2. To convert radians to degrees, multiply radians by 


To apply these two conversion rules, use the basic relationship 7 rad = 180°. 
(See Figure 1.14.) 


90° 180° 360° 
FIGURE 1.14 


When no units of angle measure are specified, radian measure is implied. 
For instance, if you write 6 = 2, you imply that 6 = 2 radians. 


Seliyt-weme Converting from Degrees to Radians 


Multiply by 77/180. 


a. 135° = (135 aes)( uh aut 


180 deg = “g tadians 
a rad 

180 deg 
qr rad 
180 deg 


= 37 radians Multiply by 77/180. 


b. 540° = (540 aea)( 


c. —270° = (—270 aes)( Multiply by 77/180. 


cueckroint 


= 7 radians 


Now try Exercise 47. 


Serta Converting from Radians to Degrees 


a. 7 rad = ( Trad (80 “2 = —90° Multiply by 180/7. 


2 2 7 rad 
oT oT 180 deg é 
. = = i 180/77. 
b. >) rad ( >) rad) arpa 810 Multiply by / 1 
c. 2rad = (2 rae) H0ce8) =e 114.59° Multiply by 180/77. 
ar vad T 


cueckpoint 


Now try Exercise 51. 


If you have a calculator with a “radian-to-degree” conversion key, try using 
it to verify the result shown in part (c) of Example 4. 


6 = 240° 


FIGURE 1.15 


STUDY TIP 


Linear speed measures how fast 
the particle moves, and angular 
speed measures how fast the 
angle changes. By dividing the 
formula for arc length by ft, you 
can establish a relationship 
between linear speed v and 
angular speed w, as shown. 


s=rd 
5 _ 70 
t t 
v=ro 
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Applications 


The radian measure formula, 6 = s/r, can be used to measure arc length along 
a circle. 


Arc Length 


For a circle of radius r, a central angle 6 intercepts an arc of length s given 
by 


s=ré Length of circular arc 


where @ is measured in radians. Note that if r = 1, then s = 0, and the radian 
measure of 6 equals the arc length. 


Sc Ce Finding Arc Length 


A circle has a radius of 4 inches. Find the length of the arc intercepted by a 
central angle of 240°, as shown in Figure 1.15. 
Solution 


To use the formula s = r@, first convert 240° to radian measure. 


ar rad 
180. deg 


4a 
= — radians 
3 


240° = (240 aes)( 


Then, using a radius of r = 4 inches, you can find the arc length to be 


4a 
3 


16 
s = r0 4{ = = ~ 16.76 inches. 
Note that the units for r@ are determined by the units for r because 6 is given in 
radian measure, which has no units. 


wowecxpont ~=—Now try Exercise 87. 


The formula for the length of a circular arc can be used to analyze the motion 
of a particle moving at a constant speed along a circular path. 


Linear and Angular Speeds 


Consider a particle moving at a constant speed along a circular arc of radius 
r. If s is the length of the arc traveled in time ¢, then the linear speed v of 
the particle is 

arclength _ s 


Linear speed vy = —__———_ = -. 
time t 


Moreover, if @ is the angle (in radian measure) corresponding to the arc 
length s, then the angular speed w (the lowercase Greek letter omega) of 
the particle is 


central angle 0 
time t 


Angular speed w = 


136 


FIGURE 1.16 


FIGURE 1.17 
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Serko Finding Linear Speed @ 


The second hand of a clock is 10.2 centimeters long, as shown in Figure 1.16. Find 
the linear speed of the tip of this second hand as it passes around the clock face. 


Solution 
In one revolution, the arc length traveled is 


S = 2ar 
= 27(10.2) Substitute for r. 
= 20.477 centimeters. 
The time required for the second hand to travel this distance is 
t = | minute = 60 seconds. 


So, the linear speed of the tip of the second hand is 
. Ss 
Linear speed = : 


_ 20.47 centimeters 
60 seconds 


=~ 1.068 centimeters per second. 


wfcueckpoint Now try Exercise 103. 
Sclul(wae Finding Angular and Linear Speeds @ 


A Ferris wheel with a 50-foot radius (see Figure 1.17) makes 1.5 revolutions per 
minute. 


a. Find the angular speed of the Ferris wheel in radians per minute. 
b. Find the linear speed of the Ferris wheel. 


Solution 


a. Because each revolution generates 277 radians, it follows that the wheel turns 
(1.5)(27) = 37 radians per minute. In other words, the angular speed is 


0 
Angular speed = ; 


_ 3aradians 


: = 377 radians per minute. 
1 minute 


b. The linear speed is 


. s 
Linear speed = - 


= 50(37) feet = 471.2 feet per minute. 
1 minute 


weueckpoinr ~—- Now try Exercise 105. 


FIGURE 1.19 
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A sector of a circle is the region bounded by two radii of the circle and their 
intercepted arc (see Figure 1.18). 


FIGURE 1.18 


Area of a Sector of a Circle 


For a circle of radius r, the area A of a sector of the circle with central angle 
0 is given by 


A= 50 


where @ is measured in radians. 


Seluyc-eem Area of a Sector of a Circle 


A sprinkler on a golf course fairway is set to spray water over a distance of 
70 feet and rotates through an angle of 120° (see Figure 1.19). Find the area of 
the fairway watered by the sprinkler. 


Solution 
First convert 120° to radian measure as follows. 
6 = 120° 
= (120 aes)( ua Multiply by 7/180. 
180 deg 
= =z radians 


Then, using 0 = 27/3 and r = 70, the area is 


1 
A= 379 Formula for the area of a sector of a circle 

1 25% 

= —(70) = Substitute for r and 0. 
2 3 
49007 a 

= Simplify. 

3 
=~ 5131 square feet. Simplify. 


wcueckponr Now try Exercise 107. 
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The HM mathSpace® CD-ROM and Eduspace® for this text contain step-by-step solutions 


to all odd-numbered exercises. They also provide Tutorial Exercises for additional help. 


VOCABULARY CHECK: Fill in the blanks. 


1. means “‘measurement of triangles.” 

2. An is determined by rotating a ray about its endpoint. 

3. Two angles that have the same initial and terminal sides are 

4. One is the measure of a central angle that intercepts an arc equal to the radius of the circle. 

5. Angles that measure between 0 and 7/2 are angles, and angles that measure between 77/2 and 7 
are angles. 

6. Two positive angles that have a sum of 7/2 are angles, whereas two positive angles that 
have a sum of 7 are angles. 


7. The angle measure that is equivalent to = of a complete revolution about an angle’s vertex is one 
8. The speed of a particle is the ratio of the arc length traveled to the time traveled. 
9. The speed of a particle is the ratio of the change in the central angle to time. 


10. The area of a sector of a circle with radius r and central angle 0, where 6 is measured in radians, is given by 
the formula 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-6, estimate the angle to the nearest one-half In Exercises 13-16, sketch each angle in standard position. 
radian. 


Sa 27 it Sa 
1. 2. 13. (a) “f. (b) ~30 14, (a) 7 (b) 2 


15. (a) oa (b) —3 16. (a) 4 (b) 7 


In Exercises 17-20, determine two coterminal angles (one 
positive and one negative) for each angle. Give your 


3. ee ae 4. . ‘ 
\ answers in radians. 
17. (a) 4 (b) 
2 
a2 = 5x 


4 
2 
a ela 
6 6 
5 6. X 0 X 0 
3x 3x 
2 2 
In Exercises 7-12, determine the quadrant in which each 18. (a) x (b) X 
angle lies. (The angle measure is given in radians.) 2 2 
7 ihr 9 = 2 
T T T T a) 
LQ. i> tea WS ° 
5 5 8 8 1 0 
7 
9. = b= 2 
(a) 2 (b) a8 
2 
11 
10. (a) -1—(b) See ; 
19. (2) 0= — (b) == 
11. (a) 3.5 (b) 2.25 3 12 
12. (a) 6.02 (b) —4.25 20. (a) @= -—= Oe ee 


In Exercises 21-24, find (if possible) the complement and 
supplement of each angle. 


T 37 7 lla 
23. (a) 1 (b) 2 24. (a) 3 (b) 1.5 


In Exercises 25-30, estimate the number of degrees in the 
angle. 


29. a se 


In Exercises 31-34, determine the quadrant in which each 
angle lies. 


31. (a) 130° (b) 285° 
32. (a) 8.3° (b) 257° 30’ 
33. (a) — 132° 50’ (b) —336° 
34. (a) —260° (b) —3.4° 


In Exercises 35-38, sketch each angle in standard position. 


35. (a) 30° 36. (a) —270° 
37. (a) 405° 38. (a) —750° 


(b) 150° 
(b) 480° 


(b) — 120° 
(b) —600° 
In Exercises 39-42, determine two coterminal angles (one 


positive and one negative) for each angle. Give your 
answers in degrees. 


39. (a) (b) 


@= 45° 


40. (a) (b) 


@ = 120° 
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41. (a) @ = 240° (b) 6 = —180° 
42. (a) @= —420° (b) 6 = 230° 


In Exercises 43-46, find (if possible) the complement and 
supplement of each angle. 


43. (a) 18° (b) 115° 
45. (a) 79° (b) 150° 


44. (a) 3° 
46. (a) 130° 


(b) 64° 
(b) 170° 


In Exercises 47-50, rewrite each angle in radian measure as 
a multiple of 7. (Do not use a calculator.) 


47. (a) 30° ~—(b)_:150° 48. (a) 315° 
49. (a) —20° (b) —240° 50. (a) —270° 


(b) 120° 
(b) 144° 


In Exercises 51-54, rewrite each angle in degree measure. 
(Do not use a calculator.) 


30 Tt Tt 7 
51. (a) 2 (b) 6 52. (a) "22 (b) 9 

Tt lla lla 34a 
53. (a) 3 (b) ~ 39° 54, (a) 6 (b) 5 


In Exercises 55-62, convert the angle measure from 
degrees to radians. Round to three decimal places. 


55. 115° 56. 87.4° 
57. —216.35° 58. —48.27° 
59. 532° 60. 345° 
61. —0.83° 62. 0.54° 


In Exercises 63-70, convert the angle measure from radians 
to degrees. Round to three decimal places. 


6 = “a! 
7 ul 
je aes 
8 2 
67. —4.20 68. 4.87 
69, —2 70. —0.57 


In Exercises 71-74, convert each angle measure to decimal 
degree form. 

71. (a) 54° 45’ 

72. (a) 245° 10’ 
73. (a) 85° 18’30” 
74, (a) —135° 36” 


(b) — 128° 30’ 
(b) 2° 12’ 

(b) 330° 25” 

(b) —408° 16’20” 


In Exercises 75-78, convert each angle measure to D° M’S” 
form. 


75. (a) 240.6° (b) — 145.8° 
76. (a) —345.12° (b) 0.45° 

77. (a) 2.5° (b) —3.58° 
78. (a) —0.355° (b) 0.7865° 
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In Exercises 79-82, find the angle in radians. 


Ca) 


79. 80. 
¢ 
81. 32 82. 
60 
In Exercises 83-86, find the radian measure of the central 
angle of a circle of radius r that intercepts an arc of length s. 


Radius r Arc Length s 
83. 27 inches 6 inches 
84. 14 feet 8 feet 


25 centimeters 
160 kilometers 


85. 14.5 centimeters 
86. 80 kilometers 


In Exercises 87-90, find the length of the arc on a circle of 
radius r intercepted by a central angle 0. 


Radius r Central Angle 0 
87. 15 inches 180° 
88. 9 feet 60° 
89. 3 meters 1 radian 
90. 20 centimeters 7/4 radian 


In Exercises 91-94, find the area of the sector of the circle 
with radius r and central angle 0. 


Radius r Central Angle 0 
91. 4 inches 1/3 
92. 12 millimeters 17/4 
93. 2.5 feet 225° 
94. 1.4 miles 330° 


Distance Between Cities \n Exercises 95 and 96, find the 
distance between the cities. Assume that Earth is a sphere 
of radius 4000 miles and that the cities are on the same 
longitude (one city is due north of the other). 
City Latitude 

95. Dallas, Texas 32° 47’ 39” N 

Omaha, Nebraska 41° 15’50” N 
96. San Francisco, California 37° 47’ 36” N 


Seattle, Washington 47° 37’ 18” N 


97. Difference in Latitudes Assuming that Earth is a sphere 
of radius 6378 kilometers, what is the difference in the 
latitudes of Syracuse, New York and Annapolis, Maryland, 
where Syracuse is 450 kilometers due north of Annapolis? 


98. Difference in Latitudes Assuming that Earth is a sphere 
of radius 6378 kilometers, what is the difference in the 
latitudes of Lynchburg, Virginia and Myrtle Beach, South 
Carolina, where Lynchburg is 400 kilometers due north of 
Myrtle Beach? 


99. Instrumentation The pointer on a voltmeter is 
6 centimeters in length (see figure). Find the angle 
through which the pointer rotates when it moves 
2.5 centimeters on the scale. 


a a 


Not drawn to scale 


FIGURE FOR 99 FIGURE FOR 100 


100. Electric Hoist An electric hoist is being used to lift a 
beam (see figure). The diameter of the drum on the hoist 
is 10 inches, and the beam must be raised 2 feet. Find the 
number of degrees through which the drum must rotate. 


101. Angular Speed A car is moving at a rate of 65 miles per 
hour, and the diameter of its wheels is 2.5 feet. 

(a) Find the number of revolutions per minute the wheels 
are rotating. 

(b) Find the angular speed of the wheels in radians per 
minute. 

102. Angular Speed A two-inch-diameter pulley on an 
electric motor that runs at 1700 revolutions per minute is 
connected by a belt to a four-inch-diameter pulley on a 
saw arbor. 

(a) Find the angular speed (in radians per minute) of each 
pulley. 
(b) Find the revolutions per minute of the saw. 

103. Linear and Angular Speeds A Th-inch circular power 
saw rotates at 5200 revolutions per minute. 

(a) Find the angular speed of the saw blade in radians per 
minute. 


(b) Find the linear speed (in feet per minute) of one of the 
24 cutting teeth as they contact the wood being cut. 


104. 


105. 


Linear and Angular Speeds A carousel with a 50-foot 
diameter makes 4 revolutions per minute. 


(a) Find the angular speed of the carousel in radians per 
minute. 


(b) Find the linear speed of the platform rim of the 
carousel. 


Linear and Angular Speeds The diameter of a DVD is 

approximately 12 centimeters. The drive motor of the 

DVD player is controlled to rotate precisely between 200 

and 500 revolutions per minute, depending on what track 

is being read. 

(a) Find an interval for the angular speed of a DVD as it 
rotates. 


(b) Find an interval for the linear speed of a point on the 
outermost track as the DVD rotates. 


106. Area A car’s rear windshield wiper rotates 125°. The 


total length of the wiper mechanism is 25 inches and 
wipes the windshield over a distance of 14 inches. Find 
the area covered by the wiper. 


107. Area A sprinkler system on a farm is set to spray water 


108. Speed of a Bicycle 


over a distance of 35 meters and to rotate through an angle 
of 140°. Draw a diagram that shows the region that can be 
irrigated with the sprinkler. Find the area of the region. 


The radii of the pedal sprocket, 
the wheel sprocket, and the wheel of the bicycle in the 
figure are 4 inches, 2 inches, and 14 inches, respec- 
tively. A cyclist is pedaling at a rate of 1 revolution per 
second. 


(a) Find the speed of the bicycle in feet per second 
and miles per hour. 


(b) Use your result from part (a) to write a function 
for the distance d (in miles) a cyclist travels in 
terms of the number n of revolutions of the pedal 
sprocket. 


(c) Write a function for the distance d (in miles) a 
cyclist travels in terms of the time ¢ (in seconds). 
Compare this function with part (b). 


(d) Classify the types of functions you found in parts 
(b) and (c). Explain your reasoning. 
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Synthesis 


True or False? 


In Exercises 109-111, determine whether 


the statement is true or false. Justify your answer. 


109. 


110. 


111. 


112. 


113. 


114. 


115. 


116. 


A measurement of 4 radians corresponds to two complete 
revolutions from the initial side to the terminal side of an 
angle. 


The difference between the measures of two coterminal 
angles is always a multiple of 360° if expressed in degrees 
and is always a multiple of 27 radians if expressed in 
radians. 


An angle that measures — 1260° lies in Quadrant III. 


Writing In your own words, explain the meanings of 
(a) an angle in standard position, (b) a negative angle, 
(c) coterminal angles, and (d) an obtuse angle. 


Think About It A fan motor turns at a given angular 
speed. How does the speed of the tips of the blades 
change if a fan of greater diameter is installed on the 
motor? Explain. 


Think About It Is a degree or a radian the larger unit of 
measure? Explain. 


Writing If the radius of a circle is increasing and the 
magnitude of a central angle is held constant, how is the 
length of the intercepted arc changing? Explain your 
reasoning. 


Proof Prove that the area of a circular sector of radius r 
with central angle 6 is A = 5Or?, where 6 is measured in 
radians. 


Skills Review 


In Exercises 117-124, simplify the radical expression. 


117. 


119. 


121. 
122. 
123. 
124. 


4 2 
—_ 118. 
4/2 3 
293 5/5 
=v= 120. —“— 
J/6 2/10 
J+ 6 

J182 — 122 

/182 — 6 

J1IP -— 


In Exercises 125-128, sketch the graphs of y = x° and the 
specified transformation. 


125. 
126. 
127. 
128. 


fa) = @ - 2) 
fl) = 25-4 
fa) =2-x8 
fl) = —(@ + 3) 


142 Chapter 1 


Trigonometry 


Trigonometric Functions: The Unit Circle 


What you should learn 


+ Identify a unit circle and 
describe its relationship 
to real numbers. 


Evaluate trigonometric 


functions using the unit circle. 


+ Use the domain and period 
to evaluate sine and cosine 
functions. 

Use a calculator to evaluate 
trigonometric functions. 


Why you should learn it 


Trigonometric functions are 
used to model the movement 
of an oscillating weight. For 
instance, in Exercise 57 on page 
148, the displacement from 
equilibrium of an oscillating 
weight suspended by a spring 


is modeled as a function of time. 


The Unit Circle 


The two historical perspectives of trigonometry incorporate different methods for 
introducing the trigonometric functions. Our first introduction to these functions 
is based on the unit circle. 

Consider the unit circle given by 


wr+y2=1 Unit circle 
as shown in Figure 1.20. 

y 
A 

(0, 1) 

> X 
(0, -1) 
FIGURE 1.20 


Imagine that the real number line is wrapped around this circle, with positive 
numbers corresponding to a counterclockwise wrapping and negative numbers 
corresponding to a clockwise wrapping, as shown in Figure 1.21. 


y 
A 


FIGURE 1.21 


As the real number line is wrapped around the unit circle, each real number 
t corresponds to a point (x, y) on the circle. For example, the real number 0 
corresponds to the point (1, 0). Moreover, because the unit circle has a circum- 
ference of 27, the real number 277 also corresponds to the point (1, 0). 

In general, each real number f also corresponds to a central angle @ (in 
standard position) whose radian measure is ft. With this interpretation of f, the arc 
length formula s = r@ (with r = 1) indicates that the real number ¢ is the length 
of the arc intercepted by the angle 9, given in radians. 


STUDY TIP 


Note in the definition at the 
right that the functions in the 
second row are the reciprocals 
of the corresponding functions 
in the first row. 


FIGURE 1.23 
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The Trigonometric Functions 


From the preceding discussion, it follows that the coordinates x and y are two 
functions of the real variable ¢. You can use these coordinates to define the six 
trigonometric functions of t. 

sine cosecant cosine secant tangent cotangent 


These six functions are normally abbreviated sin, csc, cos, sec, tan, and cot, 
respectively. 


Definitions of Trigonometric Functions 


Let t be a real number and let (x, y) be the point on the unit circle correspon- 
ding to ¢. 


sint = y 


1 
csct=—, 
y 


In the definitions of the trigonometric functions, note that the tangent and 
secant are not defined when x = 0. For instance, because t = 77/2 corresponds 
to (x, y) = (0, 1), it follows that tan(7/2) and sec(7/2) are undefined. Similarly, 
the cotangent and cosecant are not defined when y = 0. For instance, because 
t = O corresponds to (x, y) = (1, 0), cot 0 and csc 0 are undefined. 

In Figure 1.22, the unit circle has been divided into eight equal arcs, corre- 
sponding to f-values of 


7 7 37 Sa 3a 77 
Rata? ate aS Ee & 


0 and 27. 


Similarly, in Figure 1.23, the unit circle has been divided into 12 equal arcs, 
corresponding to f-values of 


po eee oe Ta 4a 3a Sa 117 
> TT, > > 
6 3 2 3 6 


aes , and 277. 


“6 3° 2° 3° 6 
2/2 
To verify the points on the unit circle in Figure 1.22, note that (3 2) 
also lies on the line y = x. So, substituting x for y in the equation of the unit 
circle produces the following. 
> /2 
ye 


e+ e= => Ix? = I ==> : 5 
d 


Because the point is in the first quadrant, x = 


Se 
v2 
2 


2 a : : bgt 8 
have y = we You can use similar reasoning to verify the rest of the points in 


Figure 1.22 and the points in Figure 1.23. 

Using the (x, y) coordinates in Figures 1.22 and 1.23, you can easily evaluate 
the trigonometric functions for common t-values. This procedure is demonstrated 
in Examples | and 2. You should study and learn these exact function values 
for common f-values because they will help you in later sections to perform 
calculations quickly and easily. 


and because y = x, you also 
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Selill(wee Evaluating Trigonometric Functions 


Evaluate the six trigonometric functions at each real number. 


5 
ates hic c t=0 d.t=7 
Solution 


For each f-value, begin by finding the corresponding point (x, y) on the unit 
circle. Then use the definitions of trigonometric functions listed on page 143. 


7 ’ wad 
a. t = — corresponds to the point (x, y) = | ——, =]. 
6 2 2 
0 1 aT 1 1 
sn-=y=- csc> = -=— 7 =2 
6 ° 2 6 y 1/2 
/3 e 1. 2 3/3 
cos > = x = — sec> = — = 
6 2 G @- 3 3 
1/2 1 2 
fa = i = =w3 cot 2 = 2 = V7/ = /3 
6 x V3/2 V3 3 6 y 1/2 
2 2 2 
bo t= >" corresponds to the point (x, y) = (-= -~2\ 
4 2 2 
5 2 5 1 2 
sin 3% = y = 2 csc ra ij "Va is 
Sa 2 5a 1 2 
NE ye ea 2 
cos 4 x > sec A es 5} Vf2 
5r y —/2/2 Sm x —/2/2 
tan cot 1 
4 x —./2/2 Ay = 4/22 
c. ¢ = 0 corresponds to the point (x, y) = (1, 0). 
1 
snO0=y=0 csc 0 = — is undefined. 
y 
1 1 
cos0 =x = 1 sec0 =-=-=1 
x 1 
y 0 x 
tanQ =- = 1 =0 cot 0 = — is undefined. 
x 
d. t = mcorresponds to the point (x, y) = (—1, 0). 
1 
sin 7 = y= 0 csc 7 = — is undefined. 
y 
1 1 
cos7T@=x=—-I1 sec 7 = - =—=—-l1 
x =! 
y 0 x, . 
tan 77 = —- = — = 0 cot 7 = — is undefined. 
x S41 y 


woneckronnt ~=— Now try Exercise 23. 


Exploration 


With your graphing utility in 
radian and parametric modes, 
enter the equations 


MINS eos W ame! YOO = sim I 
and use the following settings. 


Rimin'— Oy Aimaxe—6!3> 
Tstep = 0.1 

Xmin = -1.5, Xmax = 1.5, 
gel = II 

Ymin =-1, Ymax = 1, 
Yiscle—al 


1. Graph the entered equations 
and describe the graph. 


2. Use the trace feature to 
move the cursor around the 
graph. What do the f-values 
represent? What do the 
x- and y-values represent? 


. What are the least and 
greatest values of x and y? 


a 


_ 5a 5a 
t= aa i 
f= 4 on 24 dn, ... 
_ 3a 3n 3x 
t=355 + 21,75 +47, ... 


FIGURE 1.25 
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| Example 2 | Evaluating Trigonometric Functions 


: . : : T 
Evaluate the six trigonometric functions at t = a 
Solution 
Moving clockwise around the unit circle, it follows that t = — 7/3 corresponds 


to the point (x, y) = (1/2, —/3/2). 


sn(—) = —~? eel 5) Fi 3 


io) 

° 

ZZ] 
Go 
| 

w] 9 
Nee 
lI 

Nile 


1/2 iL .. 3 
V3 3 


tan =) = —V3/2 = 


1/2 wa 


Now try Exercise 25. 


Domain and Period of Sine and Cosine 


The domain of the sine and cosine functions is the set of all real numbers. To 
determine the range of these two functions, consider the unit circle shown in 
Figure 1.24. Because r = 1, it follows that sin tf = y and cos t = x. Moreover, 
because (x, y) is on the unit circle, you know that —1 < y < land-1l <x< 1. 
So, the values of sine and cosine also range between — | and 1. 


-l< y 


IA 


1 =i 1 
and 
—-l<sint<l —-ls<cost<l 


IA 
IA 


Xx 


Adding 27 to each value of f in the interval [0,27] completes a second 
revolution around the unit circle, as shown in Figure 1.25. The values of 
sin(t + 27) and cos(t + 27) correspond to those of sint and cos ¢. Similar 
results can be obtained for repeated revolutions (positive or negative) on the unit 
circle. This leads to the general result 


sin(t + 27n) = sint 
and 
cos(t + 2arn) = cost 


for any integer n and real number ¢. Functions that behave in such a repetitive (or 
cyclic) manner are called periodic. 


Definition of Periodic Function 
A function f is periodic if there exists a positive real number c such that 


fle +c) =f) 


for all ¢ in the domain of f. The smallest number c for which f is periodic is 
called the period of f. 
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Recall from Section P.6 that a function f is even if f(—t) = f(t), and is odd 


if f(—t) = —f(2). 


Even and Odd Trigonometric Functions 


The cosine and secant functions are even. 
cos(—t) = cost sec(—f) = sec t 
The sine, cosecant, tangent, and cotangent functions are odd. 


sin(—1) = —sint csc(—t) = —csct 


tan(—f) = —tant cot(—t) = —cott 


STUDY TIP Selil(mem Using the Period to Evaluate the Sine and Cosine 


From the definition of periodic a. Because BE Qar+ is you have sin ee sin( 2 + 4 = sn = = 
function, it follows that the sine 6 6 6 6 6 2 
and cosine functions are peri- 
odic and have a period of 277. 
The other four trigonometric 7 
functions are also periodic, and cos ( 
will be discussed further in 

Section 1.6. 


7 
b. Because = = —-47+ = you have 


4 4 
c. For sin t 5° sin(—1) = 5 because the sine function is odd. 


woneckront = Now try Exercise 31. 


Evaluating Trigonometric Functions with a Calculator 


When evaluating a trigonometric function with a calculator, you need to set the 
calculator to the desired mode of measurement (degree or radian). 
Most calculators do not have keys for the cosecant, secant, and cotangent 
functions. To evaluate these functions, you can use the key with their respec- 


tive reciprocal functions sine, cosine, and tangent. For example, to evaluate 
csc(7r/8), use the fact that 


When evaluating trigonometric 
functions with a calculator, 
remember to enclose all fractional 
angle measures in parentheses. T 1 

: : ce = = 
For insane; if you want to 8 sin(7r/8) 
evaluate sin 6 for 6 = 7/6, you 
should enter and enter the following keystroke sequence in radian mode. 


(SIN] CO (=) ©) 6 O) (ENTER). CO (SIN) CO f) &) 8 DJ OC) 4) (ENTER) Display 2.6131259 


These keystrokes yield the correct 


value of 0.5. Note that some calcu- Seclul Ce Using a Calculator 


lators automatically place a left 


parenthesis after trigonometric Function Mode Calculator Keystrokes Display 
functions. Check the user's guide _ Qn : 

for your calculator for specific a. sin Radian (SIN) (Q 2 (=) (=) 3 D) (ENTER) 0.8660254 
Keyetokse onion to evaluate b. cot 1.5 Radian TAN) (01.5 ©) © Ge) ENTER) 0.0709148 


trigonometric functions. 


woneckrontT = Now try Exercise 45. 
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VOCABULARY CHECK: Fill in the blanks. 
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1. Each real number ¢ corresponds to a point (x, y) on the 


2. A function f is 


if there exists a positive real number c such that f(¢ + c) = f(d) for all t in the domain of f. 


3. The smallest number c for which a function f is periodic is called the of f- 
4. A function f is if f(—1) = —f(d and if f(-—) =f(o. 
PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-4, determine the exact values of the six 
trigonometric functions of the angle 0. 


In Exercises 5-12, find the point (x, y) on the unit circle that 
corresponds to the real number t. 


5.t=— 6.1=2 
4 3 
Tt Sa 

16 3. t= 
6 4 
4 

9 t=— ee 
3. 3 
3 

ie 12.t=7 


In Exercises 13-22, evaluate (if possible) the sine, cosine, 
and tangent of the real number. 


13.:=— 141-2 
4 3 
T 
15. t= -— 16. f= -— 
4 
7 4 
a ig gs" 


4 3 


ul 
= me Pee" 
3 


22. t = —27 


In Exercises 23-28, evaluate (if possible) the six trigono- 
metric functions of the real number. 


3%r 57 

23. t = — 24. t=— 
4 6 
el ane 
2 

el 28, 1-2 


In Exercises 29-36, evaluate the trigonometric function 
using its period as an aid. 


29. sin 5a 30. cos 57 

31. cos 32. sin“ 
di 1 

33. cos( - 15 34. sin" 


35. sin( - 22) 
4 


In Exercises 37-42, use the value of the trigonometric 
function to evaluate the indicated functions. 


36. cos( -*) 
3 


37. sint =} 38. sin(—1) = 
(a) sin(—2) (a) sint 
(b) csc(—?2) (b) csc t 

39. cos(—f) = —3 40. cost = —3 
(a) cost (a) cos(—t) 
(b) sec(—?) (b) sec(—?) 

41. sint = 3 42. cost = 3 


(a) cos(a — 2) 
(b) cos(t + 7) 


(a) sin(a — ft) 
(b) sin(t + 7) 
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a4 In Exercises 43-52, use a calculator to evaluate the trigono- 


metric function. Round your answer to four decimal places. 
(Be sure the calculator is set in the correct angle mode.) 


7 
43. sin — 
a 


7 
44. tan > 
an 3 


45. csc 1.3 
46. cot 1 

47. cos(— 1.7) 
48. cos(—2.5) 
49. csc 0.8 
50. sec 1.8 
51. sec 22.8 
52. sin(—0.9) 


Estimation \n Exercises 53 and 54, use the figure and a 
straightedge to approximate the value of each trigono- 
metric function. To print an enlarged copy of the graph, go 
to the website www.mathgraphs.com. 


53. (a) sin 5 (b) cos 2 
54. (a) sin 0.75 (b) cos 2.5 
A 
1.75 71.50 1.25 
a 1.00 
2:25 


0.85 
0.65 
0.45 


0.25 


\ 
t t t t 
—0.8 —0.6—0.4 —0.2 


1.2 
3.25 eae! 
3.50 -0.44 ne 


—-0.65 


—-0.85 


4.50 |4.75 5.00 


FIGURE FOR 53-56 


Estimation \n Exercises 55 and 56, use the figure and a 
straightedge to approximate the solution of each equa- 
tion, where 0 < t < 27. To print an enlarged copy of the 
graph, go to the website www.mathgraphs.com. 


55. (a) sint = 0.25 
56. (a) sint = —0.75 


(b) cost = —0.25 
(b) cos t = 0.75 


57. Harmonic Motion The displacement from 
equilibrium of an oscillating weight suspended by a 
spring is given by y(t) = 3 sin(at/4), where y is the 
displacement (in feet) and f is the time (in seconds). 


(a) Complete the table. 


fam O 


y 


oy (b) Use the table feature of a graphing utility to 
determine when the displacement is maximum. 


aed (c) Use the table feature of a graphing utility to 
approximate the time ¢ (0 < t < 8) when the weight 
reaches equilibrium. 


58. Harmonic Motion The displacement from equilibrium 
of an oscillating weight suspended by a spring is given by 
y(t) = r cos 6t, where y is the displacement (in feet) and ¢ is 
the time (in seconds). Find the displacement when (a) 
t = 0, (b) t = 4, and (c) t = 5. 


Synthesis 


True or False? \n Exercises 59 and 60, determine whether 
the statement is true or false. Justify your answer. 


59. Because sin(—/) = —sint, it can be said that the sine of a 
negative angle is a negative number. 


60. tana = tan(a — 67) 


61. Exploration Let (x,,y,) and (x,y>) be points on the unit 
circle corresponding to ¢ = f, and t= 7— t,, respectively. 
(a) Identify the symmetry of the points (x,, y,) and (x, y,). 
(b) Make a conjecture about any relationship between 
sin f, and sin(a — t,). 
(c) Make a conjecture about any relationship between 
cos t, and cos(7 — f,). 


62. Use the unit circle to verify that the cosine and secant 
functions are even and that the sine, cosecant, tangent, and 
cotangent functions are odd. 


Skills Review 


In Exercises 63-66, find the inverse function f—' of the 
one-to-one function f. 


63. f(x) = 3x — 2) 64. fd) =13 41 
65. f(x) = Je2—4, x22 66. fi) = _ 
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What you should learn : . . . 
The Six Trigonometric Functions 


+ Evaluate trigonometric 


functions of acute angles. Our second look at the trigonometric functions is from a right triangle perspective. 
* Use the fundamental Consider a right triangle, with one acute angle labeled 6, as shown in Figure 1.26. 
trigonometric identities. Relative to the angle 0, the three sides of the triangle are the hypotenuse, the 
» Use a calculator to evaluate opposite side (the side opposite the angle 0), and the adjacent side (the side 
trigonometric functions. adjacent to the angle 6). 


Us ic func 


Q 
s 
Na 


S 
roy 


Side opposite 0 


[| 
Side adjacent to @ 


FIGURE 1.26 


Using the lengths of these three sides, you can form six ratios that define the 
six trigonometric functions of the acute angle 0. 


sine cosecant cosine secant tangent cotangent 


In the following definitions, it is important to see that 0° < 6 < 90° (@ lies in the 
first quadrant) and that for such angles the value of each trigonometric function 
is positive. 


Right Triangle Definitions of Trigonometric Functions 


Let @ be an acute angle of a right triangle. The six trigonometric functions 
of the angle 6 are defined as follows. (Note that the functions in the second 
row are the reciprocals of the corresponding functions in the first row.) 


yy f 
\< 


adj _ opp 
hye tan 6 aid; 


hyp 
adj 


(i te cos 9 = 
Joseph Sohm; Chromosohm 


adj 


sec 9 = cot 0 = 


The abbreviations opp, adj, and hyp represent the lengths of the three sides 
of a right triangle. 


opp = the length of the side opposite 0 


adj = the length of the side adjacent to 0 


hyp = the length of the hypotenuse 
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Selita Evaluating Trigonometric Functions 


Use the triangle in Figure 1.27 to find the values of the six trigonometric functions 
of 0. 


Solution 
By the Pythagorean Theorem, (hyp)* = (opp)? + (adj), it follows that 


hyp = J/4 + 3? 
= /25 


FIGURE 1.27 =5. 


So, the six trigonometric functions of 6 are 


5. a PP Se ae 

sin 6 = = csc 6 = = 
hyp 5 opp 4 
dj h 

Pe ee eee po a2 
hyp 5 adj 3 

4 dj 

mee =" ey ee ee 

adj 3 opp 4 


woneckpoinT = Now try Exercise 3. 


Historical Note 

Georg Joachim Rhaeticus In Example 1, you were given the lengths of two sides of the right triangle, 
(1514-1576) was the leading but not the angle 6. Often, you will be asked to find the trigonometric functions 
Teutonic mathematical of a given acute angle 6. To do this, construct a right triangle having 6 as one of 
astronomer of the 16th century. its angles. 

He was the first to define the 


trigonometric functions as | Example 2 | A : F P 3 
ileg. of tho gke Gel adteLh Evaluating Trigonometric Functions of 45 


triangle. 


Find the values of sin 45°, cos 45°, and tan 45°. 


Solution 


Construct a right triangle having 45° as one of its acute angles, as shown in 

Figure 1.28. Choose the length of the adjacent side to be 1. From geometry, you 

45° know that the other acute angle is also 45°. So, the triangle is isosceles and the 

V2 length of the opposite side is also 1. Using the Pythagorean Theorem, you find 
1 the length of the hypotenuse to be \/2. 


opp 1 _ /2 
hyp V2 2 
45° 

ii adj i . 2 


1 45° = = = 
cos ip ae 5 


sin 45° = 


FIGURE 1.28 


) 
tan 45° = —-~=—= 1 
a 


woneckrointT ~=— Now try Exercise 17. 


STUDY TIP 


Because the angles 30°, 45°, and 
60° (77/6, 77/4, and 7/3) occur 
frequently in trigonometry, you 
should learn to construct the 
triangles shown in Figures 1.28 
en! 1/229), 


Technology 


You can use a calculator to convert 
the answers in Example 3 to 


decimals. However, the radical 
form is the exact value and in most 
cases, the exact value is preferred. 
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Selilyt-wem Evaluating Trigonometric Functions of 30° and 60° 


Use the equilateral triangle shown in Figure 1.29 to find the values of sin 60°, 
cos 60°, sin 30°, and cos 30°. 


i 30° 
2/ V3 2 
i 60° 
es | 
FIGURE 1.29 


Solution 


Use the Pythagorean Theorem and the equilateral triangle in Figure 1.29 to verify 
the lengths of the sides shown in the figure. For 6 = 60°, you have adj = 1, 
opp = V3, and hyp = 2. So, 


3 dj 1 
sin 60° = OPP - V3 Ce ee 
hyp 2 hyp 2 


For 6 = 30°, adj = /3, opp = 1, and hyp = 2. So, 


and 


1 dj 
sin 30° = PP = — and Pre Ve ee ee 


hyp 2 hyp 2, 
wcueckpoint 


Now try Exercise 19. 


o T 
cos 30 cos 6 


sin 30° = 


sin 45° 


sin 60° 


In the box, note that sin 30° = 5 = cos 60°. This occurs because 30° and 60° 
are complementary angles. In general, it can be shown from the right triangle 
definitions that cofunctions of complementary angles are equal. That is, if @ is an 
acute angle, the following relationships are true. 


sin(90° — 6) = cos 0 cos(90° — @) = sin 0 
tan(90° — 6) = cot 6 cot(90° — 6) = tan 6 
sec(90° — 0) = csc 6 csc(90° — 0) = sec 0 
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Trigonometric Identities 


In trigonometry, a great deal of time is spent studying relationships between 
trigonometric functions (identities). 


Fundamental Trigonometric Identities 
Reciprocal Identities 
1 1 1 


sin 9 = cos 0 = tan 0 = 
csc 0 cot 0 


1 1 
cscO= a sec 9 = —— cone ey 


Quotient Identities 


sin 0 
tan 0 = 


cos 8 sin 0 


Pythagorean Identities 
sin? 6 + cos? 6 = 1 + tan? 6 = sec? 0 


+ cot? 6 = csc? 0 


Let @ be an acute angle such that sin 0 = 0.6. Find the values of (a) cos 6 and 
(b) tan 6 using trigonometric identities. 


Solution 
a. To find the value of cos 0, use the Pythagorean identity 


sin? 6 + cos? 6 = 1. 


So, you have 


(0.6)? + cos?6 = 1 Substitute 0.6 for sin 0. 
cos? 9 = 1 — (0.6)? = 0.64 Subtract (0.6)* from each side. 
cos 86 = ./0.64 = 0.8. Extract the positive square root. 
b. Now, knowing the sine and cosine of 6, you can find the tangent of 6 to be 
in 0 
tan 0 = m 
cos 6 
1 _ 9.6 
ee 0.8 
= 0.75. 
0 Use the definitions of cos 6 and tan 6, and the triangle shown in Figure 1.30, to 
08 check these results. 


FIGURE 1.30 eneckpoint Now try Exercise 29. 


vi0 3 
6 
1 
FIGURE 1.31 
STUDY TIP 


You can also use the reciprocal 
identities for sine, cosine, and 
tangent to evaluate the cosecant, 
secant, and cotangent functions 
with a calculator. For instance, 
you could use the following 
keystroke sequence to evaluate 
Secon 


1 (=) (COS) 28 (ENTER 


The calculator should display 
1.1325701. 
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| Example 5 | Applying Trigonometric Identities 


Let @ be an acute angle such that tan 6 = 3. Find the values of (a) cot 0 and 
(b) sec 6 using trigonometric identities. 


Solution 
ll 
a. cot 6 = Reciprocal identity 
tan 6 
t 0 : 
co =i 
3 


b. sec? 6 = 1 + tan’ 6 
sec? 9 = 1 + 3? 
sec? 9 = 10 
sec 9 = /10 


Use the definitions of cot @ and sec @, and the triangle shown in Figure 1.31, to 
check these results. 


cuecKPoinr 


Evaluating Trigonometric Functions with a Calculator 


Pythagorean identity 


Now try Exercise 31. 


To use a calculator to evaluate trigonometric functions of angles measured in 
degrees, first set the calculator to degree mode and then proceed as demonstrated 
in Section 1.2. For instance, you can find values of cos 28° and sec 28° as follows. 


Function Mode Calculator Keystrokes Display 
a. cos 28° Degree COS] 28 0.8829476 
b. sec 28° Degree Q (COS) (Q 28 D) DJ) (x7) (ENTER) ~=1.1325701 


Throughout this text, angles are assumed to be measured in radians unless 
noted otherwise. For example, sin 1 means the sine of | radian and sin 1° means 
the sine of 1 degree. 


Scluiyit-mem Using a Calculator 


Use a calculator to evaluate sec(5° 40’ 12”). 


Solution 
1 


Begin by converting to decimal degree form. [Recall that 1’ = g(1°) and 
ee 1 fe} 
1” = 3609 (1°)].- 


40\° 12 \° 
5°40" 12" = 5° + ( +( = 5.67° 


60 3600 
Then, use a calculator to evaluate sec 5.67°. 
Calculator Keystrokes Display 


1.0049166 


Function 
sec(5° 40’ 12”) = sec 5.67° 


oneckpoint 


CQ (€0S) LQ 5.67 0} DB) x) (ENTER) 


Now try Exercise 47. 
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Object 


Angle of 
elevation 


Observer 


Horizontal 


Horizontal 


Observer 


Object 


FIGURE 1.32 


FIGURE 1.33 


Applications Involving Right Triangles 


Many applications of trigonometry involve a process called solving right 
triangles. In this type of application, you are usually given one side of a right 
triangle and one of the acute angles and are asked to find one of the other sides, 
or you are given two sides and are asked to find one of the acute angles. 

In Example 7, the angle you are given is the angle of elevation, which 
represents the angle from the horizontal upward to an object. For objects that lie 
below the horizontal, it is common to use the term angle of depression, as shown 
in Figure 1.32. 


Using Trigonometry to Solve a Right Triangle @ 


A surveyor is standing 115 feet from the base of the Washington Monument, as 
shown in Figure 1.33. The surveyor measures the angle of elevation to the top of 
the monument as 78.3°. How tall is the Washington Monument? 


Solution 
From Figure 1.33, you can see that 
tan 78,3° = PP = 2 
adj x 


where x = 115 and y is the height of the monument. So, the height of the 
Washington Monument is 


y = x tan 78.3° ~ 115(4.82882) ~ 555 feet. 


-afcuecKroint Now try Exercise 63. 
Seliull(m-m Using Trigonometry to Solve a Right Triangle @ 


An historic lighthouse is 200 yards from a bike path along the edge of a lake. A 
walkway to the lighthouse is 400 yards long. Find the acute angle 0 between the 
bike path and the walkway, as illustrated in Figure 1.34. 


FIGURE 1.34 
Solution 
From Figure 1.34, you can see that the sine of the angle 0 is 
. opp 200 1 
sin 9 = = = 7. 
hyp 400 2 


Now you should recognize that 6 = 30°. 


weweckrowr ~— Now try Exercise 65. 
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By now you are able to recognize that 6 = 30° is the acute angle that 
satisfies the equation sin 0 = 5. Suppose, however, that you were given the 
equation sin 6 = 0.6 and were asked to find the acute angle 6. Because 


30° = : 
sin 5 
= 0.5000 
and 
in 45° z 
sin => 
2 
= 0.7071 


you might guess that 6 lies somewhere between 30° and 45°. In a later section, 
you will study a method by which a more precise value of 0 can be determined. 


Solving a Right Triangle @ 


Find the length c of the skateboard ramp shown in Figure 1.35. 


FIGURE 1.35 


Solution 
From Figure 1.35, you can see that 


= SPP. 


sin 18.4° 
hyp 


So, the length of the skateboard ramp is 


4 
© ~ sin 18.4° 


_ 4 
0.3156 


= 12.7 feet. 


woweckponT = Now try Exercise 67. 
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Glee 


VOCABULARY CHECK: 


1. Match the trigonometric function with its right triangle definition. 


(a) Sine (b) Cosine (c) Tangent (d) Cosecant (e) Secant (f) Cotangent 
.. hypotenuse ... adjacent .... hypotenuse : adjacent opposite .. Opposite 
(i) ype (ii) J ; (ili) aa (iv) J (v) PP (v1) oe 
adjacent opposite opposite hypotenuse hypotenuse adjacent 
In Exercises 2 and 3, fill in the blanks. 
2. Relative to the angle 6, the three sides of a right triangle are the side, the side, and the 


3. An angle that measures from the horizontal upward to an object is called the angle of 


, whereas an angle that 


measures from the horizontal downward to an object is called the angle of 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-4, find the exact values of the six trigono- 
metric functions of the angle @ shown in the figure. (Use 
the Pythagorean Theorem to find the third side of the 
triangle.) 


In Exercises 5-8, find the exact values of the six trigono- 
metric functions of the angle @ for each of the two 
triangles. Explain why the function values are the same. 


In Exercises 9-16, sketch a right triangle corresponding to 
the trigonometric function of the acute angle 0. Use the 
Pythagorean Theorem to determine the third side and 
then find the other five trigonometric functions of 0. 


9. sin 0 =} 10. cos 0 = 3 
11. sec 9 =2 12. cot@=5 
13. tan 0 = 3 14. sec 0 = 6 
15. cot 6 = 3 16. csc 0 = 


In Exercises 17-26, construct an appropriate triangle to 
complete the table. (0 < 6 < 90°,0 < 0< z/2) 


Function 0 (deg) 6 (rad) Function Value 
17. sin 30° 
18. cos 45° 
7 
19. t ra 
an 3 
T 
20. — 
sec 4 
21. cot V3 
3 
22. csc J2 
T 
23. -_ 
cos 6 
7 
24. si _— 
sin 4 
25. cot 1 
26. tan ae 


le 


In Exercises 27-32, use the given function value(s), and 
trigonometric identities (including the cofunction identi- 
ties), to find the indicated trigonometric functions. 


so sag tele ‘ 

27. sin 60° = ee cos 60° = 3 

(a) tan 60° (b) sin 30° 

(c) cos 30° (d) cot 60° 

eee | ee 

28. sin 30° = > tan 30° = a 

(a) csc 30° (b) cot 60° 

(c) cos 30° (d) cot 30° 
29. csc 0 = V13 sec 9 = v13 

2 3 

(a) sin 0 (b) cos 0 

(c) tan 0 (d) sec(90° — 6) 
30. secO=5, tand=2/6 

(a) cos 0 (b) cot 6 

(c) cot(90° — @) (d) sin @ 
31. cosa = ; 

(a) seca (b) sin a 

(c) cota (d) sin(90° — a) 
32. tan B = 5 

(a) cot B (b) cos B 

(c) tan(90° — B) (d) csc B 


In Exercises 33-42, use trigonometric identities to 
transform the left side of the equation into the right side 
(0 < 0< 2). 

33. tan Ocot d= 1 

34. cos Osec 0 = 1 

35. tan acos a = sina 

36. cot asin a = cosa 

37. (1 + cos 0)(1 — cos @) = sin? 6 

38. (1 + sin 6)(1 — sin 6) = cos? 6 

39. (sec 6 + tan @)(sec 6 — tan 6) = 1 

40. sin? 6 — cos? @ = 2 sin? 6 — 1 


41. ae + = = csc @sec 0 
cos@  sin@ 
t 7 t 
go, MB + cok _ og 
tan B 


In Exercises 43-52, use a calculator to evaluate each 
function. Round your answers to four decimal places. (Be 
sure the calculator is in the correct angle mode.) 

43. (a) sin 10° 
44, (a) tan 23.5° 


(b) cos 80° 
(b) cot 66.5° 


45. 
46. 
47. 
48. 
49. 
50. 
51. 
52. 
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(a) sin 16.35° 

(a) cos 16° 18’ 

(a) sec 42° 12’ 

(a) cos 4° 50’ 15” 
(a) cot 11°15’ 

(a) sec 56° 8 10” 

(a) csc 32° 40’3” 
(a) sec(2 « 20 + 32)° 
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(b) csc 16.35° 

(b) sin 73° 56’ 

(b) csc 48° 7’ 

(b) sec 4°50’ 15” 

(b) tan 11° 15’ 

(b) cos 56° 8 10” 

(b) tan 44° 28 16” 
(b) cot(2 - 30 + 32)° 


In Exercises 53-58, find the values of @ in degrees 
(0° < @ < 90°) andradians (0 < @ < 7/2) without the aid 
of a calculator. 


53. (a) sin 6 = . (b) csc 9 = 2 
2 
54. (a) cos 0 = —— (b) tan é@ = 1 
55. (a) sec 8 = 2 (b) cot d= 1 
56. (a) tan 0 = /3 (b) cos 6 = ; 
57. (a) csc 0 = 2V/3 (b) sin 0 = v2 
3 2 
58. (a) cot 6 = - (b) sec 9 = /2 


In Exercises 59-62, solve for x, y, or ras indicated. 


59. 


61. 


Solve for x. 


Solve for x. 


60. Solve for y. 


. Solve for r. 


32 
60° 
x 


63. Empire State Building You are standing 45 meters from 
the base of the Empire State Building. You estimate that the 
angle of elevation to the top of the 86th floor (the 
observatory) is 82°. If the total height of the building is 
another 123 meters above the 86th floor, what is the 
approximate height of the building? One of your friends is 
on the 86th floor. What is the distance between you and 
your friend? 
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64. Height A six-foot person walks from the base of a broad- 


65. 


66. 


67. 


casting tower directly toward the tip of the shadow cast by 
the tower. When the person is 132 feet from the tower and 
3 feet from the tip of the shadow, the person’s shadow 
starts to appear beyond the tower’s shadow. 


(a) Draw a right triangle that gives a visual representation 
of the problem. Show the known quantities of the 
triangle and use a variable to indicate the height of the 
tower. 


(b) Use a trigonometric function to write an equation 
involving the unknown quantity. 


(c) What is the height of the tower? 


Angle of Elevation You are skiing down a mountain with 
a vertical height of 1500 feet. The distance from the top of 
the mountain to the base is 3000 feet. What is the angle of 
elevation from the base to the top of the mountain? 


Width of a River A biologist wants to know the width w 
of a river so in order to properly set instruments for 
studying the pollutants in the water. From point A, the 
biologist walks downstream 100 feet and sights to point C 
(see figure). From this sighting, it is determined that 
0 = 54°. How wide is the river? 


Length A steel cable zip-line is being constructed for a 
competition on a reality television show. One end of the 
zip-line is attached to a platform on top of a 150-foot pole. 
The other end of the zip-line is attached to the top of a 
5-foot stake. The angle of elevation to the platform is 23° 
(see figure). 


(a) How long is the zip-line? 

(b) How far is the stake from the pole? 

(c) Contestants take an average of 6 seconds to reach the 
ground from the top of the zip-line. At what rate are 


contestants moving down the line? At what rate are they 
dropping vertically? 


68. Height of a Mountain In traveling across flat land, 


you notice a mountain directly in front of you. Its angle of 
elevation (to the peak) is 3.5°. After you drive 13 miles 
closer to the mountain, the angle of elevation is 9°. 
Approximate the height of the mountain. 


69. Machine Shop Calculations A steel plate has the form 


of one-fourth of a circle with a radius of 60 centimeters. 
Two two-centimeter holes are to be drilled in the plate 
positioned as shown in the figure. Find the coordinates of 
the center of each hole. 


56 60 


70. Machine Shop Calculations A tapered shaft has a 


diameter of 5 centimeters at the small end and is 
15 centimeters long (see figure). The taper is 3°. Find the 
diameter d of the large end of the shaft. 


39 


~ 15 cm ml 


71. Height A 20-meter line is used to tether a helium- 
filled balloon. Because of a breeze, the line makes an 
angle of approximately 85° with the ground. 


(a) Draw a right triangle that gives a visual representa- 
tion of the problem. Show the known quantities of 
the triangle and use a variable to indicate the height 
of the balloon. 


Use a trigonometric function to write an equation 
involving the unknown quantity. 


What is the height of the balloon? 


The breeze becomes stronger and the angle the 
balloon makes with the ground decreases. How 
does this affect the triangle you drew in part (a)? 


Complete the table, which shows the heights (in 
meters) of the balloon for decreasing angle 
measures 6. 


Angle, 9 | 80° | 70° | 60° | 50° 


Height 


Angle, 0 


Height 


As the angle the balloon makes with the ground 
approaches 0°, how does this affect the height of 
the balloon? Draw a right triangle to explain your 
reasoning. 


72. Geometry Use a compass to sketch a quarter of a circle 
of radius 10 centimeters. Using a protractor, construct an 
angle of 20° in standard position (see figure). Drop a 
perpendicular line from the point of intersection of the 
terminal side of the angle and the arc of the circle. By 
actual measurement, calculate the coordinates (x, y) of the 
point of intersection and use these measurements to 
approximate the six trigonometric functions of a 20° angle. 


y 
A 


10 
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Synthesis 


True or False? _\n Exercises 73-78, determine whether the 
statement is true or false. Justify your answer. 


73. sin 60° csc 60° = 1 74. sec 30° = csc 60° 
75. sin 45° + cos45° = 1 76. cot? 10° — csc? 10° = —1 


77. = sin 2° 78. tan[(5°)?] = tan?(5°) 


79. Writing In right triangle trigonometry, explain why 
sin 30° = 5 regardless of the size of the triangle. 


80. Think About It You are given only the value tan 6. Is 
it possible to find the value of sec 0 without finding the 
measure of 9? Explain. 


81. Exploration 
(a) Complete the table. 


0 0.1 | 0.2 | 0.3 | 0.4 | 0.5 


sin 0 


(b) Is 0 or sin 6 greater for 6 in the interval (0, 0.5]? 


(c) As 6 approaches 0, how do @ and sin 6 compare? 
Explain. 


82. Exploration 
(a) Complete the table. 


0 O° | 18° | 36° | 54° | 72° | 90° 


sin 0 


cos 0 


(b) Discuss the behavior of the sine function for 6 in the 
range from 0° to 90°. 


(c) Discuss the behavior of the cosine function for @ in the 
range from 0° to 90°. 


(d) Use the definitions of the sine and cosine functions to 
explain the results of parts (b) and (c). 


Skills Review 


In Exercises 83-86, perform the operations and simplify. 


83 x? — 6x x? + 12x + 36 
“x24 4x — 12 x? — 36 
2t?7 + 5t — 12 t?7 — 16 
84. : 
9 — 41? 4r7 + 12r +9 
e- 
3 2 
85 is ne 
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Trigonometric Functions of Any Angle 


What you should learn 
+ Evaluate trigonometric 
functions of any angle. 


* Use reference angles 
to evaluate trigonometric 
functions. 


+ Evaluate trigonometric 
functions of real numbers. 


Why you should learn it 


ic 


solv 


-~ Ose 


James Urbach/SuperStock 


FIGURE 1.36 


Introduction 


In Section 1.3, the definitions of trigonometric functions were restricted to acute 
angles. In this section, the definitions are extended to cover any angle. If 6 is an 
acute angle, these definitions coincide with those given in the preceding section. 


Definitions of Trigonometric Functions of Any Angle 
Let @ be an angle in standard position with (x, y) a point on the terminal side 


of dandr = J/x*? + yy #0. 


sin 9 =~ 
2 


tang =~ 
x 


x 
cos 8 = — 
i 


cot 0 =—, 


y #0 


5 
sec 0 =—, 
x 


csc 0 =~, 
y 


y #0 


Because r = \/x? + y? cannot be zero, it follows that the sine and cosine 
functions are defined for any real value of 6. However, if x = 0, the tangent and 
secant of @ are undefined. For example, the tangent of 90° is undefined. 
Similarly, if y = 0, the cotangent and cosecant of 6 are undefined. 


Settee Evaluating Trigonometric Functions 


Let (—3, 4) be a point on the terminal side of 6. Find the sine, cosine, and 
tangent of 0. 


Solution 
Referring to Figure 1.36, you can see that x = —3, y = 4, and 
r=J/x2+ y2 = /(-3)24+ 42 = J/25 =5. 


So, you have the following. 


>_< 

@=c=— 

sin 5 
x 3 
G22 == 
cos ; 5 
4 
ah == 
x 3 


efcueckpoint Now try Exercise 1. 


1 a 
7< O0<1 0<@< 7 
SOO. JP BE 
y>O wv «yd 

Nea > xX 
E<eQ <, #20 
y<0 © e y<0 
3m 3 
T<O< 9) 5 <0<27 
y 
A 
Quadrant II Quadrant I 
sin 6: + sin 0: + 
cos 9: — cos 0: + 
tan 0: — tan 0: + 
> xX 
Quadrant III Quadrant IV 
sin 0: — sin 0: — 
cos 9: — cos 0: + 
tan 0: + tan 0: — 
FIGURE 1.37 


FIGURE 1.38 
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Trigonometric Functions of Any Angle 


The signs of the trigonometric functions in the four quadrants can be 
determined easily from the definitions of the functions. For instance, because 
cos 6 = x/r, it follows that cos @ is positive wherever x > 0, which is in 
Quadrants I and IV. (Remember, r is always positive.) In a similar manner, you 
can verify the results shown in Figure 1.37. 


| Example 2 Evaluating Trigonometric Functions 


Given tan 0 = -3 and cos 6 > 0, find sin @ and sec 0. 


Solution 


Note that 6 lies in Quadrant IV because that is the only quadrant in which the 
tangent is negative and the cosine is positive. Moreover, using 


y 5 
tan@=-=—— 
sa x 4 
and the fact that y is negative in Quadrant IV, you can let y = —5 and x = 4. So, 
r= /16 + 25 = \/41 and you have 
=5 
sin 9 = = Jat 
= —0.7809 
r  VJA4l 
sec 9 = — = —— 
x 4 
= 1.6008. 


cneckront 


Now try Exercise 17. 
Schilitem Trigonometric Functions of Quadrant Angles 


: : 7 
Evaluate the cosine and tangent functions at the four quadrant angles 0, > 7, and 
397 


< 
Solution 


To begin, choose a point on the terminal side of each angle, as shown in Figure 
1.38. For each of the four points, r = 1, and you have the following. 


0 
int=2 = 2% 
x 


i (x, y) = (1, 0) 


g== 1 
Cos ——= = 
ja 1 


0 1 
cos 5 = : = qi =0 tan > = : = 0 => undefined @, x)= 6,1) 
=| 0 
cos 7 = — = =-1 ap 9) = (=1,0) 
3 0 3 -1 
os === 7 =0 tan =" =" =) = undefined (x, y) = (0, -1) 


oneckpoint 


Now try Exercise 29. 
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FIGURE 1.40 


FIGURE 1.41 


225° and —135° 
are coterminal. 


FIGURE 1.42 


Reference Angles 


The values of the trigonometric functions of angles greater than 90° (or less than 
0°) can be determined from their values at corresponding acute angles called 
reference angles. 


Definition of Reference Angle 


Let 0 be an angle in standard position. Its reference angle is the acute angle 
0’ formed by the terminal side of 6 and the horizontal axis. 


Figure 1.39 shows the reference angles for 6 in Quadrants II, HI, and IV. 


A A A 
Quadrant II 
Reference 
eference angle: 0’ 
Q angle: 0’ 9 ° 5 

ee Quadrant 

ee Quadrant III IV 

0’ = n— 0 (radians) 0’ = 0-7 (radians) 0’ = 2n- 0 (radians) 
6’ = 180° — 6 (degrees) 6’ = 8— 180° (degrees) 0’ = 360° — 6 (degrees) 


FIGURE 1.39 


Schilt-wem Finding Reference Angles 


Find the reference angle 6’. 
a. 6 = 300° b. 6 = 2.3 c. 6 = —135° 
Solution 
a. Because 300° lies in Quadrant IV, the angle it makes with the x-axis is 
6’ = 360° — 300° 
= 60°. Degrees 
Figure 1.40 shows the angle 6 = 300° and its reference angle 0’ = 60°. 


b. Because 2.3 lies between 7/2 ~ 1.5708 and 7 ~ 3.1416, it follows that it is 
in Quadrant II and its reference angle is 


0 = 7 23 
= 0.8416. Radians 
Figure 1.41 shows the angle 0 = 2.3 and its reference angle 0’ = mw — 2.3. 


c. First, determine that — 135° is coterminal with 225°, which lies in Quadrant 
III. So, the reference angle is 


6’ = 225° — 180° 
= 45°. Degrees 
Figure 1.42 shows the angle 6 = — 135° and its reference angle 6’ = 45°. 
wouecxronT = Now try Exercise 37. 
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Trigonometric Functions of Real Numbers 


To see how a reference angle is used to evaluate a trigonometric function, 
consider the point (x, y) on the terminal side of 6, as shown in Figure 1.43. By 
definition, you know that 


(x, y) 


sin 0 = Z and tan 0 = s 
r Ps 
For the right triangle with acute angle 6’ and sides of lengths |x| and |y|, you 
have 
adj sin 9’ = P= bh 
hyp r 
opp = |y|, adj = |x| d 
FIGURE 1.43 a 
tan 0’ = aE = bh 
adj |x| 


So, it follows that sin 6 and sin 0’ are equal, except possibly in sign. The same is 
true for tan 6 and tan 6’ and for the other four trigonometric functions. In all 
cases, the sign of the function value can be determined by the quadrant in which 
6 lies. 


Evaluating Trigonometric Functions of Any Angle 


To find the value of a trigonometric function of any angle 6: 


1. Determine the function value for the associated reference angle 0’. 


2. Depending on the quadrant in which 6 lies, affix the appropriate sign to 
the function value. 


STUDY TIP By using reference angles and the special angles discussed in the preceding 

section, you can greatly extend the scope of exact trigonometric values. For 
Learning the table of values at instance, knowing the function values of 30° means that you know the function 
the right is worth the effort values of all angles for which 30° is a reference angle. For convenience, the table 


because doing so will increase below shows the exact values of the trigonometric functions of special angles and 


both your efficiency and your quadrant angles. 
confidence. Here is a pattern for 


the sine function that may help Trigonometric Values of Common Angles 


yourememper tne valley, 6 (degrees) | 0° | 30° | 45° | 60° | 90° | 180°| 270° 
; T 7 7 7 Sar 
0 0° | 30° | 45° | 60° | 90 @ (radians) | 0 6 fi 3 5) 7 ) 
sin @ | 0|¥1|¥2)¥3|v4 1 | 4lZ 
2/212/21]/2 sin 0 0 Wt ee all eae 1 0 —1 
2 2 2 
3 2) 1 
Reverse the order to get cosine cos 0 1 a 2 3 0 =] 0 
values of the same angles. 
tan 0 0 3 1 | /3|Undef.| 0 | Undef. 
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4 
a: tos — b. tan(— 210°) c. csc —— 
3 4 


Eo Using Reference Angles 


Evaluate each trigonometric function. 


lla7 


Solution 


a. Because 0 = 47/3 lies in Quadrant III, the reference angle is 0’ = 


(42/3) — a = 7/3, as shown in Figure 1.44. Moreover, the cosine is 
negative in Quadrant III, so 


. Because — 210° + 360° = 150°, it follows that —210° is coterminal with the 


second-quadrant angle 150°. So, the reference angle is 6’= 
180° — 150° = 30°, as shown in Figure 1.45. Finally, because the tangent is 
negative in Quadrant II, you have 


tan(— 210°) = (—) tan 30° 


. Because (1172/4) — 27 = 37/4, it follows that 1la/4 is coterminal 


with the second-quadrant angle 37/4. So, the reference angle is 
6’ = 7 — (32/4) = 7/4, as shown in Figure 1.46. Because the cosecant is 
positive in Quadrant II, you have 


lla 7 
csc —— = (+) esc — 
4 4 
_ 1 
sin(7/4) 


= /2. 


An GC — 302 


O= Zio 


FIGURE 1.44 FIGURE 1.45 FIGURE 1.46 


woweckrowtT = Now try Exercise 51. 
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Seite Using Trigonometric Identities 


Let 6 be an angle in Quadrant II such that sin 9 = i Find (a) cos @ and (b) tan @ 
by using trigonometric identities. 


Solution 
a. Using the Pythagorean identity sin? 6 + cos? 6 = 1, you obtain 


1\2 
(*) + cos? @= 1 Substitute } for sin 6. 


1 8 
2g=1--=-— 
cos 99 


Because cos 6 < 0 in Quadrant II, you can use the negative root to obtain 


aS 7g 
_ _2v2 
3 


: ; — : sin 0 ‘ 
b. Using the trigonometric identity tan 6 = ——, you obtain 


cos 0 


tan 90 = —— = Substitute for sin @ and cos 0. 
—2./2/3 


woweckronr ~—- Now try Exercise 59. 


You can use a calculator to evaluate trigonometric functions, as shown in the 
next example. 


Example 7 Using a Calculator 


Use a calculator to evaluate each trigonometric function. 


a. cot410° b. sin(—7) ec. sec = 


9 
Solution 
Function Mode Calculator Keystrokes Display 
a. cot 410° Degree (( (TAN) (Q 410 DJ DJ (x) [ENTER] 0.8390996 
b. sin(—7) Radian (SIN) (Q (©) 7 0) (ENTER) — 0.6569866 
c. ReG Radian (COS OMS 9 O OGIENTER) 1.0641778 


lcueckpoint Now try Exercise 69. 
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VOCABULARY CHECK: 
In Exercises 1-6, let 9 be an angle in standard position, with (x, y) a point on the terminal side of 6 and r./x* + y? # 0. 


1. sind = 2,7= 
y 
3. tan 8 = 4. sec0= 
5, . = 6. == 
r y 


7. The acute positive angle that is formed by the terminal side of the angle 0 and the horizontal axis 
is called the angle of @ and is denoted by 0’. 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-4, determine the exact values of the six 9. (—3.5, 6.8) 10. (33, ~73) 
trigonometric functions of the angle 6. 
1. (a) y (b) y In Exercises 11-14, state the quadrant in which @ lies. 
A 
(4, 3) 11. sin 6 < Oandcos 0 < 0 
A9 12. sin 0 > 0 and cos 6 > 0 
x 
13. sin 6 > O and tan 0 < 0 
14. sec 6 > O and cot 0 < 0 
2. (a) y (b) y In Exercises 15-24, find the values of the six trigonometric 
{ Zia) { functions of 6 with the given constraint. 
{ 0 
: \ \ Function Value Constraint 
7 * 15. sin 6 = 2 0 lies in Quadrant II. 
(-12, -5) 16. cos 6 = -} @ lies in Quadrant III. 
17. tang = —2 sin 0 < 0 
3. (@) ; (b) (| 18. cos 6 = a tan 6d <0 
@ f) 19. cot d= —-3 cos 8 > 0 
P cil \ 9 20. csc 0=4 cotéd< 0 
C4, 1) 21. sec 9= —2 sin @ > 0 
3, =) 22. sin @=0 sec 0 = =1 
23. cot 0 is undefined. m/2< 0< 37/2 
4. (a) BY (b) y . 
A 24. tan 6 is undefined. TS 0527 
(3, 1) ) 
: In Exercises 25-28, the terminal side of 6 lies on the given 
@Q ? J line in the specified quadrant. Find the values of the six 
Ce trigonometric functions of 6 by finding a point on the line. 
Line Quadrant 
In Exercises 5-10, the point is on the terminal side of an 25. y= -x II 
angle in standard position. Determine the exact values of 2%. y = ty Wl 
the six trigonometric functions of the angle. 27. 2x —y = a 
5. (7, 24) 6. (8, 15) 28. 4x + 3y = IV 


7. (—4, 10) 8. (—5, —2) 
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In Exercises 29-36, evaluate the trigonometric function of By In Exercises 65-80, use a calculator to evaluate the trigono- 
the quadrant angle. metric function. Round your answer to four decimal places. 
(Be sure the calculator is set in the correct angle mode.) 


: 37 
29. sin 7 30. ese 65. sin 10° 66. sec 225° 
4 Saf 4% 67. cos(—110°) 68. csc(—330°) 
area eid 69. tan 304° 70. cot 178° 
71. 72° 72. tan(— 188° 
33. sin 34. cot 7 “ ata 
2 73. tan 4.5 74. cot 1.35 
T 7 7 
ay 75. tan — 76. t -2) 
35. csc 7 36. cot 5 an 9 an 9 
77. sin(—0.65) 78. sec 0.29 
In Exercises 37-44, find the reference angle 0’, and sketch lia 157 
0 and 0’ in standard position. 79. coi(- 47) 80 cse( 182) 
37. 6 = 203° 38. 6 = 309° 
39. @ = —245° 40. 0 = —145° In Exercises 81-86, find two solutions of the equation. Give 
your answers in degrees (0° < @ < 360°) and in radians 
41. 6= 20 42. 0= in (0 < 0 < 27). Do not use a calculator. 
3 4 
fi 81. (a) sin 0 =5 (b) sin 9 = —4 
43. 6 = 3.5 44. 9=—_ Js xf 
3 82. (a) cos 0 = s (b) cos 6 = as 
: : : 2/3 
In Exercises 45-58, evaluate the sine, cosine, and tangent of 83. (a) csc 0 = —— (b) cot d= —-1 
the angle without using a calculator. 2 
4. =2 b =-2 
45, 225° 46. 300° : (a) pe sae r 
i: t = t= — 
47. 750° 48. —405° ne A a ¥ 
49. —150° 50. —840° 86. (a) sin @ = si (b) sin 6 = — "5. 
4 
51, — 52, = 
3 4 
53, -— 54, —— 
an) “2 87. Data Analysis: Meteorology The table shows the 
ie 107 monthly normal temperatures (in degrees Fahrenheit) 
55. a 56. se for selected months for New York City (N) and 
Fairbanks, Alaska (F). (Source: National Climatic 
57 _3a Data Center) 
: 2 
25a BE: ; 
58. ae HF: Month New York Fairbanks, 
City, N F 
In Exercises 59-64, find the indicated trigonometric value January 
in the specified quadrant. April 
Function Quadrant Trigonometric Value July 
59. sin 0 = —3 Iv cos 0 Detone 
60. cot 6= —3 I sin 0 Depo 
= 3 
Gl, tan 85 a sec @ (a) Use the regression feature of a graphing utility to 
62. csc 9 = —2 IV cot 6 find a model of the form 
63. cos 0=3 I sec 0 y = asin(bt + c) +d 
64. sec 0 = —} tl tan 6 for each city. Let t represent the month, with ¢ = 1 


corresponding to January. 
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Model It (continued) 


(b) Use the models from part (a) to find the monthly 
normal temperatures for the two cities in February, 
March, May, June, August, September, and 


November. 


(c) Compare the models for the two cities. 


88. Sales A company that produces snowboards, which are 
seasonal products, forecasts monthly sales over the next 
2 years to be 


S = 23.1 + 0.442t + 4.3 cos 7 


where S is measured in thousands of units and ¢ is 
the time in months, with t = 1 representing January 2006. 
Predict sales for each of the following months. 


(a) February 2006 (b) February 2007 
(c) June 2006 (d) June 2007 


Path of a Projectile \n Exercises 89 and 90, use the 
following information. The horizontal distance d (in feet) 
traveled by a projectile with an initial speed of v feet per 
second is modeled by 


d=3 


sin 20. 


where @ is the angle at which the projectile is launched. 


89. Find the horizontal distance traveled by a golf ball that is 
hit with an initial speed of 100 feet per second when the 
ball is hit at an angle of (a) @ = 30°, (b) 6 = 50°, and (c) 
0 = 60°. 

90. Find the horizontal distance traveled by a model rocket that 
is launched with an initial speed of 120 feet per second 


when the model rocket is launched at an angle of (a) 
6 = 60°, (b) 6 = 70°, and (c) 0 = 80°. 


91. Harmonic Motion The displacement from equilibrium 
of an oscillating weight suspended by a spring and subject 
to the damping effect of friction is given by 


y(t) = 2 cos 6t 


where y is the displacement (in centimeters) and f is the 
time (in seconds). Find the displacement when (a) t = 0, 
(b) t= }, and (c) t= 3. 

92. Distance An airplane, flying at an altitude of 6 miles, is 
on a flight path that passes directly over an observer (see 
figure). If 6 is the angle of elevation from the observer to 


the plane, find the distance d from the observer to the plane 
when (a) 6 = 30°, (b) @ = 90°, and (c) 6 = 120°. 


Vo et! - 


FIGURE FOR 92 


Synthesis 


True or False? \n Exercises 93 and 94, determine whether 
the statement is true or false. Justify your answer. 


93. In each of the four quadrants, the signs of the secant 
function and sine function will be the same. 


94. To find the reference angle for an angle @ (given 
in degrees), find the integer mn _ such _ that 
0 < 360° — @ < 360°. The difference 360° — @ is the 
reference angle. 


95. Writing Consider an angle in standard position with 
r = 12 centimeters, as shown in the figure. Write a short 
paragraph describing the changes in the values of x, y, 
sin 6, cos 6, and tan 6 as @ increases continuously from 0° 
to 90°. 


> 


(x, y) 
12cm 


> X 


96. Writing Explain how reference angles are used to find 
the trigonometric functions of obtuse angles. 


Skills Review 


In Exercises 97-104, graph the function. Identify the domain 
and any intercepts of the function. 

98. y = 6 — 7x 
100. y = 2x? — 5x 
102. g(x) = x4 + 2x? — 3 
104. f(x) = /4x —T1 


97. y=x-8 

99, y=x°+3x-4 
101. f(x) =~ +8 
103. g(x) = /x +5 
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Graphs of Sine and Cosine Functions 


What you should learn 


* Sketch the graphs of basic sine Basic Sine and Cosine Curves 


and cosine functions. In this section, you will study techniques for sketching the graphs of the sine and 
+ Use amplitude and period to cosine functions. The graph of the sine function is a sine curve. In Figure 1.47, 

help sketch the graphs of sine the black portion of the graph represents one period of the function and is called 

and cosine functions. one cycle of the sine curve. The gray portion of the graph indicates that the basic 
* Sketch translations of the sine curve repeats indefinitely in the positive and negative directions. The graph 

graphs of sine and cosine of the cosine function is shown in Figure 1.48. 

fevers. ; Recall from Section 1.2 that the domain of the sine and cosine functions is 
+ Use si and cosine functions the set of all real numbers. Moreover, the range of each function is the interval 


[—1, 1], and each function has a period of 277. Do you see how this information 
is consistent with the basic graphs shown in Figures 1.47 and 1.48? 


y 
A 
y=sinx 
_-- od 
Range: 4 
-l<y<1} — 
? _3n —\ 2 Sn 
2 2 2) 
VV. - Se ee ee 
Bs 
Period: 27 
FIGURE 1.47 
y 
A 
Range: \ Bs 
nt Pe < t >) 
leysl 5a 
2 
© Karl Weatherly/Corbis 
Period: 27 
FIGURE 1.48 


Note in Figures 1.47 and 1.48 that the sine curve is symmetric with respect 
to the origin, whereas the cosine curve is symmetric with respect to the y-axis. 
These properties of symmetry follow from the fact that the sine function is odd 
and the cosine function is even. 
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Maximum Intercept 
i 


Intercept i 1) y=sinx 


(0, 0) 


FIGURE 1.49 


Technology 


When using a graphing utility to 
graph trigonometric functions, 
pay special attention to the view- 
ing window you use. For instance, 


try graphing y = [sin(10x)]/10 in 
the standard viewing window 

in radian mode. What do you 
observe? Use the zoom feature 

to find a viewing window that 
displays a good view of the graph. 


Trigonometry 


period 


To sketch the graphs of the basic sine and cosine functions by hand, it helps 
to note five key points in one period of each graph: the intercepts, maximum 
points, and minimum points (see Figure 1.49). 


y 
=e A 
Minimum Intercept Intercept Minimum Intercept Maximum 
(0, 1) MT y=cos x (2a, 1) 
| ae , | 
| $9) | EO 
I 


t > xX 


Quarter _——- Half (21, 0) Quarter Full 
period _ period Full period period 
Period: 27 Three-quarter period Period: 27 Half Three-quarter 


period 


period 


Using Key Points to Sketch a Sine Curve 


Sketch the graph of y = 2 sin x on the interval [— 7, 47]. 
Solution 
Note that 

y = 2sinx = 2(sin x) 


indicates that the y-values for the key points will have twice the magnitude of 
those on the graph of y = sin x. Divide the period 27 into four equal parts to get 
the key points for y = 2 sin x. 


Intercept Maximum Intercept = Minimum Intercept 
3 
(0, 0), (z 2), (7,0), (= -2), and (27,0) 


By connecting these key points with a smooth curve and extending the curve in 
both directions over the interval [— 77, 47], you obtain the graph shown in Figure 
1.50. 


y=2sinx 


FIGURE 1.50 


cueckpoint 


Now try Exercise 35. 


A y=3cosx 


FIGURE 1.51 


Exploration 


Sketch the graph of y = cos bx 
for b = 5, 2, and 3. How does 


the value of b affect the graph? 
How many complete cycles 
occur between 0 and 27 for 
each value of b? 
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Amplitude and Period 


In the remainder of this section you will study the graphic effect of each of the 
constants a, b, c, and d in equations of the forms 


y = d+ asin(bx — c) 
and 
y = d+ acos(bx — c). 


A quick review of the transformations you studied in Section P.8 should help in 
this investigation. 

The constant factor a in y = asinx acts as a scaling factor—a vertical 
stretch or vertical shrink of the basic sine curve. If |a] > 1, the basic sine curve 
is stretched, and if |a| < 1, the basic sine curve is shrunk. The result is that the 
graph of y = a sin x ranges between — a and a instead of between — | and 1. The 
absolute value of a is the amplitude of the function y = a sin x. The range of the 
function y = asinx fora > O0is-asy<a. 


Definition of Amplitude of Sine and Cosine Curves 


The amplitude of y = asin x and y = acos x represents half the distance 
between the maximum and minimum values of the function and is given by 


Amplitude = |al. 


| Example 2 | Scaling: Vertical Shrinking and Stretching 


On the same coordinate axes, sketch the graph of each function. 


ay 5 COS b. y = 3cosx 


Solution 


a. Because the amplitude of y = + cos x is i the maximum value is 5 and the 
minimum value is —}. Divide one cycle, 0 < x < 27, into four equal parts to 
get the key points 


Maximum Intercept Minimum Intercept Maximum 


2) (Eo) (m8). CFoh me (ond) 


b. A similar analysis shows that the amplitude of y = 3 cos x is 3, and the key 
points are 


Maximum Intercept Minimum Intercept Maximum 
3 
(0, 3), (Z 0}, (7,4), (2, 0}, and (27, 3). 


The graphs of these two functions are shown in Figure 1.51. Notice that the graph 
of y= 5 COS x is a vertical shrink of the graph of y = cos x and the graph of 
y = 3cos x is a vertical stretch of the graph of y = cos x. 


weweckpoInrT = Now try Exercise 37. 
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y=-3 cos x 


FIGURE 1.52 


Exploration 


Sketch the graph of 


y= sale = ©) 


where c = — 77/4, 0, and 77/4. 
How does the value of c affect 
the graph? 


STUDY TIP 


In general, to divide a 
period-interval into four equal 
parts, successively add 
“period/4,” starting with the left 
endpoint of the interval. For 
instance, for the period-interval 
[— 7/6, 77/2] of length 27/3, 
you would successively add 


2m) 3 2 


4 6 


to get — 7/6, 0, 77/6, 77/3, and 
a/2 as the x-values for the key 
points on the graph. 


Trigonometry 


You know from Section P.8 that the graph of y = —f(x) is a reflection in the 
x-axis of the graph of y = f(x). For instance, the graph of y = —3 cos x is a 
reflection of the graph of y = 3 cos x, as shown in Figure 1.52. 

Because y = a sin x completes one cycle from x = 0 to x = 27, it follows 
that y = a sin bx completes one cycle from x = 0 to x = 27/b. 


Period of Sine and Cosine Functions 


Let b be a positive real number. The period of y = a sin bx and y = acos bx 
is given by 


27 
Period = —. 
erio b 


Note that if 0 < b < 1, the period of y = asin bx is greater than 27 and 
represents a horizontal stretching of the graph of y = a sin x. Similarly, if b > 1, 
the period of y = asin bx is less than 27 and represents a horizontal shrinking 
of the graph of y = a sin x. If b is negative, the identities sin(—x) = —sin x and 
cos(—x) = cos x are used to rewrite the function. 


Selul(mem Scaling: Horizontal Stretching 


Sketch the graph of y = sin 7 


Solution 


The amplitude is 1. Moreover, because b = 5, the period is 


27 2a 
ge a Substitute for b. 
5 


Now, divide the period-interval [0, 47] into four equal parts with the values 7, 
27, and 37 to obtain the key points on the graph. 


Minimum 
(37, —1), and 


Intercept Maximum _ Intercept 
(0,0), (1), — (27,0), 
The graph is shown in Figure 1.53. 


Intercept 
(477, 0) 


Period: 47 


FIGURE 1.53 


cueckpont 


Now try Exercise 39. 


Ss Sasa 


Period: 27 


FIGURE 1.54 
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Translations of Sine and Cosine Curves 
The constant c in the general equations 


y = asin(bx — c) and y = acos(bx — c) 


creates a horizontal translation (shift) of the basic sine and cosine curves. 
Comparing y = asin bx with y = asin(bx — c), you find that the graph of 
y = asin(bx — c) completes one cycle from bx — c = 0 to bx — c = 277. By 
solving for x, you can find the interval for one cycle to be 


Left endpoint Right endpoint 


Cc c Qa 
— S04 oe 
b b b 
Sy 
Period 


This implies that the period of y = asin(bx — c) is 27/b, and the graph of 
y = asin bx is shifted by an amount c/b. The number c/b is the phase shift. 


Graphs of Sine and Cosine Functions 


The graphs of y = a sin(bx — c) and y = acos(bx — c) have the following 
characteristics. (Assume b > 0.) 


Amplitude = |a| 


27 
Period = — 
erio b 


The left and right endpoints of a one-cycle interval can be determined by 
solving the equations bx — c = 0 and bx — c = 27. 


Horizontal Translation 
Example 4 | 


1 
Sketch the graph of y = 3 sin( x = 7) 


Solution 
The amplitude is 5 and the period is 277. By solving the equations 


T = 
x-Z=0 = x 3 


and 


7 
a- gle = ney 


you see that the interval [7/3, 77/3] corresponds to one cycle of the graph. 
Dividing this interval into four equal parts produces the key points 


Intercept Maximum Intercept Minimum Intercept 


T 57 1 An ll7w 1 1 
(5.9). (=.5). (Fo), (4-5). ane (Fo). 


The graph is shown in Figure 1.54. 


fcuecKroint 


Now try Exercise 45. 
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y=-3 cos(2m™ +47) 


Sa 
Period 1 
FIGURE 1.55 


, |y=24+3 cos 2x 


Se 
Period 2 


FIGURE 1.56 


| Example 5 | Horizontal Translation 


Sketch the graph of 
y = —3 cos(2mx + 47). 


Solution 
The amplitude is 3 and the period is 27/27 = 1. By solving the equations 
27x +47 =0 
27x = —47 
x=-2 
and 


27x +47 = 27 
27x = —27 
x=-1 


you see that the interval [—2, —1] corresponds to one cycle of the graph. 
Dividing this interval into four equal parts produces the key points 


Minimum — Intercept Maximum Intercept Minimum 


(=2,=3), (-2), (-2,3), (-3.0}, and (—1, —3). 


The graph is shown in Figure 1.55. 
weneckrownr ~=— Now try Exercise 47. 


The final type of transformation is the vertical translation caused by the 
constant d in the equations 


y =d + asin(bx — c) 


and 
y = d+ acos(bx — c). 


The shift is d units upward for d > 0 and d units downward for d < 0. In other 
words, the graph oscillates about the horizontal line y = d instead of about the 
X-axis. 


Selutwom Vertical Translation 


Sketch the graph of 
y = 2+ 3 cos 2x. 
Solution 
The amplitude is 3 and the period is 7. The key points over the interval [0, zr] are 
7 7 377 
(0, 5), (22), (z -1) ( 4 2), and (a, 5). 
The graph is shown in Figure 1.56. Compared with the graph of f(x) = 3 cos 2x, 
the graph of y — 2 + 3 cos 2x is shifted upward two units. 


weueckronnT =~ Now try Exercise 53. 


Midnight 3.4 
2 A.M. 8.7 
4 AM. 11.3 
6 A.M. 9.1 
8 A.M. 3.8 
10 A.M. 0.1 
Noon 1.2 
Changing Tides 
y 
A 
12 ee Sage 
we 
oO 
Sgt gc ef 
& fi » 
«OE a \ 
5 \ 
g 4qte \ 
2 a eis eras 
-e 
}+—_}—_+—+ }—} > f 
4AM. 8AM Noon 
Time 
FIGURE 1.57 


42 (14.7, 10) (17.3, 10) 


y = 5.6 cos(0.524t — 2.094) + 5.7 


FIGURE 1.58 
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Mathematical Modeling 


Sine and cosine functions can be used to model many real-life situations, includ- 
ing electric currents, musical tones, radio waves, tides, and weather patterns. 


Schilitwae Finding a Trigonometric Model @ 


Throughout the day, the depth of water at the end of a dock in Bar Harbor, Maine 

varies with the tides. The table shows the depths (in feet) at various times during 

the morning. (Source: Nautical Software, Inc.) 

a. Use a trigonometric function to model the data. 

b. Find the depths at 9 A.M. and 3 P.M. 

c. A boat needs at least 10 feet of water to moor at the dock. During what times 
in the afternoon can it safely dock? 

Solution 

a. Begin by graphing the data, as shown in Figure 1.57. You can use either a sine 
or cosine model. Suppose you use a cosine model of the form 


y = acos(bt — c) + d. 


The difference between the maximum height and the minimum height of the 
graph is twice the amplitude of the function. So, the amplitude is 


1 1 
a= 5 {maximum depth) — (minimum depth)] = 5 (11.3 — 0.1) = 5.6. 
The cosine function completes one half of a cycle between the times at which 
the maximum and minimum depths occur. So, the period is 
p = 2[(time of min. depth) — (time of max. depth)] = 2(10 — 4) = 12 


which implies that b = 27r/p ~ 0.524. Because high tide occurs 4 hours after 
midnight, consider the left endpoint to be c/b = 4, so c ~ 2.094. Moreover, 
because the average depth is $(11.3 + 0.1) = 5.7, it follows that d = 5.7. So, 
you can model the depth with the function given by 


y = 5.6 cos(0.524t — 2.094) + 5.7. 
b. The depths at 9 A.M. and 3 P.M. are as follows. 
y = 5.6 cos(0.524 - 9 — 2.094) + 5.7 


= 0.84 foot Sana 
y = 5.6 cos(0.524 + 15 — 2.094) + 5.7 
= 10.57 feet Sih: 


c. To find out when the depth y is at least 10 feet, you can graph the model with 
the line y = 10 using a graphing utility, as shown in Figure 1.58. Using the 
intersect feature, you can determine that the depth is at least 10 feet between 
2:42 po. (t ~ 14.7) and 5:18 pM. (t ~ 17.3). 


weueckpowt ~=— Now try Exercise 77. 
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VOCABULARY CHECK: Fill in the blanks. 


1. One period of a sine or cosine function function is called one 


of the sine curve or cosine curve. 


2. The of a sine or cosine curve represents half the distance between the maximum and minimum values 


of the function. 


3. The period of a sine or cosine function is given by 


4. For the function given by y = a sin(bx — c), ; represents the 


5. For the function given by y = d + acos(bx — c), d represents a 


of the graph of the function. 


of the graph of the function. 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-14, find the period and amplitude. 


1. y = 3 sin 2x 2. y = 2 cos 3x 


F 2x 
7. y= —2sinx BP oes 
9. y =3 sin 10x 10. y= 5 sin 8x 


1 2. 
11. y ==cos — 12. pa 
2 3 — = Oa 


1 

13. y= 4 sin 27x 
2 

14. y= = coe 
3 10 


In Exercises 15-22, describe the relationship between the 
graphs of f and g. Consider amplitude, period, and shifts. 


15. f(x) = sin x 16. f(x) = cos x 
g(x) = sin(x — 7) e(x) = cos(x + 7) 
17. f(x) = cos 2x 18. f(x) = sin 3x 
g(x) = —cos 2x g(x) = sin(—3x) 
19. f(x) = cos x 20. f(x) = sin x 
g(x) = cos 2x g(x) = sin 3x 
21. f(x) = sin 2x 22. f(x) = cos 4x 
g(x) = 3 + sin 2x g(x) = —2 + cos 4x 


In Exercises 23-26, describe the relationship between the 
graphs of f and g. Consider amplitude, period, and shifts. 


23. 


le 


In Exercises 27-34, graph f and g on the same set of coor- 
dinate axes. (Include two full periods.) 


27. f(x) = —2 sin x 28. f(x) = sin x 


g(x) = 4 sin x x 
g(x) = sin= 
3 
29. f(x) = cos x 30. f(x) = 2 cos 2x 
g(x) = 1 + cos x g(x) = —cos 4x 


32. f(x) = 4 sin 7x 
g(x) = 4 sin ax — 3 


1 
31. f(x) = =n, 


1 x 
=3)= a 
a(x) 5 sin 5 


33. f(x) = 2 cosx 
g(x) = 2 cos(x + 7) 


34. f(x) = —cosx 


g(x) = —cos(x — 7) 


In Exercises 35-56, sketch the graph of the function. 
(Include two full periods.) 


35. y = 3 sinx 36. y= j sin x 
37. y = Fos x 38. y = 4cos x 
39. y= cos; 40. y = sin 4x 
41. y = cos 27x 42. y= sin 
. 27x 1X 
43. y= aa 44. y=—-10 ae 


T 


45. y= sin( x 7 2) 46. y = sin — 7) 


47. y = 3 cos(x + 7) 48. y=4 cos( x + 2) 


2073 
49. y =2-sin— 

3 
51.y=2+ 7h cos 607x 


53. y = 3 cos(x + m) — 3 


t 
50. paseo, 


52. y =2cosx —3 


54. y= 4 cos(x + 2) +4 


2 - 
55. y== cos( = = 2) 
3 2 4 


56. y = —3 cos(6x + 7) 

In Exercises 57-62, use a graphing utility to graph the 

function. Include two full periods. Be sure to choose an 

appropriate viewing window. 
2, 

57. y = —2 sin(4x + a) 58. y=—4 sin( > 2 2) 


7 
59. y= cos( 2am = 2) +1 


60. y = 3 cos 7 t =) 2 
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Graphs of Sine and Cosine Functions 


17x 
1. y = —0.1 sin| — + 
61. y sn( 10 n) 


62. y = 7g sin 120at 


Graphical Reasoning \n Exercises 63-66, find a and d 
for the function f(x) = acos x + d such that the graph of f 
matches the figure. 


63. y 64. y 
A 


65. y 66. y 


Graphical Reasoning \n Exercises 67-70, find a, b, and c 
for the function f(x) = a sin(bx — c) such that the graph of 
f matches the figure. 


ay In Exercises 71 and 72, use a graphing utility to graph y, 


and y, in the interval [— 27, 27]. Use the graphs to find 
real numbers x such that y, = yp. 


72. y, =cosx 


y2= 1 
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73. 


74. 


75. 


Trigonometry 


Respiratory Cycle For a person at rest, the velocity v (in 
liters per second) of air flow during a respiratory cycle (the 
time from the beginning of one breath to the beginning of 


the next) is given by v = 0.85 sin 7 where ¢ is the time (in 
seconds). (Inhalation occurs when v > 0, and exhalation 
occurs when v < 0.) 

(a) Find the time for one full respiratory cycle. 

(b) Find the number of cycles per minute. 

(c) Sketch the graph of the velocity function. 

Respiratory Cycle After exercising for a few minutes, a 
person has a respiratory cycle for which the velocity of air 
flow is approximated by v = 1.75 sin 7 where f¢ is the 
time (in seconds). (Inhalation occurs when v > 0, and 
exhalation occurs when v < 0.) 

(a) Find the time for one full respiratory cycle. 

(b) Find the number of cycles per minute. 

(c) Sketch the graph of the velocity function. 


Data Analysis: Meteorology The table shows the maxi- 
mum daily high temperatures for Tallahassee T and 
Chicago C (in degrees Fahrenheit) for month ¢, with t = 1 
corresponding to January. (Source: National Climatic 
Data Center) 


Month, ¢ Tallahassee, T Chicago, C 
1 63.8 29.6 
2 67.4 34.7 
3 74.0 46.1 
4 80.0 58.0 
5 86.5 69.9 
6 90.9 79.2 
7 92.0 83.5 
8 91.5 81.2 
9 88.5 73.9 

10 81.2 62.1 
11 72.9 47.1 
12 65.8 34.4 


(a) A model for the temperature in Tallahassee is given by 
Tt 
T(t) = 77.90 + 14.10 cos( = 367), 


Find a trigonometric model for Chicago. 


aw (b) Use a graphing utility to graph the data points and the 


model for the temperatures in Tallahassee. How well 
does the model fit the data? 


76. Health The function given by P = 100 


ay (c) Use a graphing utility to graph the data points and the 


model for the temperatures in Chicago. How well does 
the model fit the data? 

(d) Use the models to estimate the average maximum 
temperature in each city. Which term of the models did 
you use? Explain. 

(e) What is the period of each model? Are the periods what 
you expected? Explain. 

(f) Which city has the greater variability in temperature 
throughout the year? Which factor of the models 
determines this variability? Explain. 


Tt 


5 
20 cos 


approximates the blood pressure P (in millimeters) of 
mercury at time f (in seconds) for a person at rest. 


(a) Find the period of the function. 


(b) Find the number of heartbeats per minute. 


77. Piano Tuning When tuning a piano, a technician strikes 


a tuning fork for the A above middle C and sets up a wave 
motion that can be approximated by y = 0.001 sin 88077, 
where f is the time (in seconds). 


(a) What is the period of the function? 


(b) The frequency f is given by f= 1/p. What is the 
frequency of the note? 


78. Data Analysis: Astronomy The percent y of the 
moon’s face that is illuminated on day x of the year 
2007, where x = 1 represents January 1, is shown in 
the table. (Source: U.S. Naval Observatory) 


vy 


1.0 
0.5 
0.0 
0.5 
1.0 
0.5 


(a) Create a scatter plot of the data. 
(b) Find a trigonometric model that fits the data. 


(c) Add the graph of your model in part (b) to the 
scatter plot. How well does the model fit the data? 


(d) What is the period of the model? 


(e) Estimate the moon’s percent illumination on March 
12, 2007. 


79. Fuel Consumption 


The daily consumption C (in 
gallons) of diesel fuel on a farm is modeled by 


. (27t 
C = 30.3 + 21.6 sin 2 + 109) 
365 


where ¢ is the time (in days), with t = 1 corresponding to 
January 1. 


(a) What is the period of the model? Is it what you 
expected? Explain. 


(b) What is the average daily fuel consumption? Which 
term of the model did you use? Explain. 


a (c) Use a graphing utility to graph the model. Use the 


80. 


graph to approximate the time of the year when 
consumption exceeds 40 gallons per day. 


Ferris Wheel A Ferris wheel is built such that the height 
h (in feet) above ground of a seat on the wheel at time ¢ (in 
seconds) can be modeled by 


ecedt 7 

50 sn( 10 t °) ) : 

(a) Find the period of the model. What does the period tell 
you about the ride? 


(b) Find the amplitude of the model. What does the ampli- 
tude tell you about the ride? 


A(t) = 53 4 


ow (c) Use a graphing utility to graph one cycle of the model. 


Synthesis 


True or False? 


In Exercises 81-83, determine whether the 


statement is true or false. Justify your answer. 


81. 


82. 


83. 


84. 


Conjecture 


The graph of the function given by f(x) = sin(x + 27) 
translates the graph of f(x) = sin x exactly one period to 
the right so that the two graphs look identical. 


The function given by y = 5 cos 2x has an amplitude that 
is twice that of the function given by y = cos x. 


The graph of y = —cos x is a reflection of the graph of 
y = sin(x + 7/2) in the x-axis. 


Writing Use a graphing utility to graph the function given 
by y = d + asin(bx — c), for several different values of a, 
b, c, and d. Write a paragraph describing the changes in the 
graph corresponding to changes in each constant. 


In Exercises 85 and 86, graph f and g on the 


same set of coordinate axes. Include two full periods. Make 
a conjecture about the functions. 


85. 


86. 


f@) =sinz, 9) = cos( x _ 7 


f(x) =sinx, g(x) = cox a =) 
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Graphs of Sine and Cosine Functions 


Exploration Using calculus, it can be shown that the 
sine and cosine functions can be approximated by the 
polynomials 


; x x 
sn x= x = + 


3! 


xt 


4! 


x? 
cosx~=1—-—+ 
2! 


5! 


and 


where x is in radians. 


(a) Use a graphing utility to graph the sine function and its 
polynomial approximation in the same viewing 
window. How do the graphs compare? 


(b) Use a graphing utility to graph the cosine function and 
its polynomial approximation in the same viewing 


window. How do the graphs compare? 


(c) Study the patterns in the polynomial approximations of 
the sine and cosine functions and predict the next term 
in each. Then repeat parts (a) and (b). How did the 
accuracy of the approximations change when an addi- 


tional term was added? 


Exploration Use the polynomial approximations for the 
sine and cosine functions in Exercise 87 to approximate the 
following function values. Compare the results with those 
given by a calculator. Is the error in the approximation the 
same in each case? Explain. 
(b) sin 1 


(a) sin ) sin 
a) a iy sa 


(d) cos(—0.5) (e) cos1_ (f) cos 7 


Skills Review 


In Exercises 89-92, identify the rule of algebra illustrated 


by the statement. 
89. (7 -x)14=7-14-x- 14 
90. 3x + 2y = 2y + 3x 
1 1 
91.0+ 2p 
92. (2x7 + x) + 8 = 2x? + (x + 8) 


In Exercises 93-96, find the slope-intercept form of the 
equation of the line passing through the points. Then 
sketch the line. 


93. 
95. 


97. 


(=3,9),2, —1) 94. (1, 6), (2, 1) 
(—6, —1), (4, 5) 96. (0, — 3), (8, 0) 
Make a Decision To work an extended application 


analyzing the normal daily maximum temperature and 
normal precipitation in Honolulu, Hawaii, visit this text’s 
website at college.hmco.com. (Data Source: NOAA) 
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1.6 


Graphs of Other Trigonome 


What you should learn 


* Sketch the graphs of tangent 


functions. 


* Sketch the graphs of 
cotangent functions. 


hs of secant 


Photodisc/Getty Images 


Graph of the Tangent Function 


Recall that the tangent function is odd. That is, tan(—x) = —tan x. Consequently, 
the graph of y = tan x is symmetric with respect to the origin. You also know 
from the identity tan x = sin x/cos x that the tangent is undefined for values at 
which cos x = 0. Two such values are x = +77/2 ~ +1.5708. 


T 
BG = =f 1.5 =o 0 


tan x | Undef. | — 1255.8 | —14.1 =]. 0] 1 14.1 | 1255.8 | Undef. 


As indicated in the table, tan x increases without bound as x approaches 7/2 from 
the left, and decreases without bound as x approaches — 7/2 from the right. So, 
the graph of y = tanx has vertical asymptotes at x = a/2 and x = —7/2, as 
shown in Figure 1.59. Moreover, because the period of the tangent function is 7, 
vertical asymptotes also occur when x = 7/2 + nz, where n is an integer. The 
domain of the tangent function is the set of all real numbers other than 
x = a/2 + nz, and the range is the set of all real numbers. 


y=tanx PERIOD: 77 

Domain: ALLX #5 + na 

RANGE: (— 00, 00) 

VERTICAL ASYMPTOTES: X = 5 + Na 


> X 
3a 

2 
1 
1 
1 


Be See ee NO ere ye Scere 
Na 

Ee Seer he Sees ees 
a 


FIGURE 1.59 


Sketching the graph of y = a tan(bx — c) is similar to sketching the graph of 
y = asin(bx — c) in that you locate key points that identify the intercepts and 
asymptotes. Two consecutive vertical asymptotes can be found by solving the 
equations 

7 7 

bx —c , and bx=-¢ 2° 
The midpoint between two consecutive vertical asymptotes is an x-intercept of 
the graph. The period of the function y = a tan(bx — c) is the distance between 
two consecutive vertical asymptotes. The amplitude of a tangent function is not 
defined. After plotting the asymptotes and the x-intercept, plot a few additional 
points between the two asymptotes and sketch one cycle. Finally, sketch one or 
two additional cycles to the left and right. 


I 
I 
1 
I 
1 
1 
1 
1 
1 
1 
1 
1 
| 
er (9 
I 
1 
I 
1 
I 
1 
l 
I 
l 
I 


FIGURE 1.60 
y =—3 tan 2x 

j> x 
3m _m\ _@ z mM 3a 

See ie a 

: pate || : 

6 i 

i 1 1 i 
FIGURE 1.61 
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Selita Sketching the Graph of a Tangent Function 


Sketch the graph of y = tan e 


Solution 


By solving the equations 


x 7 xX oT 
= 7S and ~=> 
2 2 2 2 
x=-T7 x=7 

you can see that two consecutive vertical asymptotes occur at x = — mand x = 7. 


Between these two asymptotes, plot a few points, including the x-intercept, 
as shown in the table. Three cycles of the graph are shown in Figure 1.60. 


7 T 
BG T 5 0 5) T 
tan 5 Undef. | —1 | 0] 1 | Undef. 


cueckpoint Now try Exercise 7. 


| Example 2 Sketching the Graph of a Tangent Function 


Sketch the graph of y = —3 tan 2x. 


Solution 


By solving the equations 


os" a Bee 
2 2 


you can see that two consecutive vertical asymptotes occur at x = — 7/4 and 
x = 7/4. Between these two asymptotes, plot a few points, including the x-inter- 
cept, as shown in the table. Three cycles of the graph are shown in Figure 1.61. 


7 7 7 7 
a 4 8 0 


—3 tan 2x | Undef. | 3 0 | —3 | Undef. 


oe) 
BR 


cueckroinr Now try Exercise 9. 


By comparing the graphs in Examples | and 2, you can see that the graph of 
y = atan(bx — c) increases between consecutive vertical asymptotes when 
a > 0, and decreases between consecutive vertical asymptotes when a < 0. In 
other words, the graph for a < Ois areflection in the x-axis of the graph fora > 0. 
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Graph of the Cotangent Function 


The graph of the cotangent function is similar to the graph of the tangent function. 
It also has a period of 77. However, from the identity 


cos x 
y= cotx = — 
sin x 
you can see that the cotangent function has vertical asymptotes when sin x is zero, 
Technology which occurs at x = na, where n is an integer. The graph of the cotangent func- 
Some graphing utilities have tion is shown in Figure 1.62. Note that two consecutive vertical asymptotes of the 
difficulty graphing trigonometric graph of y = a cot(bx — c) can be found by solving the equations bx — c = 0 
functions that have vertical and bx —c = 7. 


asymptotes. Your graphing utility 
may connect parts of the graphs 


PERIOD: 77 

DOMAIN: ALL X # N77 

RANGE: (— 00, 00) 

VERTICAL ASYMPTOTES: X = Nar 


of tangent, cotangent, secant, and 
cosecant functions that are not 
supposed to be connected. To 
eliminate this problem, change 
the mode of the graphing utility 
to dot mode. 


1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
br 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 


FIGURE 1.62 
Seluytweme Sketching the Graph of a Cotangent Function 


Sketch the graph of y = 2 cot = 


Solution 


By solving the equations 
y |y=2cot x y 8 q 


ios) 


x 0 d Xx 
== an = = 
5 ; °° 


you can see that two consecutive vertical asymptotes occur at x = 0 and x = 37. 

Xx Between these two asymptotes, plot a few points, including the x-intercept, as 
shown in the table. Three cycles of the graph are shown in Figure 1.63. Note that 
the period is 37, the distance between consecutive asymptotes. 


x=0 x=37 


3a | 3a | OT 
x 0 4 ca va 37 


FIGURE 1.63 
2cot~ | Undef. | 2 | 0 | —2 | Undef. 


woueckpoT ~=— Now try Exercise 19. 


—4-+- maximum 


44 | Cosecant: | 
3+ relative 
All ‘minimum | 
| Sine: 
La vy | minimum | 
e i i 
eal Sine: . x In 
maximum ! 
1 Cosecant: 4 
-37 relative 


FIGURE 1.65 
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Graphs of the Reciprocal Functions 


The graphs of the two remaining trigonometric functions can be obtained from 
the graphs of the sine and cosine functions using the reciprocal identities 
1 1 


- and secx = : 
sin x cos x 


CSC xX = 


For instance, at a given value of x, the y-coordinate of sec x is the reciprocal of 
the y-coordinate of cos x. Of course, when cos x = 0, the reciprocal does not 
exist. Near such values of x, the behavior of the secant function is similar to that 
of the tangent function. In other words, the graphs of 

sin x 1 


and sec x = 
COs x COs x 


have vertical asymptotes at x = a/2 + na, where n is an integer, and the cosine 
is zero at these x-values. Similarly, 
COS x 1 


: and csc x = —— 
sin x sin x 


have vertical asymptotes where sin x = 0—that is, at x = n7. 

To sketch the graph of a secant or cosecant function, you should first make a 
sketch of its reciprocal function. For instance, to sketch the graph of y = csc x, 
first sketch the graph of y = sin x. Then take reciprocals of the y-coordinates to 
obtain points on the graph of y = csc x. This procedure is used to obtain the 
graphs shown in Figure 1.64. 


PERIOD: 277 PERIOD: 277 

DOMAIN: ALL X # Nar DOMAIN: ALL xX # o + ni 

RANGE: (—oo, — 1] U[1, 00) Rance: (—oo, —1] U[1, 00) 
VERTICAL ASYMPTOTES: X = N77 VERTICAL ASYMPTOTES: X = 3 + nw 
SYMMETRY: ORIGIN SYMMETRY: Y-AXIS 

FIGURE 1.64 


In comparing the graphs of the cosecant and secant functions with those of 
the sine and cosine functions, note that the “hills” and “valleys” are interchanged. 
For example, a hill (or maximum point) on the sine curve corresponds to a valley 
(a relative minimum) on the cosecant curve, and a valley (or minimum point) on 
the sine curve corresponds to a hill (a relative maximum) on the cosecant curve, 
as shown in Figure 1.65. Additionally, x-intercepts of the sine and cosine 
functions become vertical asymptotes of the cosecant and secant functions, 
respectively (see Figure 1.65). 
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y=2ese(x+ F)ly y=2sin(x+ 7) 
YE te NG 
43 fi 
ha \ | 
IN | EN fee 
FIGURE 1.66 
y=sec 2x y |y=cos 2x 
i i i j : i j i > xX 
= \ af Nae Js 
Dee ork a Sie 
2 
ap 
FIGURE 1.67 


Settee Sketching the Graph of a Cosecant Function 


Sketch the graph of y = 2 eso(x + 7), 


Solution 
Begin by sketching the graph of 


7 
= 2sin[x + —]. 
y sin( x 7) 


For this function, the amplitude is 2 and the period is 277. By solving the equations 


x+7=0 and x+—=207 
T 0 

x=-— x= — 

4 4 


you can see that one cycle of the sine function corresponds to the interval from 
x = —7/4 to x = 77/4. The graph of this sine function is represented by the 
gray curve in Figure 1.66. Because the sine function is zero at the midpoint and 
endpoints of this interval, the corresponding cosecant function 


7 
=2 + — 
y ese(x =) 


7 sar : am) 


has vertical asymptotes at x = — 7/4, x = 37/4, x = 77/4, etc. The graph of 
the cosecant function is represented by the black curve in Figure 1.66. 


ofcueckroint 
| Example 5 | Sketching the Graph of a Secant Function 


Sketch the graph of y = sec 2x. 


Now try Exercise 25. 


Solution 


Begin by sketching the graph of y = cos 2x, as indicated by the gray curve in 
Figure 1.67. Then, form the graph of y = sec 2x as the black curve in the figure. 
Note that the x-intercepts of y = cos 2x 


(to) (Eh (Fo). 


correspond to the vertical asymptotes 


aI 
2 


of the graph of y = sec 2x. Moreover, notice that the period of y = cos 2x and 
y = sec 2x is 7. 


cueckroint 


Now try Exercise 27. 


f(x) =x sin x 


FIGURE 1.68 


STUDY TIP 


Do you see why the graph of 
f(x) = x sin x touches the lines 
y =+xatx = a/2 + n7and 
why the graph has x-intercepts 
at x = n7? Recall that the sine 
function is equal to 1 at 7/2, 
32/2, 57/2,... (odd multiples 
of 7/2) and is equal to 0 at 7, 
27, 37, ... (multiples of 7). 


fwe= x? sin 3x | 
A 


FIGURE 1.69 
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Damped Trigonometric Graphs 


A product of two functions can be graphed using properties of the individual 
functions. For instance, consider the function 


f(x) = x sin x 


as the product of the functions y = x and y = sin x. Using properties of absolute 
value and the fact that |sin x| < 1, you have 0 < |x||sin x| < |x|. Consequently, 


=|3| <x smx < |5| 


which means that the graph of f(x) = x sin x lies between the lines y = —x and 
y = x. Furthermore, because 


f(x) = xsinx = +x at x= tam 
and 
f(x) = xsinx = 0 at xX =n 
the graph of f touches the line y = —x or the line y = x at x = 7/2 + na and 


has x-intercepts at x = na. A sketch of f is shown in Figure 1.68. In the 
function f(x) = x sin x, the factor x is called the damping factor. 


Schilitmom Damped Sine Wave 


Sketch the graph of 
f(x) = x? sin 3x. 
Solution 


Consider f(x) as the product of the two functions 
y=x and y = sin 3x 


each of which has the set of real numbers as its domain. For any real number x, 
you know that x? > 0 and |sin 3x| < 1. So, x? |sin 3x| < x?, which means that 


—x? < x? sin 3x < x. 


Furthermore, because 
f(x) = x? sin 3x = +x? at rere ag ls 
6 3 
and 
f(x) = x? sin 3x = 0 at pS 
the graph of f touches the curves y = —x? and y = x2 at x = 7/6 + n7/3 and 


has intercepts at x = n7/3. A sketch is shown in Figure 1.69. 


woweckpont = Now try Exercise 29. 
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Figure 1.70 summarizes the characteristics of the six basic trigonometric 
functions. 
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FIGURE 1.70 


Warrine asout WHtaTHEMATICS 


Combining Trigonometric Functions Recall from Section P.9 that functions can be 
combined arithmetically. This also applies to trigonometric functions. For each of 
the functions 


h(x) =x+sinx and — h(x) = cosx — sin 3x 


(a) identify two simpler functions f and g that comprise the combination, (b) use a 
table to show how to obtain the numerical values of h(x) from the numerical values 
of f(x) and g(x), and (c) use graphs of f and g to show how h may be formed. 


Can you find functions 


f(x) =d+asin(bx+c) and g(x) =d-+acos(bx + c) 


such that f(x) + g(x) = 0 for all x? 
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VOCABULARY CHECK: Fill in the blanks. 


1. The graphs of the tangent, cotangent, secant, and cosecant functions all have asymptotes. 
2. To sketch the graph of a secant or cosecant function, first make a sketch of its 
corresponding function. 
. For the functions given by f(x) = g(x) + sin x, g(x) is called the factor of the function f(x). 


. The period of y = tan x is 
. The domain of y = cot x is all real numbers such that 


. The range of y = sec x is 


NA nn BB WwW 


. The period of y = csc x is : 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-6, match the function with its graph. State In Exercises 7-30, sketch the graph of the function. Include 
the period of the function. [The graphs are labeled (a), (b), two full periods. 
, (d), (e), and (f). 
{c), (2), (e), and (f) 7. y =F tanx 8. y = jtanx 
(a) y (b) : 9. y = tan 3x 10. y = —3 tan 7x 
11. y = —}secx 12. y =4secx 
13. y = csc 7x 14. y = 3 csc 4x 
15. y = sec 7x — 1 16. y = —2sec 4x + 2 
x x 
17. y = csc = 18. y = csc — 
y CSC 2 y CSC 3 
x TX 
19. y = cot= 20. y = 3 cot — 
(c) y = co 5) y co 5 
21. y = 4 sec 2x 22. y= —} tan x 
23. y = tan 24. y = tan(x + 7) 
25. y = csc(a — x) 26. y = csc(2x — 7) 
27. y = 2sec(x + 7) 28. y = —secrx + 1 
) 1 
(e) a | l 29. y= sese(x + ) 30. y = 2 coi(x + =) 
ON 5 In Exercises 31-40, use a graphing utility to graph the 
ae 7 function. Include two full periods. 
ile x 
(\ JE (\ 31. y= ‘a 32. y = —tan 2x 
. . j 33. y = —2 sec 4x 34. y = sec 7x 
= 1 
deer sce 2a 35. y = tan( x = ) 36. y = eat(x = =| 
4 4 2 
3 y= 5 cot TX 4. y = -cscx 37. y = —csc(4x — m7) 38. y = 2 sec(2x — 7) 
1 
1 Tx Tx 39. y= 0.1 tan( 2" + 2) 40. y== see( = + z) 
5. y = —sec—_ 6. y = —2 sec — 4 4 3 2 2 
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In Exercises 41-48, use a graph to solve the equation on the 


interval [—27, 27]. 


41. tanx = 1 

42. tanx = /3 

43. cotx = _¥3 
3 

44. cotx = 1 

45. secx = —2 

46. secx = 2 

47. cscx = /2 

48. csc x = a 


In Exercises 49 and 50, use the graph of the function to 
determine whether the function is even, odd, or neither. 


49. f(x) = secx 50. f(x) = tan x 


51. Graphical Reasoning Consider the functions given by 
. 1 
f(x) =2sinx and g(x) = 3 osex 


on the interval (0, 77). 
(a) Graph f and g in the same coordinate plane. 
(b) Approximate the interval in which f > g. 


(c) Describe the behavior of each of the functions as x 
approaches 7r. How is the behavior of g related to the 
behavior of f as x approaches 7? 


SB =. 


Graphical Reasoning Consider the functions given by 


1 TX 
= sec — 


f(y) = tan and g(x) = 5 5 


on the interval (— 1, 1). 

(a) Use a graphing utility to graph f and g in the same 
viewing window. 

(b) Approximate the interval in which f < g. 


(c) Approximate the interval in which 2f < 2g. How does aa 
the result compare with that of part (b)? Explain. 


acd In Exercises 53-56, use a graphing utility to graph the two 
equations in the same viewing window. Use the graphs to 
determine whether the expressions are equivalent. Verify 
the results algebraically. 


53. = sin x csc x, =1 
J ae) Ay 
54. y, = sinxsecx, y, = tanx 
cos x 
55. yy; = =. yo = cotx 
sin x 
56. y, =sec*x—1, y, = tan?x 


In Exercises 57-60, match the function with its graph. 
Describe the behavior of the function as x approaches 
zero. [The graphs are labeled (a), (b), (c), and (d).] 


(a) (b) 


y 
A 


(c) (d) 


57. f(x) = |x cos x| 
58. f(x) = x sin x 

59. g(x) = |x| sin x 
60. g(x) = |x| cos x 


Conjecture \n Exercises 61-64, graph the functions f and 


g. Use the graphs to make a conjecture about the 
relationship between the functions. 


cos( x 


62. f(x) = sinx cos( 1 


61. f(x) = sinx 4 2), g(x) = 0 


7 
; = 251 
”) g(x) sin x 


63. f(x) = sin? x, g(x) = 5(1 — cos 2x) 


64. f(x) = cos? = g(x) = Al + COS 7X) 


In Exercises 65-68, use a graphing utility to graph the 
function and the damping factor of the function in the 
same viewing window. Describe the behavior of the 
function as x increases without bound. 


66. f(x) = x? cos x 
68. h(x) = x3 cos x 


65. g(x) = xcos 7x 
67. f(x) = 2 sinx 


Exploration \n Exercises 69-74, use a graphing utility to 
graph the function. Describe the behavior of the function 
as X approaches zero. 


6 
69. y=—+cosx, x>0 


4 
70. y=—+ sin2x, x>0 
x x 


71. 


73. 
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sin x — cos x 


7. fx) =2 


g(x) = 


1 1 
f(x) = sin- 74. h(x) = x sin- 
x x 


75. Distance A plane flying at an altitude of 7 miles above a 


76. 


radar antenna will pass directly over the radar antenna (see 
figure). Let d be the ground distance from the antenna to 
the point directly under the plane and let x be the angle of 
elevation to the plane from the antenna. (d is positive as the 
plane approaches the antenna.) Write d as a function of x 
and graph the function over the interval 0 < x < 7. 


Television Coverage A television camera is on a 
reviewing platform 27 meters from the street on which a 
parade will be passing from left to right (see figure). Write 
the distance d from the camera to a particular unit in the 
parade as a function of the angle x, and graph the function 
over the interval —7/2 <x < m/2. (Consider x as 
negative when a unit in the parade approaches from the 
left.) 


Not drawn to scale 


77. Predator-Prey Model The population C of coyotes (a 
4\, predator) at time f (in months) in a region is estimated 


to be 


C = 5000 + 2000 sin a 


and the population R of rabbits (its prey) is estimated to 
be 
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Model It (continued) 


t 
R = 25,000 + 15,000 cos a 


(a) Use a graphing utility to graph both models in the 
same viewing window. Use the window setting 
0<ts 100. 


(b) Use the graphs of the models in part (a) to explain 
the oscillations in the size of each population. 


(c) The cycles of each population follow a periodic 
pattern. Find the period of each model and describe 
several factors that could be contributing to the 
cyclical patterns. 


78. Sales The projected monthly sales S (in thousands of 


units) of lawn mowers (a seasonal product) are modeled by 
S = 74 + 3t — 40 cos(at/6), where ¢ is the time (in 
months), with ¢ = | corresponding to January. Graph the 
sales function over | year. 


79. Meterology The normal monthly high temperatures H 


(in degrees Fahrenheit) for Erie, Pennsylvania are 
approximated by 


H(t) = 54.33 — 20.38 cos a — 15.69 sin a 


and the normal monthly low temperatures L are approxi- 
mated by 


L(t) = 39.36 — 15.70 cos 24416 sin 


where ¢ is the time (in months), with tf = 1 corresponding 
to January (see figure). (Source: National Oceanic and 
Atmospheric Administration) 


a= A 
e 4 
807 
oe H(t) 
a 
Ba 
ae 
he 
eS 
2 Eh 
oO 
v se 
& 1 1 i | 1 i | 1 | 1 =. ¢ 


i 
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123 4 >) 6 7 & 9 10 ll 2 
Month of year 


(a) What is the period of each function? 


(b) During what part of the year is the difference between 
the normal high and normal low temperatures greatest? 
When is it smallest? 


(c) The sun is northernmost in the sky around June 21, but 
the graph shows the warmest temperatures at a later 
date. Approximate the lag time of the temperatures 
relative to the position of the sun. 
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Harmonic Motion An object weighing W pounds is 
suspended from the ceiling by a steel spring (see figure). 
The weight is pulled downward (positive direction) from 
its equilibrium position and released. The resulting motion 
of the weight is described by the function 

4 
y= “7 SoS Ah, t>0 
where y is the distance (in feet) and f is the time (in 
seconds). 


Equilibrium 


had (a) Use a graphing utility to graph the function. 


(b) Describe the behavior of the displacement function for 
increasing values of time t. 


Synthesis 


True or False? 


In Exercises 81 and 82, determine whether 


the statement is true or false. Justify your answer. 


81. 


82. 


83. 


84. 


85. 


The graph of y = csc x can be obtained on a calculator by 
graphing the reciprocal of y = sin x. 


The graph of y = sec x can be obtained on a calculator by 
graphing a translation of the reciprocal of y = sin x. 


Writing Describe the behavior of f(x) = tanx as x 
approaches 77/2 from the left and from the right. 


Writing Describe the behavior of f(x) = cscx as x 
approaches 7 from the left and from the right. 


Exploration Consider the function given by 


f(x) = x — cos x. 


& (a) Use a graphing utility to graph the function and verify 


that there exists a zero between 0 and 1. Use the graph 
to approximate the zero. 


(b) 


Starting with x, = 1, generate a sequence x), x5, 
X3,. . ., where x, = cos(x,_ ,). For example, 


Xp =1 
X, = cos(Xp) 
= cos(x,) 


= cos(x,) 


What value does the sequence approach? 


fi so. 
ae 


88. 


ae 


ay 


Approximation Using calculus, it can be shown that the 
tangent function can be approximated by the polynomial 


2x3 16x3 
tanx = x + —— 

3! 5! 
where x is in radians. Use a graphing utility to graph the 
tangent function and its polynomial approximation in the 


same viewing window. How do the graphs compare? 


. Approximation Using calculus, it can be shown that the 


secant function can be approximated by the polynomial 
5x? 
sec 1 
2! 4! 
where x is in radians. Use a graphing utility to graph the 


secant function and its polynomial approximation in the 
same viewing window. How do the graphs compare? 


x2 


Pattern Recognition 
(a) Use a graphing utility to graph each function. 


4 


1 
y= “(sin mx + —sin 3m] 
7 3 


a 1 1 

Vo “(sin wx + —sin3ax + = sin mx] 

7 3 5 

(b) Identify the pattern started in part (a) and find a 
function y, that continues the pattern one more term. 
Use a graphing utility to graph y,. 

(c) The graphs in parts (a) and (b) approximate the periodic 
function in the figure. Find a function y, that is a better 
approximation. 


> xX 


icles 


Skills Review 


In Exercises 89-96, solve the equation by any convenient 


method. 

89. x? = 64 

90. (x — 5)? = 8 

91. 4x7 — 12x +9 =0 


92. 
93. 
94. 
95. 
96. 


9x? + 12x +3 =0 
x2—-6x+4=0 

2x* — 4x -6=0 

50 + 5x = 3x? 

2x? + 4x — 9 = 2(x — 1)? 
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‘ya Inverse Trigonometric Functions 


What you should learn 


+ Evaluate and graph the 
inverse sine function. 
Evaluate and graph the 
other inverse trigonometric 
functions. 

Evaluate and graph the 
compositions of 
trigonometric functions. 


7 / 


STUDY TIP 


When evaluating the inverse sine 
function, it helps to remember 
the phrase “the arcsine of x is 
the angle (or number) whose 
sine is x.” 


Inverse Sine Function 


Recall from Section P.10 that, for a function to have an inverse function, it must 
be one-to-one—that is, it must pass the Horizontal Line Test. From Figure 1.71, 
you can see that y = sin x does not pass the test because different values of x 
yield the same y-value. 


ee ey 
sin x has an inverse function 
on this interval. 


FIGURE 1.71 


However, if you restrict the domain to the interval — 7/2 < x < a/2 
(corresponding to the black portion of the graph in Figure 1.71), the following 
properties hold. 

1. On the interval [— 7/2, 7/2], the function y = sin x is increasing. 

2. On the interval [— 7/2, 7/2], y = sin x takes on its full range of values, 
-l<ssinx <l. 

3. On the interval [— 7/2, 77/2], y = sin x is one-to-one. 

So, on the restricted domain — 7/2 < x < m/2, y = sin x has a unique inverse 

function called the inverse sine function. It is denoted by 

y = arcsin x or = =y=sin!x. 

The notation sin~! x is consistent with the inverse function notation f~!(x). The 
arcsin x notation (read as “the arcsine of x”) comes from the association of a 
central angle with its intercepted arc length on a unit circle. So, arcsin x means 
the angle (or arc) whose sine is x. Both notations, arcsin x and sin~!x, are 
commonly used in mathematics, so remember that sin~!x denotes the inverse 
sine function rather than 1/sinx. The values of arcsin x lie in the interval 
—am/2 < arcsinx < 7/2. The graph of y = arcsin x is shown in Example 2. 


Definition of Inverse Sine Function 


The inverse sine function is defined by 


y = arcsin x if and only if siny =x 


where —1 < x < land —7/2 < y < w/2. The domain of y = arcsin x is 
[—1, 1], and the range is [— 77/2, 7/2]. 
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STUDY TIP 


As with the trigonometric 
functions, much of the work 
with the inverse trigonometric 
functions can be done by exact 
calculations rather than by cal- 
culator approximations. Exact 
calculations help to increase 
your understanding of the 
inverse functions by relating 
them to the right triangle 
definitions of the trigonometric 
functions. 


FIGURE 1.72 


Selita Evaluating the Inverse Sine Function 


If possible, find the exact value. 


1 3 
a. arsin( ~ >) b. sin! a c. sin’! 2 


i 


arcsin| — ~}] = ——. 
2 6 


Solution 


7 
a. Because sn( >? it follows that 


2 


ie ashe., cll 
Angle whose sine is —3 


3 
b. Because sin 7 = v3 for us <y< = it follows that 
3 2 2 2 
3 
sin”! a = . Angle whose sine is /3/2 


c. Itis not possible to evaluate y = sin~! x when x = 2 because there is no angle 
whose sine is 2. Remember that the domain of the inverse sine function is 


[-1, 1]. 
eueckroint 


| Example 2 | Graphing the Arcsine Function 


Sketch a graph of 


Now try Exercise 1. 


y = arcsin x. 


Solution 


By definition, the equations y = arcsinx and siny = x are equivalent for 
—m/2<y< 7/2. So, their graphs are the same. From the interval 
[— 7/2, 7/2], you can assign values to y in the second equation to make a table 
of values. Then plot the points and draw a smooth curve through the points. 


TT T FN | me T | 7 
y 2 4 6 6| 4/2 
= oi 1|-¥2] 1]o/1} 2], 
agen 2 2 2| 2 


The resulting graph for y = arcsin x is shown in Figure 1.72. Note that it is the 
reflection (in the line y = x) of the black portion of the graph in Figure 1.71. Be 
sure you see that Figure 1.72 shows the entire graph of the inverse sine function. 
Remember that the domain of y = arcsin x is the closed interval [—1, 1] and the 
range is the closed interval [— 7/2, 7/2]. 


cueckpoint 


Now try Exercise 17. 
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Other Inverse Trigonometric Functions 


The cosine function is decreasing and one-to-one on the interval 0 < x < 7, as 
shown in Figure 1.73. 


cos x has an inverse function 
on this interval. 


FIGURE 1.73 


Consequently, on this interval the cosine function has an inverse function—the 
inverse cosine function—denoted by 


y = arccos x or y =cos! x, 


Similarly, you can define an inverse tangent function by restricting the domain 
of y = tanx to the interval (— 7/2, 7/2). The following list summarizes the 
definitions of the three most common inverse trigonometric functions. The 
remaining three are defined in Exercises 101-103. 


Definitions of the Inverse Trigonometric Functions 


Function Domain Range 
y = arcsin x if and only ifsin y = x =1 < = 


y = arccos x if and only ifcos y = x = < 


y = arctan x if and only iftan y = x 


The graphs of these three inverse trigonometric functions are shown in 


Figure 1.74. 
y y y 
A A 
& 
2 ee eee eee es ee 
\ ; d 
: IN 
y =arcsin x y =arctan x 
i eae R y = arccos x _ 
= | g 2 iiNus 2 
1 
t > xX ------=4------- 
=il 1 Z 
Domain: [—1, 1] Domain: [—1, 1] Domain: (—0, 00) 
RANGE: [-2, z| Rance: [0, 77] Rance: (—2,2) 


FIGURE 1.74 
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STUDY TIP 


It is important to remember that 
the domain of the inverse sine 
function and the inverse cosine 
function is [—1, 1], as indicated 
in Example 4(c). 


Settee Evaluating Inverse Trigonometric Functions 


Find the exact value. 


2 
a. arccos b. cos~!'(—1) 
c. arctan 0 d. tan~'(—1) 
Solution 


a. Because cos(7/4) = /2/2, and 7/4 lies in [0, z], it follows that 
J2 7 


arccos 7 = a Angle whose cosine is /2/2 
b. Because cos 7 = —1, and 7 lies in [0, 7], it follows that 
COS — 1(- 1) = 7. Angle whose cosine is — 1 


c. Because tan 0 = 0, and 0 lies in (— 77/2, 7/2), it follows that 
arctan 0 = 0. Angle whose tangent is 0 
d. Because tan(— 77/4) = —1, and — 7/4 lies in (— 77/2, 77/2), it follows that 


—] T . 
tan (- 1) = = ik Angle whose tangent is — 1 


weneckrowntr ~=— Now try Exercise 11. 


SeTit-weme Calculators and Inverse Trigonometric Functions 


Use a calculator to approximate the value (if possible). 


a. arctan(— 8.45) 


b. sin! 0.2447 

c. arccos 2 

Solution 

Function Mode Calculator Keystrokes 

a. arctan(— 8.45) Radian TAN-") (Q (©) 8.45 DJ [ENTER 
From the display, it follows that arctan(— 8.45) ~ — 1.453001. 

b. sin7! 0.2447 Radian sIN-*) (Q 0.2447 QD) 
From the display, it follows that sin~! 0.2447 ~ 0.2472103. 

c. arccos 2 Radian cos-*) (Q 2 D) (ENTER 


In real number mode, the calculator should display an error message because 
the domain of the inverse cosine function is [—1, 1]. 


weneckrontT ~=— Now try Exercise 25. 


In Example 4, if you had set the calculator to degree mode, the displays 
would have been in degrees rather than radians. This convention is peculiar to 
calculators. By definition, the values of inverse trigonometric functions are 
always in radians. 
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Compositions of Functions 


Recall from Section P.10 that for all x in the domains of f and f~!, inverse func- 
tions have the properties 


FF @) =x and ff (x)) = x. 


Inverse Properties of Trigonometric Functions 
If-1 <x < land—-w/2 < y< zw/2, then 


sin(arcsin x) = x and arcsin(sin y) = y. 
If-1 <x < landO <y < za, then 
cos(arccos x) = x and arccos(cos y) = y. 


If x is areal number and — 7/2 < y < 7/2, then 


tan(arctan x) = x and arctan(tan y) = y. 


Keep in mind that these inverse properties do not apply for arbitrary values 
of x and y. For instance, 


aresin(sin *2) = arcsin(—1) = 5) 7 2" 


In other words, the property 
arcsin(sin y) = y 


is not valid for values of y outside the interval [— 7/2, 7/2]. 


| Example 5 | Using Inverse Properties 


If possible, find the exact value. 


1 


>) 
a. tan[arctan(—5)]| b. aresin(sin 2) c. cos(cos! 7) 


Solution 
a. Because —5 lies in the domain of the arctan function, the inverse property 
applies, and you have 
tan[arctan(—5)] = —5. 
b. In this case, 57/3 does not lie within the range of the arcsine function, 
—/2< y < 7/2. However, 57/3 is coterminal with 
5 
oes 27 = — = 
3 3 


which does lie in the range of the arcsine function, and you have 


arcsin|sin — } = arcsin|sinj|— —]] = ——. 
3 2 3 


c. The expression cos(cos~! 7) is not defined because cos~! 7 is not defined. 
Remember that the domain of the inverse cosine function is [—1, 1]. 


woweckpoInr ~=— Now try Exercise 43. 
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u = arccos 2 


3 
Ds 


. ~ 2 
Angle whose cosine is 
FIGURE 1.75 


V5°-(37)=4 


Trigonometry 


= Fa f{ 2! 
u =aresin( 5 


Angle whose sine is -3 
FIGURE 1.76 


u = arccos 3x 
3X 


Angle whose cosine is 3x 
FIGURE 1.77 


1 -@x)?? 


Example 6 shows how to use right triangles to find exact values of 
compositions of inverse functions. Then, Example 7 shows how to use right 
triangles to convert a trigonometric expression into an algebraic expression. This 
conversion technique is used frequently in calculus. 


Selill(mom Evaluating Compositions of Functions 


Find the exact value. 


2 ; 3 
a. tan( arceos -) b. cos aresn( — 5) | 


Solution 
a. If you let u = arccos a then cos u = z Because cos u is positive, u is a first- 
quadrant angle. You can sketch and label angle u as shown in Figure 1.75. 


Consequently, 


opp V5 
adj 2 


tan( arceos = tanu = 
3 
= (3 Bs od eer : : 
b. If you let u = arcsin(—2 , then sin u = —3. Because sin u is negative, u is a 


fourth-quadrant angle. You can sketch and label angle u as shown in Figure 
1.76. Consequently, 


[sssin(—5) |= 060 = 5 
cos} arcsin COs U : 
5 hyp 5 


woneckrointr ~=— Now try Exercise 51. 


Some Problems from Calculus — 


Write each of the following as an algebraic expression in x. 


1 
a. sin(arccos 3x), OS x< b. cot(arccos 3x), O< x < . 


Wile 


Solution 


If you let u = arccos 3x, then cos u = 3x, where —1 < 3x < 1. Because 


you can sketch a right triangle with acute angle u, as shown in Figure 1.77. From 
this triangle, you can easily convert each expression to algebraic form. 


1 

a. sin(arccos 3x) = sinu = oS 1 9x2, OSx<- 
hyp 3 

b. cot( 3x) t adj os 0< : 
. cot(arccos 3x) = cotu = 7 , OS x <— 
opp /1 — 9x? 3 


woueckrowT = Now try Exercise 59. 


In Example 7, similar arguments can be made for x-values lying in the 
interval [-4, 0}. 


le 
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Inverse Trigonometric Functions 


VOCABULARY CHECK: Fill in the blanks. 


Function Alternative Notation Domain 
1. y = arcsin x 


2. y=cos !x 


-Il<x<l 


3. y = arctan x 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-16, evaluate the expression without using a 
calculator. 


1. arcsin 4 2. arcsin 0 
3. arccos 4 4. arccos 0 
5. arctan ~~ 6. arctan(— 1) 
7. cos! wee 8. sin”! _v2 
2 2 
9 arctan(—/3) 10. arctan J3 
1 
11 arcoos(- ;) 12. arcsin —— 
2 2 
13. sin”! ae 14. tan! ine 
2 3 
15. tan7!0 16. cos"! 1 


In Exercises 17 and 18, use a graphing utility to graph f, g, 
and y = x in the same viewing window to verify geometri- 
cally that g is the inverse function of f. (Be sure to restrict 
the domain of f properly.) 


17. f(x) = sin x, 
18. f(x) = tan x, 


g(x) = arcsin x 


g(x) = arctan x 


In Exercises 19-34, use a calculator to evaluate the expres- 
sion. Round your result to two decimal places. 


19. arccos 0.28 20. arcsin 0.45 

21. arcsin(—0.75) 22. arccos(—0.7) 
23. arctan(—3) 24. arctan 15 

25. sin7! 0.31 26. cos! 0.26 

27. arccos(— 0.41) 28. arcsin(— 0.125) 
29. arctan 0.92 30. arctan 2.8 

31. arcsin } 32. arccos(—+) 

33. tan~! 5 34. tan~!(—°8) 


In Exercises 35 and 36, determine the missing coordinates 
of the points on the graph of the function. 


35. y 36. y 
1 ) y = arctan x i 
2 EET 
Ls (=, J 
4 y = arcecos x 
: foe) x 
es a 
4 = 
1 
ae — —— 
(-v3,_) + me _ 


In Exercises 37-42, use an inverse trigonometric function 
to write @ as a function of x. 


37. 38. 
x x 
6 6 
4 4 
39. 40. 
. x+2 x+1 
6 6 
10 
41. 42. 
oh 
x-1 
6 6 
x+3 x2-1 


In Exercises 43-48, use the properties of inverse trigono- 
metric functions to evaluate the expression. 


43. sin(arcsin 0.3) 
45. cos[arccos(—0.1)] 


44. tan(arctan 25) 
46. sin[arcsin(—0.2)] 


7 
47. arcsin(sin 377) 48. arcoos(cos 7 
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In Exercises 49-58, find the exact value of the expression. 


(Hint: Sketch a right triangle.) 


49. sin(arctan 3) 50. s 


51. cos(tan~! 2) 52. 


53. 
55. 
57. 


5 
cos(arcsin 3) 
sec|arctan( = 3)| 


sin|arccos( = I ot os ‘i 


fi In Exercises 59-68, write an algebraic expression that is 


le 


equivalent to the expression. (Hint: Sketch a right triangle, 
as demonstrated in Example 7.) 

59. 
61. 
63. 


cot(arctan x) 60. sin(arctan x) 
62. sec(arctan 3x) 


64. sec[arcsin(x — 1)] 


cos(arcsin 2x) 


sin(arccos x) 


65. tan(arceos = 


i) 
(can) 
cot| arctan — 


66. 


67. eso(arctan =| 


xs *) 

r 
In Exercises 69 and 70, use a graphing utility to graph f and 
g in the same viewing window to verify that the two 


functions are equal. Explain why they are equal. Identify 
any asymptotes of the graphs. 


68. 


cos(aresin 


2x 
69. = si tan 2x), = 
f(x) = sin(arctan 2x), g(x) wiper 
- /4— x2 
70. f(x) = tanarecos *), g(x) = 7 
2 x 
In Exercises 71-74, fill in the blank. 
9 ‘ 
71. arctan— = arcsin( i, x #0 
Xx 
72. arcsin —* = arccos( ), O<x<6 
73. arccos — a arcsin( ) 
Jx2 — 2x + 10 
= 2 
74, arccos = arctan( ), |x-2) <2 


In Exercises 75 and 76, sketch a graph of the function and 
compare the graph of g with the graph of f(x) = arcsin x. 


75. g(x) = arcsin(x — 1) 76. g(x) = aresin > 


oe 


In Exercises 77-82, sketch a graph of the function. 


77. y = 2 arccos x 


78. g(t) = arccos(t + 2) 
79. f(x) = arctan 2x 
80. f(y) == st arctan x 
81. A(v) = ane v) 
82. f(x) = arceos 


In Exercises 83-88, use a graphing utility to graph the 
function. 

83. 
84. 
85. 
86. 


f(x) = 2 arccos(2x) 
f(x) = warcsin(4x) 
f(x) = arctan(2x — 3) 
f= 


jo ero 


—3 + arctan(7x) 


87. 
1 
88. f(x) = 5 + 60s" (4 
7 


In Exercises 89 and 90, write the function in terms of the 
sine function by using the identity 


A 
Acos wt + Bsin wt = ./A? + B? sin( wt + arctan *). 


Use a graphing utility to graph both forms of the function. 
What does the graph imply? 


89. f(t) = 3 cos 2t + 3 sin 2t 
90. f(t) = 4 cos wt + 3 sin at 


91. Docking a Boat A boat is pulled in by means of a winch 
located on a dock 5 feet above the deck of the boat (see 
figure). Let @ be the angle of elevation from the boat to the 
winch and let s be the length of the rope from the winch to 
the boat. 


(a) Write 6 as a function of s. 
(b) Find 6 when s = 40 feet and s = 20 feet. 


92. Photography A television camera at ground level is film- 
ing the lift-off of a space shuttle at a point 750 meters from 
the launch pad (see figure). Let 6 be the angle of elevation 
to the shuttle and let s be the height of the shuttle. 


(a) Write @ as a function of s. 
(b) Find 6 when s = 300 meters and s = 1200 meters. 


93. Photography A photographer is taking a picture of a 
ee three-foot-tall painting hung in an art gallery. The cam- 
era lens is 1 foot below the lower edge of the painting 
(see figure). The angle B subtended by the camera lens 

x feet from the painting is 


B = arctan » x>0. 


x7 +4 


(a) Use a graphing utility to graph B as a function of x. 


(b) Move the cursor along the graph to approximate 
the distance from the picture when B is maximum. 


(c) Identify the asymptote of the graph and discuss its 
meaning in the context of the problem. 
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94. Granular Angle of Repose Different types of granular 
substances naturally settle at different angles when stored 
in cone-shaped piles. This angle 0 is called the angle of 
repose (see figure). When rock salt is stored in a cone- 
shaped pile 11 feet high, the diameter of the pile’s base is 
about 34 feet. (Source: Bulk-Store Structures, Inc.) 


(a) Find the angle of repose for rock salt. 
(b) How tall is a pile of rock salt that has a base diameter 
of 40 feet? 


95. Granular Angle of Repose When whole corn is stored in 
a cone-shaped pile 20 feet high, the diameter of the pile’s 
base is about 82 feet. 

(a) Find the angle of repose for whole corn. 


(b) How tall is a pile of corn that has a base diameter of 
100 feet? 
96. Angle of Elevation An airplane flies at an altitude of 6 
miles toward a point directly over an observer. Consider 0 
and x as shown in the figure. 


(a) Write 6 as a function of x. 
(b) Find 6 when x = 7 miles and x = 1| mile. 


97. Security Patrol A security car with its spotlight on is 
parked 20 meters from a warehouse. Consider @ and x as 
shown in the figure. 


(a) Write 6 as a function of x. 


(b) Find 6 when x = 5 meters and x = 12 meters. 
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Synthesis 


True or False? 


In Exercises 98-100, determine whether 


the statement is true or false. Justify your answer. 


100. 


101. 
102. 
103. 


104. 


f 105. 


AZ 106. 


._ im 1 3 ll at 
. sin— => > arcsin = = — 
6 2. 2 6 
Sa Sa 
tan — = 1 > arctan 1 = — 
4 4 
arcsin x 
arctan x = 
arccos x 
Define the inverse cotangent function by restricting the 


domain of the cotangent function to the interval (0, 7), 
and sketch its graph. 


Define the inverse secant function by restricting the 
domain of the secant function to the intervals [0, 7/2) 
and (7/2, 7], and sketch its graph. 

Define the inverse cosecant function by restricting the 
domain of the cosecant function to the intervals 
[— 7/2, 0) and (0, 7/2], and sketch its graph. 

Use the results of Exercises 101-103 to evaluate each 
expression without using a calculator. 


(a) arcsec J2 
(c) arecot(— V3) 
Area In calculus, it is shown that the area of 


the region bounded by the graphs of y= 0, 
y = 1/(x? + 1), x = a, and x = b is given by 


(b) arcsec 1 
(d) arecsc 2 


Area = arctan b — arctan a 


(see figure). Find the area for the following values of a 
and b. 

(a)a=0,b=1 
(c) a=0,b=3 


(b) a=—-1,b=1 
(d) a=—-1,b=3 


Think About It Use a graphing utility to graph the 
functions 


f(x) = Vx and g(x) = 6 arctan x. 


For x > 0, it appears that g > f; Explain why you know 
that there exists a positive real number a such that g < f 
for x > a. Approximate the number a. 


108. 


acd 107. Think About It Consider the functions given by 


f(x) = sinx and f '(x) = arcsin x. 


(a) Use a graphing utility to graph the composite 
functions f°f~! and f-!ef. 

(b) Explain why the graphs in part (a) are not the graph 
of the line y = x. Why do the graphs of f°f~! and 
f lef differ? 


Proof Prove each identity. 
(a) arcsin(—x) = —arcsin x 


(b) arctan(—x) = —arctan x 


1 
(c) arctanx + arctan-=—=, x>0O 
x 


(d) arcsin x + arccos x = 


(e) arcsin x = arctan An 
=x 


Skills Review 


In Exercises 109-112, sketch a right triangle corresponding 
to the trigonometric function of the acute angle 6. Use the 
Pythagorean Theorem to determine the third side. Then 
find the other five trigonometric functions of 0. 


109. 
110. 
111. 
112. 


113. 


114. 


sin 0 = } 
tan 9 = 2 
cos 0 =? 
sec 0 = 3 


Partnership Costs A group of people agree to share 
equally in the cost of a $250,000 endowment to a college. 
If they could find two more people to join the group, each 
person’s share of the cost would decrease by $6250. How 
many people are presently in the group? 


Speed A boat travels at a speed of 18 miles per hour in 
still water. It travels 35 miles upstream and then returns to 
the starting point in a total of 4 hours. Find the speed of 
the current. 
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‘:3 Applications and Models 


What you should learn ar . . . 
Applications Involving Right Triangles 


* Solve real-life problems 


involving right triangles. In this section, the three angles of a right triangle are denoted by the letters A, B, 
* Solve real-life problems and C (where C is the right angle), and the lengths of the sides opposite these 
involving directional bearings. angles by the letters a, b, and c (where c is the hypotenuse). 


* Solve real-life problems 


PEA Ve MEMiuten Tou Sclutwi Solving a Right Triangle 
Why you should learn it 


; ‘ F Solve the right triangle shown in Figure 1.78 for all unknown sides and angles. 
Right triangles often occur in 


real-life situations. For instance, B 
in Exercise 62 on page 210, right 

triangles are used to determine 

the shortest grain elevator for a c 

grain storage bin ona farm. 


[| 
A b=194 c 
FIGURE 1.78 
Solution 


Because C = 90°, it follows that A + B = 90° and B = 90° — 34.2° = 55.8°. 
To solve for a, use the fact that 
opp a 


tnA=—-=— ED a= bdtana. 
adj b 


So, a = 19.4 tan 34.2° ~ 13.18. Similarly, to solve for c, use the fact that 


dj b b 
ees = = = 


hyp oc ~ cos A’ 
19.4 
So, c = —— = 23.46. 
Oe cos 34.2° 


wewecxront ~— Now try Exercise 1. 


| Example 2 | Finding a Side of a Right Triangle 


A safety regulation states that the maximum angle of elevation for a rescue ladder 
is 72°. A fire department’s longest ladder is 110 feet. What is the maximum safe 
rescue height? 


Solution 


A sketch is shown in Figure 1.79. From the equation sin A = a/c, it follows that 
a=csinA = 110 sin 72° ~ 104.6. 


So, the maximum safe rescue height is about 104.6 feet above the height of the 
fire truck. 


FIGURE 1.79 weueckroint Now try Exercise 15. 
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FIGURE 1.80 


Angle of 
depression 


FIGURE 1.81 


Finding a Side of a Right Triangle @ 


Example 3 | 


At a point 200 feet from the base of a building, the angle of elevation to the 
bottom of a smokestack is 35°, whereas the angle of elevation to the top is 53°, 
as shown in Figure 1.80. Find the height s of the smokestack alone. 


Solution 


Note from Figure 1.80 that this problem involves two right triangles. For the 
smaller right triangle, use the fact that 


tan 35° = 300 

to conclude that the height of the building is 
a = 200 tan 35°. 

For the larger right triangle, use the equation 


ats 
200 


tan 53° = 


to conclude that a + s = 200 tan 53°. So, the height of the smokestack is 
s = 200 tan 53° — a 

200 tan 53° — 200 tan 35° 

125.4 feet. 


weueckrowr ~—- Now try Exercise 19. 
Scie Finding an Acute Angle of a Right Triangle @ 


A swimming pool is 20 meters long and 12 meters wide. The bottom of the pool 
is slanted so that the water depth is 1.3 meters at the shallow end and 4 meters at 
the deep end, as shown in Figure 1.81. Find the angle of depression of the bottom 
of the pool. 


Solution 


Using the tangent function, you can see that 


el 
adj 
on 
20 

= 0.135. 


tanA = 


So, the angle of depression is 


A 


arctan 0.135 
0.13419 radian 
= 7.69°. 


STUDY TIP 


In air navigation, bearings are 
measured in degrees clockwise 
from north. Examples of air 
navigation bearings are shown 
below. 


270° W E 90° 


270° W E 90° 
Pay 


S 
180° 
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Trigonometry and Bearings 


In surveying and navigation, directions are generally given in terms of bearings. 
A bearing measures the acute angle that a path or line of sight makes with a fixed 
north-south line, as shown in Figure 1.82. For instance, the bearing S 35° E in 
Figure 1.82 means 35 degrees east of south. 


N N N 
80° 45 


= 
tt 
= 
ies) 
= 
es 


FIGURE 1.82 


Schuiliteem Finding Directions in Terms of Bearings 


A ship leaves port at noon and heads due west at 20 knots, or 20 nautical miles 
(nm) per hour. At 2 P.M. the ship changes course to N 54° W, as shown in Figure 
1.83. Find the ship’s bearing and distance from the port of departure at 3 P.M. 


FIGURE 1.83 


Solution 


For triangle BCD, you have B = 90° — 54° = 36°. The two sides of this triangle 
can be determined to be 


b = 20 sin 36° and d = 20 cos 36°. 
For triangle ACD, you can find angle A as follows. 


b 20 sin 36° 
d+40 20cos 36° + 40 


A = arctan 0.2092494 ~ 0.2062732 radian ~ 11.82° 


The angle with the north-south line is 90° — 11.82° = 78.18°. So, the bearing of 
the ship is N 78.18° W. Finally, from triangle ACD, you have sin A = b/c, which 
yields 


tanA = = 0.2092494 


—  b  _ 20 sin 36° 
sinA sin 11.82° 


=~ 57.4 nautical miles. Distance from port 


weueckponnT ~~ Now try Exercise 31. 
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Harmonic Motion 


The periodic nature of the trigonometric functions is useful for describing the 
motion of a point on an object that vibrates, oscillates, rotates, or is moved by 
wave motion. 

For example, consider a ball that is bobbing up and down on the end of a 
spring, as shown in Figure 1.84. Suppose that 10 centimeters is the maximum 
distance the ball moves vertically upward or downward from its equilibrium (at 
rest) position. Suppose further that the time it takes for the ball to move from its 
maximum displacement above zero to its maximum displacement below zero and 
back again is tf = 4 seconds. Assuming the ideal conditions of perfect elasticity 
and no friction or air resistance, the ball would continue to move up and down in 
a uniform and regular manner. 


Equilibrium Maximum negative Maximum positive 
displacement displacement 


FIGURE 1.84 
From this spring you can conclude that the period (time for one complete 
cycle) of the motion is 
Period = 4 seconds 
its amplitude (maximum displacement from equilibrium) is 
Amplitude = 10 centimeters 


and its frequency (number of cycles per second) is 
1 
Frequency = 4 cycle per second. 


Motion of this nature can be described by a sine or cosine function, and is called 
simple harmonic motion. 


FIGURE 1.85 


FIGURE 1.86 
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Definition of Simple Harmonic Motion 


A point that moves on a coordinate line is said to be in simple harmonic 
motion if its distance d from the origin at time ¢ is given by either 


d = asin wt or d = aCos ot 


where a and w are real numbers such that w > 0. The motion has amplitude 
|a|, period 277/@, and frequency w/(27). 


SeTit-wem §=Simple Harmonic Motion @ 


Write the equation for the simple harmonic motion of the ball described in Figure 
1.84, where the period is 4 seconds. What is the frequency of this harmonic 
motion? 


Solution 


Because the spring is at equilibrium (d = 0) when t = 0, you use the equation 
d = asin at. 


Moreover, because the maximum displacement from zero is 10 and the period is 
4, you have 


Amplitude = |a| = 10 


2 
Period = — = 4 => w= 
ra) 


Consequently, the equation of motion is 


wy 


7 
d= 10sin-t. 
sin, 


Note that the choice of a = 10 or a = —10 depends on whether the ball 
initially moves up or down. The frequency is 


Frequency = = 
7 


anf2 
27 


1 
=A cycle per second. 


weueckponntr ~Now try Exercise 51. 


One illustration of the relationship between sine waves and harmonic motion 
can be seen in the wave motion resulting when a stone is dropped into a calm 
pool of water. The waves move outward in roughly the shape of sine (or cosine) 
waves, as shown in Figure 1.85. As an example, suppose you are fishing and your 
fishing bob is attached so that it does not move horizontally. As the waves move 
outward from the dropped stone, your fishing bob will move up and down in 
simple harmonic motion, as shown in Figure 1.86. 


206 Chapter 1 Trigonometry 


Schit-wae Simple Harmonic Motion 


Given the equation for simple harmonic motion 
377 
d= 6cos—t 
4 


find (a) the maximum displacement, (b) the frequency, (c) the value of d when 
t = 4, and (d) the least positive value of t for which d = 0. 


Algebraic Solution Graphical Solution 


The given equation has the form d = acos wt, | Use a graphing utility set in radian mode to graph 
with a = 6 and w = 37/4. 


377 
a. The maximum displacement (from the point pi OOO Fie 
of equilibrium) is given by the amplitude. So, 


the maximum displacement is 6. a. Use the maximum feature of the graphing utility to estimate that 


the maximum displacement from the point of equilibrium y = 0 
is 6, as shown in Figure 1.87. 


2 6 cos(32 } 


b. Frequency = 7 
7 


_ 3m/4 _ 3 cycle per unit 
~ 8 Of time 


c. d=6 cos| (4) 


Aaximura 
= 6cos 377 n=¢.8666s T=6 
-8 
= 6(- 1) FIGURE 1.87 
= =6 b. The period is the time for the graph to complete one cycle, which 


d. To find the least positive value of ¢ for which is x ~ 2.667. You can estimate the frequency as follows. 
d = 0, solve the equation 


1 
Frequency ~ 7667 =~ 0.375 cycle per unit of time 


2.66 


397 
d = 6cos—t = 0. . 
4 c. Use the trace feature to estimate that the value of y when x = 4 


is y = —6, as shown in Figure 1.88. 


First divide each side by 6 to obtain : 3 
y d. Use the zero or root feature to estimate that the least positive 


3 value of x for which y = 0 is x ~ 0.6667, as shown in Figure 
cos —-t = 0. 
4 1.89. 
This equation is satisfied when 8 8 y=6 cos(3Z2} 


Mee Ecosts Tad 


Se Tt Oe oT 


ga a 
4 2 2. 2 ; ap 
Multiply these values by 4/(37) to obtain 
a 
=e ie i HE 86666667 '=-HE-17 
3 3° -8 8 


So, the least positive value of f is t = 2 FIGURE 1.88 FIGURE 1.89 


woneckrownr = Now try Exercise 55. 
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VOCABULARY CHECK: Fill in the blanks. 


1. An angle that measures from the horizontal upward to an object is called the angle of ; 
whereas an angle that measures from the horizontal downward to an object is called the angle of 


2. A measures the acute angle a path or line of sight makes with a fixed north-south line. 


3. A point that moves on a coordinate line is said to be in simple if its distance d 
from the origin at time ¢ is given by either d = a sin wt or d = acos at. 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-10, solve the right triangle shown in the 16. Length The sun is 20° above the horizon. Find the length 
figure. Round your answers to two decimal places. of a shadow cast by a building that is 600 feet tall. 
1. A= 20°, b= 10 2. B=54, c= 15 17. Height A ladder 20 feet long leans against the side of a 
46 - seas = house. Find the height from the top of the ladder to the 
Sy ewe eae sO ee ground if the angle of elevation of the ladder is 80°. 
Roe Se Pe MD eRe. ies 18. Height The length of a shadow of a tree is 125 feet when 
7.b= 16, c= 52 8. b = 1.32, c= 9.45 the angle of elevation of the sun is 33°. Approximate the 
9. A= 12°15’, c = 430.5 height of the tree. 
10. B = 65°12’, a= 142 19. Height From a point 50 feet in front of a church, the 
angles of elevation to the base of the steeple and the top of 
B the steeple are 35° and 47° 40’, respectively. 
7 (a) Draw right triangles that give a visual representation of 
@ the problem. Label the known and unknown quantities. 
/\9 AN (b) Use a trigonometric function to write an equation 
Cc b A b involving the unknown quantity. 
FIGURE FOR 1-10 FIGURE FOR 11-14 (c) Find the height of the steeple. 
20. Height You are standing 100 feet from the base of a 
In Exercises 11-14, find the altitude of the isosceles triangle platform from which people are bungee jumping. The 
shown in the figure. Round your answers to two decimal angle of elevation from your position to the top of the 
places. platform from which they jump is 51°. From what height 


th le j ing? 
11. 6 = 52°, b = 4 inches si vie penne — pee 
. aoe i . Dept e sonar of a navy cruiser detects a submarine 
= Te =O aie that is 4000 feet from the cruiser. The angle between the 
13. 6= 41°, b = 46 inches water line and the submarine is 34° (see figure). How deep 
14. 0= 27°, b= 11 feet is the submarine? 


15. Length The sun is 25° above the horizon. Find the length 
of a shadow cast by a silo that is 50 feet tall (see figure). 


22. Angle of Elevation An engineer erects a 75-foot cellular 
telephone tower. Find the angle of elevation to the top of 
the tower at a point on level ground 50 feet from its base. 
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23. 


24. 


25. 


26. 


27. 


28. 


29. 


Chapter 1 Trigonometry 

Angle of Elevation The height of an outdoor basketball 
backboard is 123 feet, and the backboard casts a shadow 
17; feet long. 


(a) Draw a right triangle that gives a visual representation 
of the problem. Label the known and unknown 
quantities. 


(b) Use a trigonometric function to write an equation 
involving the unknown quantity. 


(c) Find the angle of elevation of the sun. 


Angle of Depression A Global Positioning System satel- 
lite orbits 12,500 miles above Earth’s surface (see figure). 
Find the angle of depression from the satellite to the 
horizon. Assume the radius of Earth is 4000 miles. 


eee ee 


SAY sat 
_ / 


or Angle of 


! 
1 
1 
1 
; }) 
depression ' 


Not drawn to scale 


Angle of Depression A cellular telephone tower that is 
150 feet tall is placed on top of a mountain that is 1200 feet 
above sea level. What is the angle of depression from the 
top of the tower to a cell phone user who is 5 horizontal 
miles away and 400 feet above sea level? 


Airplane Ascent During takeoff, an airplane’s angle of 
ascent is 18° and its speed is 275 feet per second. 


(a) Find the plane’s altitude after 1 minute. 


(b) How long will it take the plane to climb to an altitude 
of 10,000 feet? 


Mountain Descent A sign on a roadway at the top of a 
mountain indicates that for the next 4 miles the grade is 
10.5° (see figure). Find the change in elevation over that 
distance for a car descending the mountain. 


Not drawn to scale 


Mountain Descent A roadway sign at the top of a moun- 
tain indicates that for the next 4 miles the grade is 12%. 
Find the angle of the grade and the change in elevation over 
the 4 miles for a car descending the mountain. 


Navigation An airplane flying at 600 miles per hour has 
a bearing of 52°. After flying for 1.5 hours, how far north 
and how far east will the plane have traveled from its point 
of departure? 


30. 


31. 


32. 


33. 


34. 


Navigation A jet leaves Reno, Nevada and is headed 
toward Miami, Florida at a bearing of 100°. The distance 
between the two cities is approximately 2472 miles. 


(a) How far north and how far west is Reno relative to 
Miami? 

(b) If the jet is to return directly to Reno from Miami, at 
what bearing should it travel? 


Navigation A ship leaves port at noon and has a bearing 
of S 29° W. The ship sails at 20 knots. 


(a) How many nautical miles south and how many nautical 
miles west will the ship have traveled by 6:00 P.M.? 


(b) At 6:00 p.M., the ship changes course to due west. Find 
the ship’s bearing and distance from the port of depar- 
ture at 7:00 P.M. 


Navigation <A privately owned yacht leaves a dock in 
Myrtle Beach, South Carolina and heads toward Freeport 
in the Bahamas at a bearing of S 1.4° E. The yacht averages 
a speed of 20 knots over the 428 nautical-mile trip. 


(a) How long will it take the yacht to make the trip? 
(b) How far east and south is the yacht after 12 hours? 


(c) If a plane leaves Myrtle Beach to fly to Freeport, what 
bearing should be taken? 


Surveying A surveyor wants to find the distance across a 
swamp (see figure). The bearing from A to B is N 32° W. 
The surveyor walks 50 meters from A, and at the point C 
the bearing to B is N 68° W. Find (a) the bearing from A to 
C and (b) the distance from A to B. 


Location of a Fire Two fire towers are 30 kilometers 
apart, where tower A is due west of tower B. A fire is 
spotted from the towers, and the bearings from A and B are 
E 14° N and W 34° N, respectively (see figure). Find the 
distance d of the fire from the line segment AB. 


35. Navigation A ship is 45 miles east and 30 miles south 
of port. The captain wants to sail directly to port. What 
bearing should be taken? 


36. Navigation An airplane is 160 miles north and 85 miles 
east of an airport. The pilot wants to fly directly to the 
airport. What bearing should be taken? 


37. Distance An observer in a lighthouse 350 feet above sea 
level observes two ships directly offshore. The angles of 
depression to the ships are 4° and 6.5° (see figure). How far 
apart are the ships? 


38. Distance A passenger in an airplane at an altitude of 10 
kilometers sees two towns directly to the east of the plane. 
The angles of depression to the towns are 28° and 55° (see 
figure). How far apart are the towns? 


10 km 


Not drawn to scale 


39. Altitude A plane is observed approaching your home and 
you assume that its speed is 550 miles per hour. The angle 
of elevation of the plane is 16° at one time and 57° one 
minute later. Approximate the altitude of the plane. 


40. Height While traveling across flat land, you notice a 
mountain directly in front of you. The angle of elevation to 
the peak is 2.5°. After you drive 17 miles closer to the 
mountain, the angle of elevation is 9°. Approximate the 
height of the mountain. 


Geometry \n Exercises 41 and 42, find the angle a 
between two nonvertical lines L, and L,. The angle a 
satisfies the equation 


m,— mM, 
1+m,m, 


tana = | 


where m, and m, are the slopes of L, and L., respectively. 
(Assume that m,m, # —1.) 
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41. L,: 3x —-2y=5 
L, x+ y=1 
42. L;:2x- y= 8 
LL, x =s3y=-4 
43. Geometry Determine the angle between the diagonal of a 


44. 


45. 


46. 


47. 


48. 


cube and the diagonal of its base, as shown in the figure. 


FIGURE FOR 43 FIGURE FOR 44 


Geometry Determine the angle between the diagonal of a 
cube and its edge, as shown in the figure. 


Geometry Find the length of the sides of a regular penta- 
gon inscribed in a circle of radius 25 inches. 
Geometry Find the length of the sides of a regular hexa- 
gon inscribed in a circle of radius 25 inches. 


Hardware _ Write the distance y across the flat sides of a 
hexagonal nut as a function of r, as shown in the figure. 


I< + ——_ >} 


<——__— X ———>1 


Bolt Holes The figure shows a circular piece of sheet 
metal that has a diameter of 40 centimeters and contains 12 
equally spaced bolt holes. Determine the straight-line 
distance between the centers of consecutive bolt holes. 


210 Chapter 1 Trigonometry 


Trusses \n Exercises 49 and 50, find the lengths of all the 
unknown members of the truss. 


Harmonic Motion \n Exercises 51-54, find a model 
for simple harmonic motion satisfying the specified 
conditions. 


Displacement Amplitude Period 
(t = 0) 
51. 0 4 centimeters 2 seconds 
52. 0 3 meters 6 seconds 
53. 3 inches 3 inches 1.5 seconds 
54. 2 feet 2 feet 10 seconds 


Harmonic Motion \n Exercises 55-58, for the simple 
harmonic motion described by the trigonometric function, 
find (a) the maximum displacement, (b) the frequency, 
(c) the value of d when t = 5, and (d) the least positive 
value of t for which d = 0. Use a graphing utility to verify 
your results. 


55. d = 4cos 87t 
56. d = 5 cos 20at 
57. d = 7g sin 120 at 
58. d = qsin 792at 


59. Tuning Fork A point on the end of a tuning fork moves 
in simple harmonic motion described by d = asin at. 
Find @ given that the tuning fork for middle C has a fre- 
quency of 264 vibrations per second. 


60. Wave Motion A buoy oscillates in simple harmonic 
motion as waves go past. It is noted that the buoy moves a 
total of 3.5 feet from its low point to its high point (see 
figure), and that it returns to its high point every 
10 seconds. Write an equation that describes the motion of 
the buoy if its high point is at t = 0. 


FIGURE FOR 60 


61. Oscillation of a Spring A ball that is bobbing up and 
down on the end of a spring has a maximum displacement 
of 3 inches. Its motion (in ideal conditions) is modeled by 
y= ; cos 16¢ (t > 0), where y is measured in feet and t is 
the time in seconds. 


(a) Graph the function. 
(b) What is the period of the oscillations? 


(c) Determine the first time the weight passes the point of 
equilibrium (y = 0). 


62. Numerical and Graphical Analysis A two-meter- 
high fence is 3 meters from the side of a grain storage 
bin. A grain elevator must reach from ground level 
outside the fence to the storage bin (see figure). The 
objective is to determine the shortest elevator that 
meets the constraints. 


0 


0.1 


Model It (continued) 


ae (b) Use a graphing utility to generate additional rows 
of the table. Use the table to estimate the minimum 
length of the elevator. 


(c) Write the length L, + L, as a function of 6. 


aie (d) Use a graphing utility to graph the function. Use 
the graph to estimate the minimum length. How 
does your estimate compare with that of part (b)? 


63. Numerical and Graphical Analysis The cross section of 
an irrigation canal is an isosceles trapezoid of which three 
of the sides are 8 feet long (see figure). The objective is to 
find the angle @ that maximizes the area of the cross 
section. [Hint: The area of a trapezoid is (h/2)(b, + b,).] 


i 8 ft al 


(a) Complete seven additional rows of the table. 


Base | Base 2 Altitude | Area 
8 sin 10° | 22.1 


8 sin 20° | 42.5 


8 8 + 16 cos 10° 
8 8 + 16 cos 20° 


7 (b) Use a graphing utility to generate additional rows of 
the table. Use the table to estimate the maximum cross- 
sectional area. 


(c) Write the area A as a function of 0. 


ae (d) Use a graphing utility to graph the function. Use the 
graph to estimate the maximum cross-sectional area. 
How does your estimate compare with that of part (b)? 


64. Data Analysis The table shows the average sales S (in 
millions of dollars) of an outerwear manufacturer for each 
month f, where t = 1 represents January. 


Time, t 1 2 3 4 5 6 


Sales, s | 13.46) 11.15] 8.00 | 4.85 | 2.54 | 1.70 


Time, ¢ t 8 9 10 11 12 


Sales, s | 2.54 | 4.85 | 8.00 | 11.15) 13.46] 14.3 
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(a) Create a scatter plot of the data. 


(b) Find a trigonometric model that fits the data. Graph the 
model with your scatter plot. How well does the model 
fit the data? 


(c) What is the period of the model? Do you think it is 
reasonable given the context? Explain your reasoning. 


(d) Interpret the meaning of the model’s amplitude in the 
context of the problem. 


Synthesis 


True or False? _\n Exercises 65 and 66, determine whether 
the statement is true or false. Justify your answer. 


65. The Leaning Tower of Pisa is not vertical, but if you know 
the exact angle of elevation 6 to the 191-foot tower when 
you stand near it, then you can determine the exact distance 
to the tower d by using the formula 

191 
tan 6 = —. 
an Fi 

66. For the harmonic motion of a ball bobbing up and down on 
the end of a spring, one period can be described as the 
length of one coil of the spring. 


67. Writing Is it true that N 24° E means 24 degrees north of 
east? Explain. 


68. Writing Explain the difference between bearings used in 
nautical navigation and bearings used in air navigation. 


Skills Review 


In Exercises 69-72, write the slope-intercept form of the 
equation of the line with the specified characteristics. Then 
sketch the line. 


69. m = 4, passes through (— 1, 2) 
70. m = —4, passes through (4, 0) 

71. Passes through (—2, 6) and (3, 2) 
72. Passes through 4. —2) and (-4, +) 
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Chapter Summary 


What did you learn? 


Section 1.1 Review Exercises 
0 Describe angles (p. 130). Wp 

CL] Use radian measure (p. 731). 3-6, 11-18 

LI Use degree measure (p. 133). 7-18 

CL Use angles to model and solve real-life problems (p. 135). 19-24 
Section 1.2 

UO) Identify a unit circle and describe its relationship to real numbers (p. 142). 25-28 

U1 Evaluate trigonometric functions using the unit circle (p. 143). 29-32 

LL] Use domain and period to evaluate sine and cosine functions (p. 145). 33-36 

CL Use a calculator to evaluate trigonometric functions (p. 146). 37-40 


Section 1.3 


UO) Evaluate trigonometric functions of acute angles (p. 149). 41-44 
UL Use the fundamental trigonometric identities (p. 152). 45-48 
UL Use a calculator to evaluate trigonometric functions (p. 153). 49-54 
U1 Use trigonometric functions to model and solve real-life problems (p. 154). 55,56 
Section 1.4 

U1 Evaluate trigonometric functions of any angle (p. 160). 57-70 
U1 Use reference angles to evaluate trigonometric functions (p. 162). 71-82 
U1 Evaluate trigonometric functions of real numbers (p. 163). 83-88 


Section 1.5 
LC Use amplitude and period to help sketch the graphs of sine 89-92 
and cosine functions (p. 177). 


U1 Sketch translations of the graphs of sine and cosine functions (p. 173). 93-96 
CL Use sine and cosine functions to model real-life data (p. 775). 97,98 


Section 1.6 


U1 Sketch the graphs of tangent (p. 780) and cotangent (p. 782) functions. 99-102 
LC Sketch the graphs of secant and cosecant functions (p. 783). 103-106 
C1 Sketch the graphs of damped trigonometric functions (p. 185). 107, 108 
Section 1.7 

CL Evaluate and graph the inverse sine function (p. 191). 109-114, 123, 126 
C1 Evaluate and graph the other inverse trigonometric functions (p. 193). 115-122, 124,125 
LC Evaluate compositions of trigonometric functions (p. 195). 127-132 


Section 1.8 
UO Solve real-life problems involving right triangles (p. 207). 133, 134 


UO Solve real-life problems involving directional bearings (p. 203). 135 
U Solve real-life problems involving harmonic motion (p. 204). 136 
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Review Exercises 


1.1 | In Exercises 1 and 2, estimate the angle to the nearest 


one-half radian. 
1. 2. D>; 


In Exercises 3-10, (a) sketch the angle in standard position, 
(b) determine the quadrant in which the angle lies, and (c) 
determine one positive and one negative coterminal angle. 


lla 27 
——— 4. — 
4 4 9 
5. -— _——= 
3 3 
7210 8. 280° 
9. —110° 10. —405° 


In Exercises 11-14, convert the angle measure from degrees 


to radians. Round your answer to three decimal places. 
11. 480° 12. —127.5° 
13. —33° 45’ 14. 196° 77’ 


as 


a= 


In Exercises 15-18, convert the angle measure from radians 
to degrees. Round your answer to three decimal places. 


Sa lla 
15. — 16. ——— 
7 f 6 
17. =3:5 18. 5.7 
19. Arc Length Find the length of the arc on a circle with a 


radius of 20 inches intercepted by a central angle of 138°. 


20. Arc Length Find the length of the arc on a circle with a 


radius of 11 meters intercepted by a central angle of 60°. 


21. Phonograph Compact discs have all but replaced phono- 
graph records. Phonograph records are vinyl discs that 
rotate on a turntable. A typical record album is 12 inches in 


diameter and plays at 334 revolutions per minute. 
(a) What is the angular speed of a record album? 


(b) What is the linear speed of the outer edge of a record 
album? 


22. Bicycle At what speed is a bicyclist traveling when his 
27-inch-diameter tires are rotating at an angular speed of 


5a radians per second? 


23. Circular Sector Find the area of the sector of a circle 


with a radius of 18 inches and central angle 6 = 120°. 


24. Circular Sector Find the area of the sector of a circle 
with a radius of 6.5 millimeters and central angle 


0= 57/6. 


In Exercises 25-28, find the point (x, y) on the unit 
circle that corresponds to the real number t. 


Qa 3a 

25. t= 26. t= 
Sa An 

27. t=— 28. t = -— 
a: : 3 


In Exercises 29-32, evaluate (if possible) the six trigono- 
metric functions of the real number. 


V1 
29. t=— 
6 


27 
1. ¢ = -— 
3 3 


7 
30.6 = 7 
32. t =27 


In Exercises 33-36, evaluate the trigonometric function 
using its period as an aid. 


. lla 
33. sin 4 


, Wis 
35. sin 6 


In Exercises 37-40, use a calculator to evaluate the trigono- 
metric function. Round your answer to four decimal places. 


37. tan 33 38. csc 10.5 
127 : 7 
39. sec 5) 40. sin z) 
if) In Exercises 41-44, find the exact values of the six 
trigonometric functions of the angle 6 shown in the figure. 
41. 42. 
4 
6 
Z\ CT 
5 
CI 
6 
43. 44, 
é 
8 
4 9 
5 
ZN = 


le 
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In Exercises 45-48, use the given function value and 
trigonometric identities (including the cofunction identities) 


to find the indicated trigonometric functions. 


45. sin@ = (a) csc 0 (b) cos 6 
(c) sec 0 (d) tan 6 
46. tangd=4 (a) cot @ (b) sec 0 
(c) cos 6 (d) csc 0 
47. csc0=4 (a) sin 6 (b) cos 0 
(c) sec 0 (d) tan 0 
48. csc 9 =5 (a) sin 6 (b) cot 6 
(c) tan 0 (d) sec(90° — 6) 


In Exercises 49-54, use a calculator to evaluate the trigono- 
metric function. Round your answer to four decimal places. 
49. tan 33° 

50. csc 11° 

51. sin 34.2° 

52. sec 79.3° 

53. cot 15°14’ 

54. cos 78° 11’58” 


55. Railroad Grade A train travels 3.5 kilometers on a 
straight track with a grade of 1° 10’ (see figure). What is 
the vertical rise of the train in that distance? 


a Oh) | 90) 


56. Guy Wire A guy wire runs from the ground to the top of 
a 25-foot telephone pole. The angle formed between the 
wire and the ground is 52°. How far from the base of the 
pole is the wire attached to the ground? 


1.4 | In Exercises 57-64, the point is on the terminal side 
of an angle @ in standard position. Determine the exact 
values of the six trigonometric functions of the angle 6. 
57. (12, 16) 

58. (3, —4) 

59. (5,3) 

60. (—3, —4) 

61. (—0.5, 4.5) 

62. (0.3, 0.4) 

63. (x, 4x), x > 0 

64. (—2x, —3x), x > 0 


In Exercises 65-70, find the values of the six trigonometric 
functions of 0. 


Function Value Constraint 
65. sec 6 = $ tan 0 < 0 
66. csc 0 = 3 cos 0 < 0 
67. sin 0 = 3 cos 6 < 0 
68. tan @ = 2 cos 8 < 0 
69. cos 9 = —3 sind > 0 
70. sin = —} cos 6 > 0 


In Exercises 71-74, find the reference angle 0’, and sketch 
06 and @’ in standard position. 


71. 6 = 264° 72. 0 = 635° 
67 177 
73. 0= 5 74. 0= 3 


In Exercises 75-82, evaluate the sine, cosine, and tangent 
of the angle without using a calculator. 


7 7 
yf ees 76. — 
3 6 4 
10 Sa 
Ts. 3 78. m7 
79, 495° 80. —150° 
81. —240° 82. 315° 


In Exercises 83-88, use a calculator to evaluate the trigono- 
metric function. Round your answer to four decimal places. 
83. sin 4 84. tan 3 

85. sin(—3.2) 86. cot(—4.8) 


_ 127 25a 
85. sin 5 88. tan( 7 


In Exercises 89-96, sketch the graph of the function. 
Include two full periods. 


89. y = sinx 90. y = cos x 

2. 
91. f(x) =5 sin = 92. f(x) = 8 cos( -3) 
93. y= 2+ sinx 94. y = —4 — cos 7x 


95. g(t) = > sin(t — 1) 96. g(t) = 3 cos(t + 7) 

97. Sound Waves Sound waves can be modeled by sine 
functions of the form y = a sin bx, where x is measured in 
seconds. 


(a) Write an equation of a sound wave whose amplitude is 
2 and whose period is 34 second. 


(b) What is the frequency of the sound wave described in 
part (a)? 
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98. Data Analysis: Meteorology The times S of sunset Ag In Exercises 119-122, use a calculator to evaluate the 


(Greenwich Mean Time) at 40° north latitude on the 15th 
of each month are: 1(16:59), 2(17:35), 3(18:06), 
4(18:38), 5(19:08), 6(19:30), 7(19:28), 8(18:57), 
9(18:09), 10(17:21), 11(16:44), 12(16:36). The month is 
represented by f, with t = 1 corresponding to January. A 


model (in which minutes have been converted to the © 


decimal parts of an hour) for the data is 
. (at 
S(t) = 18.09 + 1.41 sin + 4.60) 


ae (a) Use a graphing utility to graph the data points and the 
model in the same viewing window. 


(b) What is the period of the model? Is it what you 
expected? Explain. 


(c) What is the amplitude of the model? What does it 
represent in the model? Explain. 


1.6 | In Exercises 99-106, sketch a graph of the function. 
Include two full periods. 


99. f(x) = tanx 100. f()) = tan - z| 


101. f(x) = cotx 
102. g(t) = 2 cot 2r 
103. f(x) = secx 


104. A(t) = see(t = =| 
105. f(x) = csc x 


106. f(t) = 3 ese(2 + z| 


Z In Exercises 107 and 108, use a graphing utility to graph 
the function and the damping factor of the function in the 
same viewing window. Describe the behavior of 
the function as x increases without bound. 


107. f(x) = xcosx 108. g(x) = x* cos x 


In Exercises 109-114, evaluate the expression. If 
necessary, round your answer to two decimal places. 

109. arcsin(—4) 110. arcsin(— 1) 

111. arcsin 0.4 112. arcsin 0.213 

113. sin~'(—0.44) 114. sin~! 0.89 


In Exercises 115-118, evaluate the expression without the 
aid of a calculator. 


115. arccos a 116. arccos 2 


117. cos~!(—1) 118. cos 3 


expression. Round your answer to two decimal places. 


119. arccos 0.324 
121. tan~!(— 1.5) 


120. arccos(— 0.888) 
122. tan~! 8.2 


In Exercises 123-126, use a graphing utility to graph the 
function. 


123. f(x) = 2 arcsin x 124. f(x) = 3 arccos x 


125. f(x) = arctan 5 


126. f(x) = —arcsin 2x 


In Exercises 127-130, find the exact value of the expression. 


127. cos(arctan i) 
128. tan(arccos 3) 
129. sec(arctan ‘¥) 
130. cot|arcsin( = 2)) 


fi In Exercises 131 and 132, write an algebraic expression that 


is equivalent to the expression. 


131. tan(arceos *) 


132. sec[arcsin(x — 1)] 


1.8 | 133. Angle of Elevation The height of a radio transmission 


tower is 70 meters, and it casts a shadow of length 
30 meters (see figure). Find the angle of elevation of 
the sun. 


134. Height Your football has landed at the edge of the roof 
of your school building. When you are 25 feet from the 
base of the building, the angle of elevation to your foot- 
ball is 21°. How high off the ground is your football? 


135. Distance From city A to city B, a plane flies 650 miles 
at a bearing of 48°. From city B to city C, the plane flies 
810 miles at a bearing of 115°. Find the distance from city 
A to city C and the bearing from city A to city C. 
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Wave Motion Your fishing bobber oscillates in simple 
harmonic motion from the waves in the lake where you 
fish. Your bobber moves a total of 1.5 inches from its high 
point to its low point and returns to its high point every 


3 seconds. Write an equation modeling the motion of your 
bobber if it is at its high point at time ¢ = 0. 


Synthesis 


True or False? 


In Exercises 137-140, determine whether 


the statement is true or false. Justify your answer. 


137. 


138. 


139. 
140. 


The tangent function is often useful for modeling simple 
harmonic motion. 


The inverse sine function y = arcsin x cannot be defined 
as a function over any interval that is greater than the 
interval defined as — 7/2 < y < 77/2. 


y = sin 0 is not a function because sin 30° = sin 150°. 


Because tan 3277/4 = —1, arctan(—1) = 3727/4. 


In Exercises 141-144, match the function y = asin bx with 
its graph. Base your selection solely on your interpretation 
of the constants a and b. Explain your reasoning. [The 
graphs are labeled (a), (b), (c), and (d).] 


(a) 


141. 


143. 


145. 


146. 


(b) y 


(d) y 


y= 3sinx 142. y = —3 sinx 
y = 2sin wx 144. y = 2sin5 


Writing Describe the behavior of f(0) = sec 6 at the 
zeros of g(@) = cos @. Explain your reasoning. 


Conjecture 


By (a) Use a graphing utility to complete the table. 


0 0.1 | 0.4) 0.7} 1.0} 1.3 


147. 


2 148. 


149. 


(b) Make a conjecture about the relationship between 


tan( a = 2) and —cot 0. 


Writing When graphing the sine and cosine functions, 
determining the amplitude is part of the analysis. Explain 
why this is not true for the other four trigonometric 
functions. 


Graphical Reasoning The formulas for the area of a 
circular sector and arc length are A = 5720 and s = ré, 
respectively. (r is the radius and 6 is the angle measured 
in radians.) 


(a) For @= 0.8, write the area and arc length as 
functions of r. What is the domain of each function? 
Use a graphing utility to graph the functions. Use the 
graphs to determine which function changes more 
rapidly as r increases. Explain. 


(b) For r = 10 centimeters, write the area and arc length 
as functions of 6. What is the domain of each 
function? Use a graphing utility to graph and identify 
the functions. 

Writing Describe a real-life application that can be 

represented by a simple harmonic motion model and is 

different from any that you’ve seen in this chapter. 

Explain which function you would use to model your 

application and why. Explain how you would determine 

the amplitude, period, and frequency of the model for 
your application. 
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> 


(2, 6) 


> X 


FIGURE FOR 4 


2-4 


FIGURE FOR 16 


Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 


; 57. 
1. Consider an angle that measures = radians. 


(a) Sketch the angle in standard position. 
(b) Determine two coterminal angles (one positive and one negative). 
(c) Convert the angle to degree measure. 


2. A truck is moving at a rate of 90 kilometers per hour, and the diameter of its wheels 
is 1 meter. Find the angular speed of the wheels in radians per minute. 


3. A water sprinkler sprays water on a lawn over a distance of 25 feet and rotates through 
an angle of 130°. Find the area of the lawn watered by the sprinkler. 


4. Find the exact values of the six trigonometric functions of the angle 0 shown in the 
figure. 


5. Given that tan 6 = 3, find the other five trigonometric functions of 6. 


6. Determine the reference angle 0’ of the angle 6 = 290° and sketch @ and @’ in 
standard position. 


7. Determine the quadrant in which 6 lies if sec 8 < O and tan @ > 0. 


8. Find two exact values of 0 in degrees (0 < 0 < 360°) ifcos 9 = — J3 /2. (Do not use 
a calculator.) 


9. Use a calculator to approximate two values of @ in radians (0 < 6 < 27) if 
csc 0 = 1.030. Round the results to two decimal places. 


In Exercises 10 and 11, find the remaining five trigonometric functions of 6 satisfying 
the conditions. 


10. cos 6 = 3, tan 0 < 0 11. seco = —¥, sin@ > 0 


In Exercises 12 and 13, sketch the graph of the function. (Include two full periods.) 


12. g(x) = -2 sn( x - 2) 13. f(a) = stan 2a 


In Exercises 14 and 15, use a graphing utility to graph the function. If the function is 
periodic, find its period. 


14. y = sin 2ax + 2 cos wx 15. y = 6tcos(0.251), O< t < 32 


16. Find a, b, and c for the function f(x) = a sin(bx + c) such that the graph of f matches 
the figure. 

17. Find the exact value of tan(arccos 3) without the aid of a calculator. 

18. Graph the function f(x) = 2 arcsin( 4x). 

19. A plane is 80 miles south and 95 miles east of Cleveland Hopkins International 
Airport. What bearing should be taken to fly directly to the airport? 


20. Write the equation for the simple harmonic motion of a ball on a spring that starts at 
its lowest point of 6 inches below equilibrium, bounces to its maximum height of 
6 inches above equilibrium, and returns to its lowest point in a total of 2 seconds. 


Proofs in Mathematics 


The Pythagorean Theorem 


The Pythagorean Theorem is one of the most famous theorems in mathematics. 
More than 100 different proofs now exist. James A. Garfield, the twentieth 
president of the United States, developed a proof of the Pythagorean Theorem in 
1876. His proof, shown below, involved the fact that a trapezoid can be formed 
from two congruent right triangles and an isosceles right triangle. 


The Pythagorean Theorem 


In a right triangle, the sum of the squares of the lengths of the legs is equal 
to the square of the length of the hypotenuse, where a and D are the legs and 
c is the hypotenuse. 


e+bh=c 


Proof 
O 
N b 
a 
M b Q a 12 
Area of _ Areaof , Areaof , Area of 


trapezoid MNOP ~ AMNQ Re APOO = ANOQ 


iT Teen alceee ates 
5 (a + bla +b) = 5 ab + ab + ae 


I = 1, 
ala + ba + b) = ab + 5c 


(a + b)(a + b) = 2ab + c? 
a + 2ab + b* = 2ab + c? 


@P + pe = 
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YZ4-% Problem Solving 


This collection of thought-provoking and challenging exercises further explores 
and expands upon concepts learned in this chapter. 


1. The restaurant at the top of the Space Needle in Seattle, (a) What is the shortest distance d the helicopter would 
Washington is circular and has a radius of 47.25 feet. The have to travel to land on the island? 
dining part of the restaurant revolves, making about one (b) What is the horizontal distance x that the helicopter 
complete revolution every 48 minutes. A dinner party was would have to travel before it would be directly over the 


seated at the edge of the revolving restaurant at 6:45 P.M. and 
was finished at 8:57 P.M. 


nearer end of the island? 


(c) Find the width w of the island. Explain how you obtained 
(a) Find the angle through which the dinner party rotated. your answer, 


(b) Find the distance the party traveled during dinner. 4. Use the figure below. 


2. A bicycle’s gear ratio is the number of times the freewheel 
turns for every one turn of the chainwheel (see figure). The 
table shows the numbers of teeth in the freewheel and chain- D 
wheel for the first five gears of an 18-speed touring bicycle. B 
The chainwheel completes one rotation for each gear. Find 
the angle through which the freewheel turns for each gear. A | | 
Give your answers in both degrees and radians. Cc E G 


(a) Explain why AABC, AADE, and AAFG are similar 


Number of teeth Number of teeth triangles. 
number in freewheel in chainwheel (b) What does similarity imply about the ratios 
BC DE FG, 
AB’ AD’ “"\ AF" 


(c) Does the value of sin A depend on which triangle from 
part (a) is used to calculate it? Would the value of sin A 
change if it were found using a different right triangle 
that was similar to the three given triangles? 


(d) Do your conclusions from part (c) apply to the other five 
trigonometric functions? Explain. 

. Use a graphing utility to graph h, and use the graph to decide 
whether hi is even, odd, or neither. 
(a) h(x) = cos? x 
(b) A(x) = sin? x 
. If f is an even function and g is an odd function, use the 
results of Exercise 5 to make a conjecture about h, where 
(a) h(x) = [f)P 
3. A surveyor ina helicopter is trying to determine the width (b) AW) = [e@)P. 

of an island, as shown in the figure. 


7. The model for the height h (in feet) of a Ferris wheel car is 


ee ne h = 50 + 50 sin 8zt 
ae 


1 SSey/ oe where f is the time (in minutes). (The Ferris wheel has a 

ose radius of 50 feet.) This model yields a height of 50 feet when 
3000 ft 1 Ss wei i t = 0. Alter the model so that the height of the car is 1 foot 

' d ase er when t = 0. 

es: An. 

is x >< Ww >I 


Not drawn to scale 
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AZ 10. (a) 


8. The pressure P (in millimeters of mercury) against the 


walls of the blood vessels of a patient is modeled by 


P = 100 — 20 cos( 52) 


where f¢ is time (in seconds). 


ad (a) Use a graphing utility to graph the model. 


(b) What is the period of the model? What does the period 
tell you about this situation? 


(c) What is the amplitude of the model? What does it tell 
you about this situation? 


(d) If one cycle of this model is equivalent to one heart- 
beat, what is the pulse of this patient? 


(e) If a physician wants this patient’s pulse rate to be 
64 beats per minute or less, what should the period be? 
What should the coefficient of t be? 


. A popular theory that attempts to explain the ups and downs 
of everyday life states that each of us has three cycles, 
called biorhythms, which begin at birth. These three cycles 
can be modeled by sine waves. 


Physical (23 days): P= sin 3° t20 
: out 

Emotional (28 days): E = sin 38° t=0 
2at 

Intellectual (33 days): J = sin rae t=0 


where ¢ is the number of days since birth. Consider a 
person who was born on July 20, 1986. 


(a) Use a graphing utility to graph the three models in the 
same viewing window for 7300 < ¢t < 7380. 


(b 


= 


Describe the person’s biorhythms during the month of 
September 2006. 


(c) Calculate the person’s three energy levels on 
September 22, 2006. 


Use a graphing utility to graph the functions given by 
f(x) = 2. cos 2x + 3 sin 3x 

and 

g(x) = 2 cos 2x + 3 sin 4x. 


(b) Use the graphs from part (a) to find the period of each 


function. 


(c) If a and Bare positive integers, is the function given by 
h(x) = A cos ax + B sin Bx 


periodic? Explain your reasoning. 
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11. 


12. 


13. 


f 14. 


ae 


eS 


Two trigonometric functions f and g have periods of 2, and 
their graphs intersect at x = 5.35. 


(a) Give one smaller and one larger positive value of x at 
which the functions have the same value. 


(b) Determine one negative value of x at which the graphs 
intersect. 


(c) Is it true that f(13.35) = g(—4.65)? Explain your 
reasoning. 


The function f is periodic, with period c. So, 


f(t + c) = f(t). Are the following equal? Explain. 

(a) f(t — 2c) = FO (b) f(t + 3¢) = FG) 

(©) fe + &) = FG) 

If you stand in shallow water and look at an object below 
the surface of the water, the object will look farther away 
from you than it really is. This is because when light rays 
pass between air and water, the water refracts, or bends, the 
light rays. The index of refraction for water is 1.333. This 
is the ratio of the sine of 6, and the sine of 6, (see figure). 


> >i 
<— y—> 


(a) You are standing in water that is 2 feet deep and are 
looking at a rock at angle 6, = 60° (measured from a 
line perpendicular to the surface of the water). Find 6,. 


(b) Find the distances x and y. 


(c) Find the distance d between where the rock is and 
where it appears to be. 


(d) What happens to d as you move closer to the rock? 
Explain your reasoning. 


In calculus, it can be shown that the arctangent function 
can be approximated by the polynomial 


S GS 
ALIGN 36S Se = SSP 


5 en 


N 


where x is in radians. 


(a) Use a graphing utility to graph the arctangent function 
and its polynomial approximation in the same viewing 
window. How do the graphs compare? 


(b) Study the pattern in the polynomial approximation of 
the arctangent function and guess the next term. Then 
repeat part (a). How does the accuracy of the approxi- 
mation change when additional terms are added? 


2.2 
2.3 
2.4 
2.5 


Concepts of trigonometry can be 
used to model the height above 
ground of a seat ona Ferris wheel. 


Analytic 


Vista eb 
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Using Fundamental Identities 
Verifying Trigonometric Identities 

Solving Trigonometric Equations 

Sum and Difference Formulas 

Multiple-Angle and Product-to-Sum Formulas 


pdt = 


© Patrick Ward/Corbis 


SELECTED APPLICATIONS 


Trigonometric equations and identities have many real-life applications. The applications listed below 
represent a small sample of the applications in this chapter. 


¢ Friction, e Data Analysis: Unemployment Rate, ¢ Projectile Motion, 
Exercise 95, page 229 Exercise 76, page 246 Exercise 101, page 269 
e Shadow Length, ¢ Harmonic Motion, ¢ Ocean Depth, 
Exercise 56, page 236 Exercise 75, page 253 Exercise 10, page 276 
¢ Ferris Wheel, ¢ Mach Number, 


Exercise 75, page 246 Exercise 121, page 265 
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yesi §=Using Fundamental Identities 


What you should learn 


Recognize and write the 
fundamental trigonometric 
identities. 

Use the fundamental trigono- 
metric identities to evaluate 
trigonometric functions, 
simplify trigonometric 
expressions, and rewrite 
trigonometric expressions. 


Why you should learn it 


Fundamental trigonometric 
identities can be used to simplify 
trigonometric expressions. For 
instance, in Exercise 95 on page 
229, you can use trigonometric 
identities to simplify an expres- 


sion for the coefficient of friction. 


The HM mathSpace® CD-ROM and 
Eduspace® for this text contain 

additional resources related to the 
concepts discussed in this chapter. 


Introduction 


In Chapter 1, you studied the basic definitions, properties, graphs, and applica- 
tions of the individual trigonometric functions. In this chapter, you will learn how 
to use the fundamental identities to do the following. 

1. Evaluate trigonometric functions. 

2. Simplify trigonometric expressions. 

3. Develop additional trigonometric identities. 


4. Solve trigonometric equations. 


Fundamental Trigonometric Identities 


Reciprocal Identities 


. 1 
sin u = 
CSC U 


1 


sin u 


CSC Uu = 


Quotient Identities 


cot u 


Pythagorean Identities 


sin? u + cos*u = 1 + tan? u = sec? u 1 + cot? u = csc? u 


(F-w)=8 

cos| — — u} = sinu 

2 

(Zu) =t 

cot} — u} = tanu 
2 


(F-*)=5 
csc 5 u eC U 
Even/Odd Identities 


sin(—u) = —sinu cos(—u) = cos u tan(—u) = —tanu 


Cofunction Identities 


csc(—u) = —esc u sec(—u) = sec u cot(—u) = —cot u 


Pythagorean identities are sometimes used in radical form such as 
sinu = +\/1 — cos? u 
or 


tanu = +/sec?2u — 1 


where the sign depends on the choice of u. 


STUDY TIP 


You should learn the fundamental 
trigonometric identities well, 
because they are used frequently 
in trigonometry and they will also 
appear later in calculus. Note that 
u can be an angle, a real number, 
or a variable. 


Technology 


You can use a graphing utility to 
check the result of Example 2.To 
do this, graph 


y, = sinxcos?x — sinx 


y, = —sin? x 


in the same viewing window, as 
shown below. Because Example 

2 shows the equivalence 
algebraically and the two graphs 
appear to coincide, you can 
conclude that the expressions are 
equivalent. 
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Using the Fundamental Identities 


One common use of trigonometric identities is to use given values of trigono- 
metric functions to evaluate other trigonometric functions. 


Selita Using Identities to Evaluate a Function 


Use the values secu = -3 and tanu > 0 to find the values of all six 
trigonometric functions. 
Solution 
Using a reciprocal identity, you have 
1 1 2 
COS u ‘ 
secu —3/2 3 


Using a Pythagorean identity, you have 


sin? u = 1 — cos? u 


9\2 
ae 
2 

4 5 


=]--=- 
9 9 


Pythagorean identity 


Substitute -} for cos u. 


Simplify. 


Because secu < 0 and tanu > 0, it follows that uw lies in Quadrant II. 
Moreover, because sin u is negative when wu is in Quadrant III, you can choose 
the negative root and obtain sin u = —/5/3. Now, knowing the values of the 
sine and cosine, you can find the values of all six trigonometric functions. 


4/5 1 3 


sin u = — — CSC U 


3,/5 


3 sin u a5 5 
2 1 3 
cos u = —= sec u = =-— 
3 cos u 2 
sinu  —/5/3 5 1 e 5 
tan u = = = cotu = = 
cos u —2/3 2 tan u 5 5 


eneckroinT 
| Example 2 | Simplifying a Trigonometric Expression 


Simplify sin x cos? x — sin x. 


Now try Exercise 11. 


Solution 


First factor out a common monomial factor and then use a fundamental identity. 


sin x cos? x — sinx = sin x(cos? x= 1) Factor out common monomial factor. 


—sinx(1 — cos?.x) Factor out —1. 


— sin x (sin? x) Pythagorean identity 


= —sin? x Multiply. 


cueckpont 


Now try Exercise 45. 
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STUDY TIP 


Remember that when adding 
rational expressions, you must 
first find the least common 
denominator (LCD). In Example 
5, the LCD is sin ¢. 


When factoring trigonometric expressions, it is helpful to find a special 
polynomial factoring form that fits the expression, as shown in Example 3. 


Scliiytem Factoring Trigonometric Expressions 


Factor each expression. 


a. sec?9— 1 b. 4 tan? 6 + tan @ — 3 


Solution 

a. Here you have the difference of two squares, which factors as 
sec?@ — 1 = (sec 0 — 1)(sec 0 + 1). 

b. This expression has the polynomial form ax? + bx + c, and it factors as 
4 tan? + tan@ — 3 = (4tan 6 — 3)(tan 0 + 1). 


cueckpont Now try Exercise 47. 


On occasion, factoring or simplifying can best be done by first rewriting the 
expression in terms of just one trigonometric function or in terms of sine and 
cosine only. These strategies are illustrated in Examples 4 and 5, respectively. 


Selita Factoring a Trigonometric Expression 


Factor csc? x — cotx — 3. 


Solution 


Use the identity csc? x = 1 + cot? x to rewrite the expression in terms of the 
cotangent. 


csc? x — cotx — 3 = (1 + cot? x) — cotx — 3 Pythagorean identity 
= cot? x — cotx — 2 Combine like terms. 
= (cot x — 2)(cotx + 1) Factor. 


cueckpoint Now try Exercise 51. 


Slit Simplifying a Trigonometric Expression 


Simplify sin ¢ + cot ¢ cos t. 


Solution 
Begin by rewriting cot ¢ in terms of sine and cosine. 
. : cos t 
sint + cottcost = sint + |——] cost Quotient identity 
sin ¢ 
sin? tf + cos? t 
SS SS Add fractions. 
sin t 
1 
te oe Pythagorean identity 
sin t 
= csct Reciprocal identity 
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>elulytcmem Adding Trigonometric Expressions 


Perform the addition and simplify. 


sin 0 cos 8 
1+cos@  sin@ 


Solution 


sin 0 cos 6 (sin 6)(sin 6) + (cos 6)(1 + cos 8) 
1+cos@ sing (1 + cos 6)(sin 6) 


sin? 8 + cos? 6 + cos 0 
(1 + cos 6)(sin 6) 


Multiply. 


= 1+<cos# Pythagorean identity: 
(1+ eos 6)(sin 6) sin? 9 + cos? 6 = 1 
1 
eer Divide out common factor. 
sin 6 
= csc 0 Reciprocal identity 


woweckronT ~=Now try Exercise 61. 


The last two examples in this section involve techniques for rewriting expres- 
sions in forms that are used in calculus. 


Example 7 Rewriting a Trigonometric Expression cm 


1 
Rewrite ————— so that it is not in fractional form. 
1 + sinx 


Solution 


From the Pythagorean identity cos?.x = 1 — sin? x = (1 — sinx)(1 + sin x), 
you can see that multiplying both the numerator and the denominator by 
(1 — sin x) will produce a monomial denominator. 


u _ | c 1 = sinx Multiply numerator and 
1+sinx 1+sinx 1-—sinx denominator by (1 — sin x). 
1 — sinx ‘idea 
SS, a ultiply. 
1 — sin? x 
1 — sinx 
= a Pythagorean identity 
COS*~ Xx 
1 sin x 


i 5 Write as separate fractions. 
COS* X COS* X 


1 sin x 1 
= — . Product of fractions 
COS~ X COS X COS X 


= sec? x — tan x sec x Reciprocal and quotient identities 


woweckronnT = Now try Exercise 65. 
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Chapter 2 


Analytic Trigonometry 


SeTlKeem Trigonometric Substitution == 


Use the substitution x = 2 tan 6, 0 < 0 < 7/2, to write 
V4 + x? 


as a trigonometric function of 0. 


Solution 
Begin by letting x = 2 tan 0. Then, you can obtain 
JS4 +72 = J4 + (2 tan 6)? Substitute 2 tan 6 for x. 
-_ J/4 + 4 tan? 0 Rule of exponents 
= ./4(1 + tan? 6) Factor. 
= /4 sec? 0 Pythagorean identity 
= 2sec 0. sec 0 > Ofor0 < 6 < w/2 


fcueckpoint Now try Exercise 77. 


Figure 2.1 shows the right triangle illustration of the trigonometric substitu- 
tion x = 2 tan 0 in Example 8. You can use this triangle to check the solution of 
Example 8. For 0 < 6 < 7/2, you have 


opp =x, adj =2, and hyp = /4 + x’. 


With these expressions, you can write the following. 


_ hyp 

sec 0 = atl 
JS4 + x? 
sec 9= 


2sec9= /4+4+ x? 


So, the solution checks. 


6 = arctan * 
2, 


2 


Angle whose tangent is > 


FIGURE 2.1 
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The HM mathSpace® CD-ROM and Eduspace® for this text contain step-by-step solutions 


to all odd-numbered exercises. They also provide Tutorial Exercises for additional help. 


VOCABULARY CHECK: Fill in the blank to complete the trigonometric identity. 


L sin u _ 2. 1 = 

COS u Sec U 
3. a ee 4. A = 

tan u sin u 
5.14 = csc2u 6. 1 + tan2u = 

_ (7 _ 7 _ 
as sin( u) = 8. seo(2 u) 
9. cos(—u) = 10. tan(—u) = 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-14, use the given values to evaluate (if possi- sin(—x) sin[(a/2) — x] 
ble) all six trigonometric functions. "op =) » col 2) = a] 
1 
1. si = 
ai a 2 In Exercises 21-26, match the trigonometric expression 
S33 with one of the following. 
2. tan x , cosx=— 
2 (a) cscx (b) tanx (c) sin? x 
2 ;: 2 2 2 
en Ca -2 (d) sinx tanx (e) sec?x (f) sec? x + tan? x 
5 4 21. sin x sec x 22. cos? x(sec? x — 1) 
ee in ens 4 23. sec* x — tan* x 24. cot x sec x 
a Ea SEE ag as sec?x — 1 26 cos"{ (7/2) — x] 
ff 10 '. 2 le 
6. cotd = —3, sind= 10 sin? x ee 
ee 3 re _BsiS: In Exercises 27-44, use the fundamental identities to 
, 2’ 5 simplify the expression. There is more than one correct 
form of each answer. 
8. cos :) , COsx 
2 5 5 27. cot 6 sec 0 28. cos B tan B 
1 5 : aes 7 ae 
® ste — /2 29. sin d(csc @ — sin d) 30. sec? x(1 — sin? x) 
3 4 31 cot x 32 csc 6 
10. secx = 4, sinx > 0 * ese x * sec 0 
11. tn 0=2, sind<0O — sin? 1 
33. ee 34. —.——_ 
12. csc 6 = —5, cosd<0O csc? x — 1 tan2x + 1 
13. sind = —1, ta=0 i tan? 6 
sin | co 35. ee sin @ 36. aa 
14. tan 0 is undefined, sin 0 > 0 tan a sec* 0 
T T 
In Exercises 15-20, match the trigonometric expression 37. cos Cece hme 38. cot 5 ees # 
with one of the following. 5 
eae 40. cos t(1 + tan? 2) 
(a) secx (b) —1 (c) cot x “1 -siny : 
(d) 1 (e) —tanx (f) sin x 41. sin Btan B + cos B 42. csc h tang + sec h 
15. sec x cos x 16. tan x csc x 43. cotu sinu + tanucos u 


17. cot? x — csc? x 18. (1 — cos? x)(csc x) 44. sin @ sec @ + cos 6 csc 6 
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In Exercises 45-56, factor the expression and use the 
fundamental identities to simplify. There is more than one 
correct form of each answer. 


45. tan? x — tan? x sin? x 46. sin? x csc? x — sin? x 
47. sin? x sec? x — sin? x 48. cos? x + cos? x tan? x 
2y — 2 

sec? x — | cos? x — 4 
49, ————_ 50. ————_ 

secx — | cosx — 2 
51. tant x + 2tan?x + 1 52. 1 — 2cos?.x + cos* x 
53. sint x — cos*x 54. sect x — tan? x 


esc? x — csc?.x — csex + 1 


55. 
56. 


sec? x — sec?x — secx + 1 


In Exercises 57-60, perform the multiplication and use the 
fundamental identities to simplify. There is more than one 
correct form of each answer. 

57. (sin x + cos x)? 

58. (cot x + csc x)(cot x — csc x) 

59. (2csc x + 2)(2 csc x — 2) 

60. (3 — 3 sinx)(3 + 3 sin x) 


In Exercises 61-64, perform the addition or subtraction and 
use the fundamental identities to simplify. There is more 
than one correct form of each answer. 


1 1 1 1 
61. t 62. 
1+cosx 1-—cosx secx + 1 secx — | 
63. ula 1+ sinx 4 tne = sec? x 
1+ sinx cos x tan x 


In Exercises 65-68, rewrite the expression so that it is not in 
fractional form. There is more than one correct form of 
each answer. 


sin? 5 
6. 66. 
1 — cosy tan x + sec x 
3 tan? 
67. ———_ 68. eee 
sec x — tanx cscx + 1 


a graphing utility to complete the table and graph the 
functions. Make a conjecture about y, and y,. 


se 0.2 | 04 | 06 | 0.8 | 1.0} 1.2 | 14 


ae 


7 ; 

69. y, = cos|—— x], y, = sinx 

Dal 2 J2 
70. y, = secx — cosx, yy = sinx tanx 

cos x 1 + sinx 
71. y, —— = 
1 — sin x cos x 

72. y, = sectx — sec?x, y, = tan’?x + tan* x 


In Exercises 73-76, use a graphing utility to determine 
which of the six trigonometric functions is equal to the 
expression. Verify your answer algebraically. 


73. cos xcotx + sinx 


74. sec x csc x — tan x 
1 
193s = ( — cos :) 
sin x\cos x 
1/1 + sin 6 cos 6 
76. + ; 
2\ cos @ 1 + sin 6 


f In Exercises 77-82, use the trigonometric substitution to 


write the algebraic expression as a trigonometric function 
of 0, where 0 < 0< 77/2. 


71. /9 — x2, x=3 cos 0 
78. /64 — 16x2, x =2cos 0 
79. Jx2 — 9, x = 3sec 0 
80. /x? -—4, x =2sec 0 
81. /x? +25, x=5tand 
82. /x* + 100, x = 10tan@ 


fi In Exercises 83-86, use the trigonometric substitution to 


acd Numerical and Graphical Analysis \n Exercises 69-72,use 


write the algebraic equation as a trigonometric function 
of 0, where — 7/2 < 0 < 7/2. Then find sin 0 and cos 0. 


83. 3 = /9 — x7, x=3sind 
84. 3 = /36—x*, x=6siné 


85. 2/2 = /16 — 4x2, x =2cos 6 
86. —5\/3 = ,/100 — x2, x = 10 cos 6 


In Exercises 87-90, use a graphing utility to solve the 
equation for 6, where 0 < 6 < 27. 


87. sin 0 = \/1 — cos? 0 
88. cos 0 = —V/1 — sin? 0 
89. sec 0 = \/1 + tan? 6 
90. csc 0 = JT + cot2 6 


aa In Exercises 91-94, use a calculator to demonstrate the 


identity for each value of 6. 


91. csc? 6 — cot? @= 1 
2 
(a) 6 = 132°, (b) 0= = 


92. tan? 6+ 1 = sec? 0 
(a) 6 = 346°, (b) @=3.1 


93. cos( = a) = sin 6 
2 
(a) 0= 80°, (b) 0=0.8 
94. sin(— 0) = —sin 0 
fa) @= 250, (b) 6=5 
95. Friction The forces acting on an object weighing W units 


on an inclined plane positioned at an angle of 6 with the 
horizontal (see figure) are modeled by 


bW cos 6 = Wsin 0 


where pis the coefficient of friction. Solve the equation for 
pand simplify the result. 


fi 96. Rate of Change The rate of change of the function 
f(x) = —cse x — sinx 

is given by the expression 

csc x cot x — cos x. 


Show that this expression can also be written as 
cos x cot? x. 


Synthesis 


True or False? \n Exercises 97 and 98, determine whether 
the statement is true or false. Justify your answer. 


97. The even and odd trigonometric identities are helpful for 
determining whether the value of a trigonometric function 
is positive or negative. 


98. A cofunction identity can be used to transform a tangent 
function so that it can be represented by a cosecant 
function. 
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fi In Exercises 99-102, fill in the blanks. (Note: The notation 


x—c?* indicates that x approaches c from the right and 
x— c indicates that x approaches c from the left.) 


TT ; 
99. As *>, , snx> and csc x > 
100. As x >0*, cosx> and sec x > 
= 
101. so , tanx> and cot x > 
102. Asx 7, sinx-> and csc x > 


In Exercises 103-108, determine whether or not the 
equation is an identity, and give a reason for your answer. 


103. cosd= /1—sin?@ 104. cot?= csc? 90+ 1 


in k@ 
105. = o = tan 6, kis aconstant. 
1 
106. ——\ =5 0 
(5 cos 6) ia 


107. sin csc 9= 1 108. csc? 6 = 1 


109. Use the definitions of sine and cosine to derive the 
Pythagorean identity sin? 9 + cos? 6 = 1. 
110. Writing Use the Pythagorean identity 


sin? 8 + cos? = 1 


to derive the other Pythagorean identities, 
1 + tan? @ = sec? @ and 1 + cot? @ = csc? @. Discuss 
how to remember these identities and other fundamental 
identities. 


Skills Review 


In Exercises 111 and 112, perform the operation and 
simplify. 


wi. (¥e+5\(Ve-5) 112. (2Vz +3)" 


In Exercises 113-116, perform the addition or subtraction 
and simplify. 


1 x 6x 3 
Eee” Ge er er 
2 

115 2-2! 11%. —"— 44 


w-4 x+4 xw—-25 x-5 


In Exercises 117-120, sketch the graph of the function. 
(Include two full periods.) 


118. f(x) = —2 tan as 


117. f(x) = ’ sin 7x 5 


2 


119. f(x) = t seo(x + 2) 120. f(x) = 5 cos(x —m+3 
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ee) Verifying Trigonometric Identities 


What you should learn : 
Introduction 


+ Verify trigonometric identities. 
In this section, you will study techniques for verifying trigonometric identities. 
In the next section, you will study techniques for solving trigonometric equa- 


Why you should learn it 


You can use trigonometric iden- tions. The key to verifying identities and solving equations is the ability to use 
tities to rewrite trigonometric the fundamental identities and the rules of algebra to rewrite trigonometric 
equations that model real-life expressions. 


Remember that a conditional equation is an equation that is true for only 


ae some of the values in its domain. For example, the conditional equation 


sinx = 0 Conditional equation 


is true only for x = nz, where n is an integer. When you find these values, you 
are solving the equation. 

On the other hand, an equation that is true for all real values in the domain 
of the variable is an identity. For example, the familiar equation 


sin?x = 1 — cos?x Identity 


is true for all real numbers x. So, it is an identity. 


Verifying Trigonometric Identities 


Although there are similarities, verifying that a trigonometric equation is an 
identity is quite different from solving an equation. There is no well-defined set 
of rules to follow in verifying trigonometric identities, and the process is best 
learned by practice. 


Guidelines for Verifying Trigonometric Identities 


. Work with one side of the equation at a time. It is often better to work 
with the more complicated side first. 


> 
: 
} 


Look for opportunities to factor an expression, add fractions, square a 
binomial, or create a monomial denominator. 


Robert Ginn/PhotoEdit 


Look for opportunities to use the fundamental identities. Note which 
functions are in the final expression you want. Sines and cosines pair up 
well, as do secants and tangents, and cosecants and cotangents. 


If the preceding guidelines do not help, try converting all terms to sines 
and cosines. 


Always try something. Even paths that lead to dead ends provide insights. 


Verifying trigonometric identities is a useful process if you need to convert 
a trigonometric expression into a form that is more useful algebraically. When 
you verify an identity, you cannot assume that the two sides of the equation are 
equal because you are trying to verify that they are equal. As a result, when 
verifying identities, you cannot use operations such as adding the same quantity 
to each side of the equation or cross multiplication. 


STUDY TIP 


Remember that an identity is 
only true for all real values in 
the domain of the variable. 
For instance, in Example 1 
the identity is not true when 
0 = 7/2 because sec? 0 is 
not defined when 6 = 77/2. 
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Selma Verifying a Trigonometric Identity 
: ., «Sec : 
Verify the identity ——~— = sin? 0. 


sec? 6 
Solution 


Because the left side is more complicated, start with it. 


seer = 1 iano 1) 1 


Pythagorean identity 


sec? 0 sec? 0 
tan? @ als 
= — implify. 
sec? 0 
= tan? @(cos? 6) Reciprocal identity 
sin? 6 
a (cos? 6) Quotient identity 
= sin? 0 Simplify. 


Notice how the identity is verified. You start with the left side of the equation (the 
more complicated side) and use the fundamental trigonometric identities to 
simplify it until you obtain the right side. 


weueckpont ~— Now try Exercise 5. 


There is more than one way to verify an identity. Here is another way to 
verify the identity in Example 1. 


sec?@—1 _ sec?@ 1 ae 
5 = a 3 Rewrite as the difference of fractions. 
sec* 0 sec- 0 sec 0 
= 1—-cos*6 Reciprocal identity 
= sin? 0 Pythagorean identity 


| Example 2 | Combining Fractions Before Using Identities 


1 1 
Verify the identity - + - = 2 sec? a. 
l1—sina 1+sina 
Solution 
1 1 1+sina+1-—sina 
5 : = . . Add fractions. 
l1-—sina 1+sina (1 -—sina)(1 + sina) 
é Simplift 
= SS imputry. 
1 — sin? a ee 
2 
= a Pythagorean identity 
cos* a 
= 2 sec? a Reciprocal identity 


weueckpoinr Now try Exercise 19. 
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Analytic Trigonometry 


Seluit-wew Verifying Trigonometric Identity 


Verify the identity (tan?.x + 1)(cos*x — 1) = —tan?x. 


Algebraic Solution 


By applying identities before multiplying, you obtain the following. 


(tan? x + 1)(cos?x — 1) = (sec? x)(—sin? x) 


sin? x 


cos? x 


sin x 
cos x 


—tan? x 


woneckPoint 


STUDY TIP 


Although a graphing utility can 
be useful in helping to verify an 
identity, you must use algebraic 
techniques to produce a valid 
proof. 


STUDY TIP 


As shown at the right, 

csc? x(1 + cos x) is considered a 
simplified form of 1/(1 — cos x) 
because the expression does not 
contain any fractions. 


Now try Exercise 39. 


Pythagorean identities 


Reciprocal identity 


Rule of exponents 


Quotient identity 


Numerical Solution 


Use the table feature of a graphing utility set in 
radian mode to create a table that shows the 
values of y, = (tan?x + 1)(cos*x — 1) and 
y= - tan? x for different values of x, as shown 
in Figure 2.2. From the table you can see that the 
values of y, and y, appear to be identical, so 
(tan? x + 1)(cos* x — 1) = —tan?x appears to 
be an identity. 


FIGURE 2.2 


Setuyt-wa Converting to Sines and Cosines 


Verify the identity tan x + cot x = sec x csc x. 


Solution 


Try converting the left side into 


sin x 


tan x + cotx 
cos x 


sin?x + cos? x 


sines and cosines. 


COS X 


Quotient identities 


sin x 


= : Add fractions. 
Cos Xx SIN Xx 
1 . rt 
= : Pythagorean identity 
COS X SIN X 
1 1 =o 
_ ies = Sec X CSC X Reciprocal identities 
COS X sin x 


cueckroint 


Now try Exercise 29. 


Recall from algebra that rationalizing the denominator using conjugates is, on 
occasion, a powerful simplification technique. A related form of this technique, 
shown below, works for simplifying trigonometric expressions as well. 


1 + cosx 


1 1 ¢ ae 1 + cosx 
1 + cos x 


l1—cosx 1-—cosx 


1 — cos? x sin? x 


= csc? x(1 + cos x) 


This technique is demonstrated in the next example. 
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| Example 5 | Verifying Trigonometric Identities 
cos 
Verify the identity sec y + tany = ae a 
1 — siny 


Solution 
Begin with the right side, because you can create a monomial denominator by 
multiplying the numerator and denominator by | + sin y. 


Multiply numerator and 
denominator by | + sin y. 


cos y cos y (; + sin | 
1-—siny 1-—siny\l +siny 
cos y + cos y sin y 


= ; Multiply. 
1 — sin? y 


_ cosy + cosysiny 


5 Pythagorean identity 
cos* y 


cosy  cosysiny ; ; 
= Write as separate fractions. 


cos? y cos? y 
1 sin y 
= — + — Simplify. 
cosy cosy 
= secy + tany Identities 


fcuecKroint Now try Exercise 33. 


In Examples | through 5, you have been verifying trigonometric identities by 
working with one side of the equation and converting to the form given on the 
other side. On occasion, it is practical to work with each side separately, to obtain 
one common form equivalent to both sides. This is illustrated in Example 6. 


Sell t-mem Working with Each Side Separately 


Verify the identit cot? 0 1 — sin 6 
eri e identi = 2 
f ” 1 + csc 0 sin 6 
Solution 
Working with the left side, you have 
cot? 6 csc? 9@— 1 
= Pythagorean identity 
1+csc@ 1+cscé@ 
(csc 6 — 1)(cse-0--+T) 
= Factor. 
1_+-esc 0 
= csc 0— I. Simplify. 


Now, simplifying the right side, you have 


1—snéd_ 1 sin 0 


sin 6 sin@ sin@ 


=csc@-— 1. 


Write as separate fractions. 


Reciprocal identity 


The identity is verified because both sides are equal to csc 0 — 1. 


weueckpont ~—_ Now try Exercise 47. 
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In Example 7, powers of trigonometric functions are rewritten as more 
complicated sums of products of trigonometric functions. This is a common 
procedure used in calculus. 


Example Uj Three Examples from Calculus = 


Verify each identity. 
a. tan+ x = tan? x sec?.x — tan? x 
b. sin? x cos+x = (cos* x — cos® x) sin x 


c. csct x cot x = csc? x(cot x + cot? x) 


Solution 
a. tantx = (tan? x) (tan? x) Write as separate factors. 
= tan? x(sec? x — 1) Pythagorean identity 
= tan? xsec? x — tan? x Multiply. 
b. sin? x cos+x = sin? x cos* x sin x Write as separate factors. 
= (1 — cos? x)cos* x sinx Pythagorean identity 
= (cost x — cos® x) sin x Multiply. 
c. csc* x cot x = csc? x csc? x cot x Write as separate factors. 
= csc? x(1 + cot? x) cot x Pythagorean identity 
= csc? x(cot x + cot? x) Multiply. 


fcueckpoint Now try Exercise 49. 


Wririne asout CVAATHEMATICS 


Error Analysis You are tutoring a student in trigonometry. One of the homework 
problems your student encounters asks whether the following statement is an 
identity. 


‘ 25 
tan? x sin? x = —oee 


Your student does not attempt to verify the equivalence algebraically, but mistak- 
enly uses only a graphical approach. Using range settings of 


Xmin = —37 Ymin = —20 
Xmax = 37 Ymax = 20 
Xscl = 77/2 Yscl = 1 


your student graphs both sides of the expression on a graphing utility and 
concludes that the statement is an identity. 

What is wrong with your student's reasoning? Explain. Discuss the limitations 
of verifying identities graphically. 
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VOCABULARY CHECK: 
In Exercises 1 and 2, fill in the blanks. 


1. An equation that is true for all real values in its domain is called an 


2. An equation that is true for only some values in its domain is called a 


In Exercises 3-8, fill in the blank to complete the trigonometric identity. 


3, 1 = 4, = = 

cot u sin u 
5. sin? u + =1 6. cos(2 - u) _ 
7. csc(—u) = 8. sec(—u) = 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-38, verify the identity. 33 1 1 
1. sintcsct = 1 2. sec ycosy = 1 es) meat 
3. (1 + sin a)(1 — sin a) = cos?a 24. cosx " re ees 
—tanx  sinx — cosx 
4. cot? y(sec2 y — 1) = 1 [(n/2) — 2x] 
: , 7 cos[(7/2) — x 
5. cos? B — sin? B = 1 — 2 sin? B 25. tan(7 = 0} tan@= 1 26. sin (77/2) — x] = tanx 
sin[(a/2) — x 
6. cos? B — sin? B = 2cos? B— 1 (i 
cse(—x 
7. sin? a — sinta = cos* a — costa 27. eee = —cotx 
8. cos x + sin x tan.x = sec x ae ee eee 
26 3 ¢ 
9, S * = csc @sec 0 10. <— = cos t(csc? t — 1) tanxcotx _ 
cot 6 csc t 29. “aegee | SEC x 
2 2 
11. eS csc tf — sint 12. : + tan B = ua 30 tanx + tany cotx + coty 
eset tan B tan 8 “1-—tanxtany cotxcoty — 1 


13. sin'/2 x cosx — sin5/? x cos x = cos? x/sin x 
tan x + coty 


| 
14. sec®x(sec x tan x) — sec*x(sec x tanx) = sec*x tan? x 31. tan x cot y tany + cotx 
15 ! ee = cay cosx— cosy | sinx — siny 
sec x tan x 32. : =0 


sinx + siny cosx + cosy 


ig eas 33. /i+sin@ 1+ sin@ 
1 — cos 0 1—sin@  |cos | 
17. csc x — sinx = cos x cot x 1—cos@ 1-—cos@ 
_. 34, : 
18. sec x — cos x = sinx tanx 1+ cos 6 |sin 9| 


1 1 7 
19. t t + cot 2 Of ES sex _ 
an ae an x + cotx 35. cos* B + cos (2 p) 
1 1 . a 
20. — CSC-4 =" SIX 36. sec? y — cot?{— — y) = 
sinx  cscx 2 
cos @cot 6 
21. : — 1=cse 6 37. sintescl~ — t = tant 
1 — sin@ 2 


1+ sin@ | cos@ 


22. T 2 2, ao ot = — 2: 
a i eau sec 0 38. sec (2 x) 1 = cot? x 
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Ay In Exercises 39-46, (a) use a graphing utility to graph each 7 
side of the equation to determine whether the equation is Model It earneea 
an identity, (b) use the table feature of a graphing utility 
to determine whether the equation is an identity, and 
(c) confirm the results of parts (a) and (b) algebraically. 


(a) Verify that the equation for s is equal to h cot 0. 


acd (b) Use a graphing utility to complete the table. Let 


h = 5 feet. 
39. 2 sec? x — 2 sec? x sin?x — sin?.x — cos?x = 1 
: sin x — cos x 
40. csc x(csc x — sin x) + - + cot x = csc? x 
sin x 


41. 2 + cos?x — 3 cos*x = sin? x(3 + 2 cos? x) 


42. tantx + tan? x — 3 = sec? x(4 tan? x — 3) 


43. csctx — 2csc2x + 1 =cottx 


44, (sint 8B — 2 sin? B + 1) cos B = cos’ B 


45. aie Pens babe pees (c) Use your table from part (b) to determine the angles 


I — sinx KOs csca + 1 cot a of the sun for which the length of the shadow is the 


greatest and the least. 


fi In Exercises 47-50, verify the identity. (d) Based on your results from part (c), what time of 
47. tan? x = tan? x sec? x — tan? x day do you think it is when the angle of the sun 


48. sect x tan? x = (tan? x + tan* x) sec? x above the horizon is 90°? 


49. cos? x sin? x = (sin? x — sin* x) cos x 


50. sint x + cost x = 1 — 2.cos?.x + 2 cos* x 


Synthesis 
In Exercises 51-54, use the cofunction identities to evalu- 
ate the expression without the aid of a calculator. 

51. sin? 25° + sin? 65° 52. cos? 55° + cos? 35° 

53. cos? 20° + cos? 52° + cos? 38° + cos? 70° 

54. sin? 12° + sin? 40° + sin? 50° + sin? 78° 


True or False? _\n Exercises 57 and 58, determine whether 
the statement is true or false. Justify your answer. 


57. The equation sin? @+cos*@=1+tan’6 is an identity, 
because sin*(0) + cos?(0) = 1 and 1 + tan?(0) = 1. 
58. The equation 1+tan?@6=1+cot?@ is not an 
i i ‘pu 2 =e 
iss. Rate of Change The rate of change of the function identity, because it is true that 1 + tan*(a/6) = 13, and 


2 = 
f(x) = sin x + csc x with respect to change in the variable 1 + cot"(7/6) = 4. 


x is given by the expression cos x — csc x cot x. Show that : . ; 
the expression for the rate of change can also be Think About It \n Exercises 59 and 60, explain why the 


= Cos * coe: equation is not an identity and find one value of the 
variable for which the equation is not true. 


59. sin 9 = \/1 — cos? @ 
60. tan 0 = V/sec? 6 — 1 


56. Shadow Length The length s of a shadow cast by a 
vertical gnomon (a device used to tell time) of height h Skills Review 
when the angle of the sun above the horizon is 6 (see 


figure) can be modeled by the equation In Exercises 61-64, use the Quadratic Formula to solve the 


_ hsin(90° — 6) quadratic equation. 
- sind 61. x2 + 6x — 12 =0 
62. x7 + 5x —-7=0 
63. 3x7 — 6x — 12 =0 
64. 8x? — 4x —-3 =0 
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[5 Solving Trigonometric Equations 


What you should learn 


+ Use standard algebraic Introduction 
techniques to solve To solve a trigonometric equation, use standard algebraic techniques such as 
trigonometric equations. collecting like terms and factoring. Your preliminary goal in solving a trigono- 
* Solve trigonometric equations metric equation is to isolate the trigonometric function involved in the equation. 
of quadratic type. For example, to solve the equation 2 sin x = 1, divide each side by 2 to obtain 
. 1 
sinx = =. 
2 


To solve for x, note in Figure 2.3 that the equation sin x = ; has solutions x = 77/6 
and x = 577/6 in the interval [0, 277). Moreover, because sin x has a period of 27, 
there are infinitely many other solutions, which can be written as 

Sa 


T 
x= 6 + 2ni7 and x= & + 2n7r General solution 


where n is an integer, as shown in Figure 2.3. 


y=sinx 
FIGURE 2.3 
=m) Another way to show that the equation sin x = 5 has infinitely many 
a : solutions is indicated in Figure 2.4. Any angles that are coterminal with 77/6 or 
Wore ullo Indexstock nae cny 577/6 will also be solutions of the equation. 
A 
«| (SH a il 
sin 2 + 2nn) I sin( = 2nn| _1 
6 2 
<p L 
FIGURE 2.4 


When solving trigonometric equations, you should write your answer(s) 
using exact values rather than decimal approximations. 
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Chapter 2 


Analytic Trigonometry 


Settee Collecting Like Terms 


Solve sinx + /2 = —sinx. 


Solution 


Begin by rewriting the equation so that sin x is isolated on one side of the 
equation. 


sin x + 2 = —sinx Write original equation. 
sin x + sinx + J2 =0 Add sin x to each side. 
sinx + sinx = — J: 2 Subtract /2 from each side. 
2sinx = — /2 Combine like terms. 
v2 
sinx = — > Divide each side by 2. 


Because sin x has a period of 277, first find all solutions in the interval [0, 277). 
These solutions are x = 57/4 and x = 77/4. Finally, add multiples of 27 to 
each of these solutions to get the general form 


Sa 17 
x = — + 2nt and xX =—+2n7T © General solution 


4 4 


where n is an integer. 


wcueckpoint Now try Exercise 7. 


} Example 2 | Extracting Square Roots 


Solve 3 tan? x — 1 = 0. 


Solution 


Begin by rewriting the equation so that tanx is isolated on one side of the 
equation. 


3tan?x -—1=0 Write original equation. 
3 tan? x = 1 Add 1 to each side. 
5 1 
tan“ x = 3 Divide each side by 3. 
1 3 
tan x = £3 = ae Extract square roots. 


Because tan x has a period of 7, first find all solutions in the interval [0, 7). 
These solutions are x = 7/6 and x = 5727/6. Finally, add multiples of a to each 
of these solutions to get the general form 

7 Sa 
x= >t+n7 and x=— +977 General solution 


6 6 


where n is an integer. 


weweckrowwr = Now try Exercise 11. 


Exploration 


Using the equation from 
Example 3, explain what would 
happen if you divided each side 
of the equation by cot x. Is this 
a correct method to use when 
solving equations? 


t 
I 
l 
t 
t 
t 
' 
t 
t 
t 
t 

T 
t 
t 
t 
l 
' 
t 
t 
t 
l 
I 
t 


| 
BR eval emi g fs ee Os a eee 


\ 


x—2cotx 


2 


y =cot x cos 


FIGURE 2.5 
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The equations in Examples 1| and 2 involved only one trigonometric function. 
When two or more functions occur in the same equation, collect all terms on one 
side and try to separate the functions by factoring or by using appropriate 
identities. This may produce factors that yield no solutions, as illustrated in 
Example 3. 


Seu cwewe Factoring 


Solve cot x cos? x = 2 cot x. 


Solution 


Begin by rewriting the equation so that all terms are collected on one side of the 
equation. 


cot x cos? x = 2 cot x Write original equation. 
cot x cos? x — 2cotx = 0 Subtract 2 cot x from each side. 
cot x(cos? x — 2) = 0 Factor. 


By setting each of these factors equal to zero, you obtain 


cotx = 0 and cos?x —2=0 
T 
—_ 2 _— 
x= > cos* x = 2 
2 


cos x = + /2. 


The equation cot x = 0 has the solution x = 7/2 [in the interval (0, 7)]. No 
solution is obtained for cos x = + \/2 because + \/2 are outside the range of the 
cosine function. Because cot x has a period of 7, the general form of the solution 
is obtained by adding multiples of 7 to x = 7/2, to get 


7 
i= e + nt General solution 

where n is an integer. You can confirm this graphically by sketching the graph of 

y = cot x cos? x — 2 cotx, as shown in Figure 2.5. From the graph you can see 

that the x-intercepts occur at —3a/2, — 7/2, a/2, 37/2, and so on. These 

x-intercepts correspond to the solutions of cot x cos? x — 2 cot x = 0. 


fcuecxpoint Now try Exercise 15. 
Equations of Quadratic Type 


Many trigonometric equations are of quadratic type ax? + bx + c = 0. Here are 
a couple of examples. 


Quadratic in sin x Quadratic in sec x 
2 sin? x — sinx —1=0 sec? x — 3secx —-2=0 
2(sin x)? — sinx — 1 =0 (sec x)? — 3(sec x) - 2 = 0 


To solve equations of this type, factor the quadratic or, if this is not possible, use 
the Quadratic Formula. 
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Setutwews Factoring an Equation of Quadratic Type 


Find all solutions of 2 sin? x — sinx — 1 = 0 in the interval [0, 27). 


Algebraic Solution : , 
. ; ae Graphical Solution 
Begin by treating the equation as a quadratic in sin x and 


factoring. Use a graphing utility set in radian mode to graph 


y =2sin?x — sinx — 1 for 0 <x < 27, as shown in 
2 sin* x — sinx — 1 = 0 Write original equation. | Figure 2.6. Use the zero or root feature or the zoom and trace 


(2 sinx + 1)(sinx — 1) =0 Factor. features to approximate the x-intercepts to be 
Setting each factor equal to zero, you obtain the | , ~ 1.57] =~ ll x ~ 3.665 ~ us and x ~ 5.760 =~ AV 
following solutions in the interval [0, 277). 2 6 
2sinx +1-0 and -sinx — 1 =0 These values are the approximate solutions of 
2 sin? x — sinx — 1 = 0 in the interval [0, 27). 
1 
sinx = —-= sinx = | 3 
2 y =2sin2x—-sinx-1 
Ta lla 7 
x=, xe So 
6 6 2 
0) 20 
ere 
n=Lerorge? Yat 
-2 
wcueckroinr Now try Exercise 29. FIGURE 2.6 


Settee Rewriting with a Single Trigonometric Function 


Solve 2 sin? x + 3 cosx — 3 = 0. 


Solution 


This equation contains both sine and cosine functions. You can rewrite the equa- 
tion so that it has only cosine functions by using the identity sin? x = 1 — cos? x. 


2 sin?x + 3cosx-3=0 Write original equation. 
2(1 = cos? x) + 3cosx-3=0 Pythagorean identity 
2cos*x — 3cosx+1=0 Multiply each side by — 1. 
(2cosx — 1)(cosx — 1) =0 Factor. 


Set each factor equal to zero to find the solutions in the interval [0, 277). 
1 
2cosx-—1=0 > cosx = 5 4 1-2 
cosx-— 1=0 >» cosx=1 >» x=0 


Because cos x has a period of 277, the general form of the solution is obtained by 
adding multiples of 27 to get 


T Sa 
x=2nt, x= 3 + 2nt, x= 3 + 2n7r General solution 


where n is an integer. 


weveckronr = Now try Exercise 31. 


STUDY TIP 


You square each side of the 
equation in Example 6 because 
the squares of the sine and 
cosine functions are related by 
a Pythagorean identity. The 
same is true for the squares of 
the secant and tangent functions 
and the cosecant and cotangent 
functions. 


Exploration 


Use a graphing utility to 
confirm the solutions found in 
Example 6 in two different 
ways. Do both methods produce 
the same x-values? Which 
method do you prefer? Why? 


1. Graph both sides of the 
equation and find the 
x-coordinates of the points 
at which the graphs intersect. 


Left side: y = cosx + 1 
Right side: y = sinx 

. Graph the equation 
y =cosx + 1 — sinx 


and find the x-intercepts of 
the graph. 
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Sometimes you must square each side of an equation to obtain a quadratic, 
as demonstrated in the next example. Because this procedure can introduce 
extraneous solutions, you should check any solutions in the original equation to 
see whether they are valid or extraneous. 


Selim Squaring and Converting to Quadratic Type 


Find all solutions of cos x + 1 = sin x in the interval [0, 277). 


Solution 
It is not clear how to rewrite this equation in terms of a single trigonometric 
function. Notice what happens when you square each side of the equation. 


cosx + 1 = sinx Write original equation. 


cos*x + 2cosx + 1 = sin? x Square each side. 


cos* x + 2cosx + 1=1-— cos?x Pythagorean identity 


cos?.x + cos*x + 2cosx+1—1=0 Rewrite equation. 


2cos?x + 2cosx = 0 Combine like terms. 
Factor. 


2 cos x(cos x + 1) = 0 


Setting each factor equal to zero produces 


2cosx = 0 and cosx+1=0 
cosx = 0 cosx = —1l 
7 30 
x= >= — x= 7. 
2° 2 


Because you squared the original equation, check for extraneous solutions. 
Check x = 7/2 
9 
cos 7 +1= sin > 
0O+1=1 
Check x = 37/2 


Substitute 7/2 for x. 


Solution checks. J 


cos = + || z= sin = Substitute 37/2 for x. 
0+1#-1 Solution does not check. 
Check x = a 
cos 7 + 1 = sin 7 Substitute 7 for x. 
-1+1=0 Solution checks. Y 


Of the three possible solutions, x = 37/2 is extraneous. So, in the interval 
[0, 277), the only two solutions are x = 7/2 and x = 7. 


weveckpont Now try Exercise 33. 
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Functions Involving Multiple Angles 


The next two examples involve trigonometric functions of multiple angles of the 
forms sin ku and cos ku. To solve equations of these forms, first solve the 
equation for ku, then divide your result by k. 


Cli way Functions of Multiple Angles 


Solve 2 cos 3t — 1 = 0. 


Solution 
2 cos 3t-— 1=0 Write original equation. 
2 cos 3t = | Add | to each side. 
1 
cos 3t = 2 Divide each side by 2. 


In the interval [0, 27), you know that 3t = 7/3 and 3f = 57/3 are the only 
solutions, so, in general, you have 


3r= f+ One and 3 = 9 + One, 


Dividing these results by 3, you obtain the general solution 


7 2nwr Sa 2nw 
t= >= —— and t= ——— General solution 


9 3 9 3 


where n is an integer. 


eueckpoint Now try Exercise 35. 
Scluldteem Functions of Multiple Angles 


Solve 3 tan > +3=0. 


Solution 
X 
3 tan > +3=0 Write original equation. 
x 
3 tan 7 =-3 Subtract 3 from each side. 
x 
tan- = —1 Divide each side by 3. 


2 
In the interval [0, 7), you know that x/2 = 377/4 is the only solution, so, in 
general, you have 
x 37 


7 ae 


Multiplying this result by 2, you obtain the general solution 


307 
x= — + 2nt General solution 


2 


where nis an integer. 


cueckpoint Now try Exercise 39. 
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Using Inverse Functions 


In the next example, you will see how inverse trigonometric functions can be 
used to solve an equation. 


Selly ede Using Inverse Functions 


Solve sec? x — 2 tanx = 4. 


Solution 
sec? x — 2tanx =4 Write original equation. 
1 + tan*?x — 2tanx —-4=0 Pythagorean identity 
tan? x — 2tanx —-3 =0 Combine like terms. 
(tan x — 3)(tanx + 1) =0 Factor. 


Setting each factor equal to zero, you obtain two solutions in the interval 
(— 7/2, 7/2). [Recall that the range of the inverse tangent function is 


(— 1/2, 77/2).] 


tanx —3 =0 and tanx +1=0 
tanx = 3 tanx = —1 
T 
x = arctan 3 ae 


Finally, because tanx has a period of 7, you obtain the general solution by 
adding multiples of 7 


T 
x = arctan3 + n7 and x= ri + nT General solution 


where 7 is an integer. You can use a calculator to approximate the value of 
arctan 3. 


wcueckpoint Now try Exercise 59. 


Wf airinc asour Wtatuemarics 


Equations with No Solutions One of the following equations has solutions and the 
other two do not. Which two equations do not have solutions? 


a. sin?x — 5sinx +6=0 


b. sin?x — 4sinx + 6 =0 
c. sin?x — 5sinx -6=0 
Find conditions involving the constants 6 and c that will guarantee that the equation 


sin?x + bsinx +c=0 


has at least one solution on some interval of length 277. 


244 Chapter 2 Analytic Trigonometry 


VOCABULARY CHECK: Fill in the blanks. 


7 11 
1. The equation 2 sin 6 + 1 = 0 has the solutions @ = = + 2n7 and 0 = — + 2n7, which are called solutions. 
2. The equation 2 tan? x — 3 tanx + 1 = O is a trigonometric equation that is of type. 
3. A solution to an equation that does not satisfy the original equation is called an solution. 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-6, verify that the x-values are solutions of 25. sec? x — secx = 2 26. sec x csc x = 2 csc x 
the equation. 27. 2sinx + cscx = 0 28. secx + tanx = 1 
1. 2cosx -—1=0 29. 2cos?x + cosx -—1=0 
5 . 2sin?x + 3sinx +1 = 
irae ico? 30. 2 sin?x + 3sinx + 1=0 
3 3 31. 2sec?x + tan?x —3 =0 
2. secx —2=0 32. cosx + sinxtanx = 2 
(a) =. in geee 33. cscx + cotx = 1 


34. sinx — 2 =cosx — 2 
3. 3tan? 2x —1=0 


T 51 In Exercises 35-40, solve the multiple-angle equation. 
(a) x => (b) x = — 
12 12 
al fo Sod oe EO 
4. 2cos?4x — 1 = 0 35. cos 2x = 2 36. sin 2x = 2 
(a) x= T (b)x= 3a 37. tan 3x = 1 38. sec 4x = 2 
16 16 : x V2 ae x J3 
5. 2sin? x — sinx —-1=0 39. cos, = — 5 it, an ae 
7 V0 
= — b = — 
a 2 en 6 In Exercises 41- 44, find the x-intercepts of the graph. 
6. csct+x — 4 csc? x = 0 


_ WX : 
at. 9 si ed 42. y = sin 7x + cos 7x 


(a) x = (b) 1-22 


aly 


In Exercises 7-20, solve the equation. 


7. 2cosx+1=0 8. 2sinx +1=0 
9, J3cscx -2=0 10. tanx + J3=0 
11. 3 sec?x-—4=0 12. 3cot?x-1=0 


13. sin x(sinx + 1) =0 

14. (3 tan? x — 1)(tan? x — 3) = 0 

15. 4cos?x —1=0 16. sin? x = 3 cos*x 

17. 2 sin? 2x = 1 18. tan? 3x = 3 

19. tan 3x(tanx — 1) = 0 20. cos 2x(2 cosx + 1) = 0 


In Exercises 21-34, find all solutions of the equation in the 
interval [0, 27). 


21. cos? x = cos x 22. sec?x-—1=0 


23. 3 tan? x = tanx 24. 2 sin? x = 2+ cosx 


oe 


& 


In Exercises 45-54, use a graphing utility to approximate 
the solutions (to three decimal places) of the equation in 
the interval [0, 277). 

45. 2sinx + cosx = 0 

46. 4 sin? x + 2 sin? x — 2sinx —1=0 


1 + sinx cos x 
47. t . =4 
cos x 1 + sinx 
cos x cot x 
48. ——— = 3 
1 — sinx 


49. xtanx-1=0 

51. sec? x + 0.5 tanx — 1=0 
52. csc? x + 0.5cotx —-5=0 
53. 2tan?x + 7tanx — 15 =0 
54. 6 sin? x — 7sinx +2 =0 


50. xcosx — 1 =0 


In Exercises 55-58, use the Quadratic Formula to solve the 
equation in the interval [0, 277). Then use a graphing utility 
to approximate the angle x. 

55. 12 sin? x — 13 sinx +3 =0 

56. 3tan?x + 4tanx —-4=0 

57. tan®?x + 3tanx+1=0 

58. 4cos?x — 4cosx —-1=0 


In Exercises 59-62, use inverse functions where needed to 
find all solutions of the equation in the interval [0, 277). 

59. tan? x — 6tanx+5=0 

60. sec? x + tanx —3 =0 

61. 2cos?x — 5cosx +2 =0 

62. 2 sin? x — 7sinx + 3 =0 


In Exercises 63 and 64, (a) use a graphing utility to graph 
the function and approximate the maximum and minimum 
points on the graph in the interval [0, 277), and (b) solve 
the trigonometric equation and demonstrate that its 
solutions are the x-coordinates of the maximum and 
minimum points of f. (Calculus is required to find the 
trigonometric equation.) 


Function 
63. f(x) = sin x + cos x 
64. f(x) =2 sin x + cos 2x 


Trigonometric Equation 
cos x — sinx = 0 


2cosx—4sinxcosx=0 


Fixed Point \n Exercises 65 and 66, find the smallest 
positive fixed point of the function f. [A fixed point of a 
function f is a real number c such that f(c) = c.] 


65. f(x) = tan 66. f(x) = cos x 
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67. Graphical Reasoning Consider the function given by 
1 
f(x) = cos — 
x 


and its graph shown in the figure. 


What is the domain of the function? 


~ 


(a 
(b 


eS 


Identify any symmetry and any asymptotes of the 
graph. 


Describe the behavior of the function as x > 0. 


Ya 


(c 


(d) How many solutions does the equation 


1 
cos— = 0 
x 


have in the interval [—1, 1]? Find the solutions. 


(ec) Does the equation cos(1/x) = 0 have a greatest 
solution? If so, approximate the solution. If not, 
explain why. 


68. Graphical Reasoning Consider the function given by 


Ue T 


2+ 
3-4 


(a) What is the domain of the function? 


(b) Identify any symmetry and any asymptotes of the 
graph. 


(c) Describe the behavior of the function as x > 0. 
(d) How many solutions does the equation 


sin x 


0 


x 


have in the interval [—8, 8]? Find the solutions. 
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69. 


71. 


72. 


73. 


Analytic Trigonometry 


Harmonic Motion — A weight is oscillating on the end of a 
spring (see figure). The position of the weight relative to the 
point of equilibrium is given by y = 75(cos 8r — 3 sin 89), 
where y is the displacement (in meters) and f is the time (in 
seconds). Find the times when the weight is at the point of 
equilibrium (y = 0) forO < ¢ < 1. 


Equilibrium 


. Damped Harmonic Motion The displacement from 


equilibrium of a weight oscillating on the end of a spring 
is given by y= 1.56f-'/2cos 1.91, where y is the 
displacement (in feet) and f is the time (in seconds). Use a 
graphing utility to graph the displacement function for 
0 <t< 10. Find the time beyond which the displacement 
does not exceed 1 foot from equilibrium. 


Sales The monthly sales S (in thousands of units) of a 
seasonal product are approximated by 


. Wt 
S = 74.50 + 43.75 an 


where ¢ is the time (in months), with t = 1 corresponding 
to January. Determine the months when sales exceed 
100,000 units. 


Sales The monthly sales S (in hundreds of units) of 
skiing equipment at a sports store are approximated by 


ic 
S = 583 + 32.5 cose 
where ¢ is the time (in months), with t = 1 corresponding 
to January. Determine the months when sales exceed 7500 
units. 


Projectile Motion A batted baseball leaves the bat at an 
angle of 6 with the horizontal and an initial velocity of 
Vo = 100 feet per second. The ball is caught by an 
outfielder 300 feet from home plate (see figure). Find 6 if 


the range r of a projectile is given by r = BV sin 26. 


Not drawn to scale 


74. Projectile Motion A sharpshooter intends to hit a target 


at a distance of 1000 yards with a gun that has a muzzle 
velocity of 1200 feet per second (see figure). Neglecting 
air resistance, determine the gun’s minimum angle of 
elevation 6 if the range r is given by 


r= ae sin 26. 


Not drawn to scale 


75. Ferris Wheel A Ferris wheel is built such that the height 


h (in feet) above ground of a seat on the wheel at time f (in 
minutes) can be modeled by 


' my 7 
h(t) = 53 + 50 sin( 21 a) 
The wheel makes one revolution every 32 seconds. The 
ride begins when t = 0. 


(a) During the first 32 seconds of the ride, when will a 
person on the Ferris wheel be 53 feet above ground? 


(b) When will a person be at the top of the Ferris wheel 
for the first time during the ride? If the ride lasts 
160 seconds, how many times will a person be at the 
top of the ride, and at what times? 


76. Data Analysis: Unemployment Rate The table 
shows the unemployment rates r in the United States 
for selected years from 1990 through 2004. The time t 
is measured in years, with ¢ = 0 corresponding to 
1990. (Source: U.S. Bureau of Labor Statistics) 


Rate, r 


Time, ¢ 


(a) Create a scatter plot of the data. 


Model It (continued) 


(b) Which of the following models best represents the 
data? Explain your reasoning. 


(1) r = 1.24 sin(0.47t + 0.40) + 5.45 
(2) r = 1.24 sin(0.47t — 0.01) + 5.45 
(3) r = sin(0.10r + 5.61) + 4.80 

(4) r = 896 sin(0.57t — 2.05) + 6.48 


What term in the model gives the average 


unemployment rate? What is the rate? 


Economists study the lengths of business cycles 
such as cycles of unemployment rates. Based on 
this short span of time, use the model to find the 
length of this cycle. 


Use the model to estimate the next time the 
unemployment rate will be 5% or less. 


77. Geometry The area of a rectangle (see figure) inscribed 
in one arc of the graph of y = cos x is given by 


A=2xcosx, 0O<x< = 


y 
A 


NIA 
Nia 


-|+ 


ac (a) Use a graphing utility to graph the area function, and 
approximate the area of the largest inscribed rectangle. 
(b) Determine the values of x for which A > 1. 
78. Quadratic Approximation Consider the function given 
by f(x) = 3 sin(0.6x — 2). 
(a) Approximate the zero of the function in the interval 
[0, 6]. 
ay) (b) A quadratic approximation agreeing with f at x = 5 is 
g(x) 0.45x? + 5.52x — 13.70. Use a graphing 
utility to graph f and g in the same viewing window. 
Describe the result. 


(c) Use the Quadratic Formula to find the zeros of g. 
Compare the zero in the interval [0, 6] with the result 
of part (a). 


Synthesis 


True or False? _\n Exercises 79 and 80, determine whether 
the statement is true or false. Justify your answer. 


79. The equation 2 sin 4 — 1 = 0 has four times the number 
of solutions in the interval [0,27) as the equation 
2sint—1=0. 
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80. If you correctly solve a trigonometric equation to the state- 
ment sin x = 3.4, then you can finish solving the equation 
by using an inverse function. 


In Exercises 81 and 82, use the graph to approximate the 
number of points of intersection of the graphs of y,and y,. 


81. y, = 2sinx 
yo = 3x +1 


82. y, = 2 sinx 


yo =4x4+1 


Skills Review 


In Exercises 83 and 84, solve triangle ABC by finding all 
missing angle measures and side lengths. 


83. B 


In Exercises 85-88, use reference angles to find the exact 
values of the sine, cosine, and tangent of the angle with the 
given measure. 


85. 390° 86. 600° 
87. —1845° 88. — 1410° 


89. Angle of Depression Find the angle of depression from 
the top of a lighthouse 250 feet above water level to the 
water line of a ship 2 miles offshore. 


90. Height From a point 100 feet in front of a public library, 
the angles of elevation to the base of the flagpole and the 
top of the pole are 28° and 39° 45’, respectively. The flag- 
pole is mounted on the front of the library’s roof. Find the 
height of the flagpole. 


91. Make a Decision To work an extended application 
analyzing the normal daily high temperatures in Phoenix 
and in Seattle, visit this text’s website at college.hmco.com. 
(Data Source: NOAA) 
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ye Sum and Difference Formulas 


What you should learn ' . 
Using Sum and Difference Formulas 


* Use sum and difference 


formulas to evaluate In this and the following section, you will study the uses of several trigonometric 


trigonometric functions, identities and formulas. 
verify identities, and solve 


trigonometric equations. 


Ss d Diff F | 
Why you should learn it um and Difference Formulas 


; identities t 


sin(u + v) = sinucosv + cosu sinv tanu + tanv 
; ; tan(u + vy) = ——————— 
sin(u — v) = sinucos v — cosusiny 1 — tanutanv 


cos(u + v) = cos u cos v — sin u sin v nu = tan 
tan(u — v) = ———————_ 
cos(u — v) = cosucosv + sinu sin vy 1 + tanutanv 


For a proof of the sum and difference formulas, see Proofs in Mathematics on 
page 272. 


Exploration 


Use a graphing utility to graph y, = cos(x + 2) and y, = cos x + cos 2 in 
the same viewing window. What can you conclude about the graphs? Is it 


true that cos(x + 2) = cos x + cos 2? 

Use a graphing utility to graph y, = sin(x + 4) and y, = sinx + sin4 
in the same viewing window. What can you conclude about the graphs? Is it 
true that sin(x + 4) = sinx + sin 4? 


Examples | and 2 show how sum and difference formulas can be used to 
find exact values of trigonometric functions involving sums or differences of 


Richard Megna/Fundamental Photographs special angles. 


Serta Evaluating a Trigonometric Function 


Find the exact value of cos 75°. 


Solution 


To find the exact value of cos 75°, use the fact that 75° = 30° + 45°. 
Consequently, the formula for cos(u + v) yields 


cos 75° = cos(30° + 45°) 
cos 30° cos 45° — sin 30° sin 45° 


_ L312) - La) _vé- v2 


2\2 2\ 2 4 


Try checking this result on your calculator. You will find that cos 75° ~ 0.259. 


weweckpoinr = Now try Exercise 1. 
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| Example 2 | Evaluating a Trigonometric Expression 


Find the exact value of sin a 


Solution 
Using the fact that 


T T T 


2 3 4 
together with the formula for sin(u — v), you obtain 


~ 
S 
= 
3 
a 
ZA 
ie 
° 
7 
ie) 
ay 
Ke} 
U 
= 
o 
D 
fs 
© 
£ 
Or 
ay 
tS 
E 


anes 


Historical Note 

Hipparchus, considered Gyo sin( 2 = 2) 

the most eminent of Greek 12 3. 4 

astronomers, was born about _ 7 T T . OW 
160 B.c. in Nicaea. He was eek” ta ea ne 
credited with the invention of J3(J2 1//2 
trigonometry. He also derived = ) 

the sum and difference 2 i ae 
formulas for sin(A + B) and 7 V6 ~ 3/2 

cos(A + B). 4 , 


weveckpont Now try Exercise 3. 


Example 3 | Evaluating a Trigonometric Expression 


Find the exact value of sin 42° cos 12° — cos 42° sin 12°. 

Solution 

Recognizing that this expression fits the formula for sin(u — v), you can write 
sin 42° cos 12° — cos 42° sin 12° = sin(42° — 12°) 


sin 30° 
1 


2: 


weweckponr —_ Now try Exercise 31. 


Settee §=An Application of a Sum Formula 


Write cos(arctan | + arccos x) as an algebraic expression. 


Solution 
This expression fits the formula for cos(u + v). Angles u = arctan 1 and 
v = arccos x are shown in Figure 2.7. So 


cos(u + v) = cos(arctan 1) cos(arccos x) — sin(arctan 1) sin(arccos x) 


: v1l=x? 1 1 


FIGURE 2.7 wcHeckpoint Now try Exercise 51. 
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Example 5 shows how to use a difference formula to prove the cofunction 
identity 


cos( a ) = si 
2 xX} = smx. 
} Example 5 | Proving a Cofunction Identity 


tek : T F 
Prove the cofunction identity cos(3 = x] = sin x. 


Solution 


Using the formula for cos(u — v), you have 
(Z 7 fecie 
cos| — — x} = cos —cos x + sin — sin x 
2 2 2 


= (0)(cos x) + (1)(sin x) = sin x. 


weveckronwr = Now try Exercise 55. 


Sum and difference formulas can be used to rewrite expressions such as 
; nt nT ' . 
sin| 6 + <a and cos| 6 + >) where n is an integer 


as expressions involving only sin 0 or cos 6. The resulting formulas are called 
reduction formulas. 


Seliullt-mem Deriving Reduction Formulas 


Simplify each expression. 
3 
a. cos{ 0 — =") b. tan(@ + 37) 


Solution 


a. Using the formula for cos(u — v), you have 
(o - =") Seges Penden” 
cos 5 cos 6.cos + sin 8 sin 


= (cos 6)(0) + (sin 6)(—1) 
= —sin 0. 
b. Using the formula for tan(u + v), you have 


tan 6 + tan 37 
1 — tan @ tan 377 


tan(@ + 37) = 
_  tand+0 
1 — (tan @)(0) 


= tan 0. 


weweckronr ~— Now try Exercise 65. 
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Setul)wae Solving a Trigonometric Equation 


Find all solutions of sin( x + 2) + sin( x = 2) = —1 in the interval [0, 27). 


Solution 


Using sum and difference formulas, rewrite the equation as 


; at alee 7 _ 7 1 
sin x cos — sx sin — + sinx cos — — cos x sin— = — 
x 00s 7 + cos x sin 7 % COS 7 OS x sin 
2 sin x cos = =-1 
4 
2 ef Se 
P 2(sin »(2) ==] 
A 
; 1 
sinx = ——= 
af? 
v2 
sinx = ——. 
2. 
So, the only solutions in the interval [0, 277) are 
Sa 77 
x=— and x=—. 
9) aE 4 4 
Boule You can confirm this graphically by sketching the graph of 
y=sin(x +4) + sin( =7)F1 y= sin( x + 2) + sin( x = 2) + 1for0 < x < 27, 
FIGURE 2.8 as shown in Figure 2.8. From the graph you can see that the x-intercepts are 57/4 
and 77/4. 


ofcuecKront Now try Exercise 69. 


The next example was taken from calculus. It is used to derive the derivative 
of the sine function. 


Seniy)ceem An Application from Calculus == 


Verify that 
sin(x + h) — sinx ' (=) (si (=) 
h cos x Fi sin x h 
where h # 0. 
Solution 


Using the formula for sin(u + v), you have 


sin(x + h) — sinx  sinxcosh + cosxsinh — sinx 
h h 
__ cos x sinh — sin x(1 — cos h) 
h 


inh 1- h 
= (cos (= = (sin (4), 
weweckponr = Now try Exercise 91. 
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Biles 


VOCABULARY CHECK: Fill in the blank to complete the trigonometric identity. 


2. cos(u + v) = 
4, sin(u + v) = 
6. tan(u — v) = 


1. sin(u — v) = 
3. tan(u + v) = 


5. cos(u — v) = 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-6, find the exact value of each expression. 
1. (a) cos(120° + 45°) 
2. (a) sin(135° — 30°) 


(b) cos 120° + cos 45° 
(b) sin 135° — cos 30° 


TT T T 
: —+— — + cos— 
3. (a) cos(4 2) (b) cos 4 cos 3 
_ (30 Sa . 30 _ oT 
: — + — —— + sin — 
4. (a) sn( 4 =) (b) sin A sin 6 
7 7 
5. (a) sin 7 _ ) (b) sin oe sin = 
6 3 6 3 


6. (a) sin(315° — 60°) (b) sin 315° — sin 60° 

In Exercises 7-22, find the exact values of the sine, cosine, 
and tangent of the angle by using a sum or difference 
formula. 


7. 105° = 60° + 45° 8. 165° = 135° + 30° 
9, 195° = 225° — 30° 10. 255° = 300° — 45° 
i = et 9 
12 4° 6 123° 4 
7a 97 Sa TT oT 
ee a Oe ae ae ae 
15. 285° 16. — 105° 
17. — 165° 18. 15° 
137 10 
1 ere es 
1 
i 22, 27 
12 12 


In Exercises 23-30, write the expression as the sine, cosine, 
or tangent of an angle. 
23. cos 25° cos 15° — sin 25° sin 15° 
24. sin 140° cos 50° + cos 140° sin 50° 
tan 325° — tan 86° 


25. 
1 + tan 325° tan 86° 
26. tan 140° — tan 60° 
1 + tan 140° tan 60° 


27. sin 3 cos 1.2 — cos 3 sin 1.2 
28. cos F cos # sin a sin a 
vi 5 7 5 


tan 2x + tan x 


29, ——__ 
1 — tan 2x tan x 


30. cos 3x cos 2y + sin 3x sin 2y 


In Exercises 31-36, find the exact value of the expression. 


31. sin 330° cos 30° — cos 330° sin 30° 
32. cos 15° cos 60° + sin 15° sin 60° 


33. sin 7 cos a 4 cos us sin z 
oer A, © 12° 4 
34. cos = cos aus sin ud sin oe 

: 16 16 16 16 


tan 25° + tan 110° 
* 1 — tan 25° tan 110° 
tan(57/4) — tan(7/12) 
1 + tan(57/4) tan(a/12) 


35 


36. 


In Exercises 37-44, find the exact value of the trigonometric 


function given that sinu = fa and cos v = -2, (Both u and 
v are in Quadrant II.) 

37. sin(u + v) 38. cos(u — v) 

39. cos(u + v) 40. sin(v — u) 

41. tan(u + v) 42. csc(u — v) 

43. sec(v — u) 44. cot(u + v) 


In Exercises 45-50, find the exact value of the trigonometric 
function given that sinu = —Z and cosv = —%. (Both u 
and v are in Quadrant III.) 


45. cos(u + v) 46. sin(u + v) 
47. tan(u — v) 48. cot(v — u) 
49. sec(u + v) 50. cos(u — v) 


In Exercises 51-54, write the trigonometric expression as 
an algebraic expression. 


51. sin(arcsin x + arccos x) 52. sin(arctan 2x — arccos x) 
53. cos(arccos x + arcsin x) 


54. cos(arccos x — arctan x) 
In Exercises 55-64, verify the identity. 


55. sin(37 — x) = sinx 56. sin + x) = cos x 


1 7 
57. sin 2 1 x) 5 (cos x + ./3 sin x) 
58. cos( 22 x) 
4 


59. cos(m — 6) 4 sin 0) =0 


(cos x + sin x) 


7 1 — tan 0 
. t = 
al an( 2 a) 1 + tan 6 


61. cos(x + y)cos(x — y) = cos? x — sin? y 
62. sin(x + y) sin(x 
63. sin(x + y) + sin(x 


y) = sin? x — sin? y 


y) = 2 sin x cos y 


64. cos(x + y) + cos(x — y) = 2 cos x cos y 


In Exercises 65-68, simplify the expression algebraically 


and use a graphing utility to confirm your answer 
graphically. 


65. cos( 2 i x) 
2. 


37 
7. sin} — + 
6 snl 5 0) 


66. cos(a + x) 


68. tan(a + 6) 


In Exercises 69-72, find all solutions of the equation in the 
interval [0, 277). 


69. sn( x =) t sin( x =) 1 
3 3 
70 snl 7) sin( x 2) L 
: x 
6 6 2 
71. cos(x t =) cos( x =) =1 
4 4 


72. tan(x + a) + 2 sin(x + 7) = 0 


In Exercises 73 and 74, use a graphing utility to approxi- 
mate the solutions in the interval [0, 277). 


73. cos( x t =) t cos( x =) =1 
4 4 


74. tan(x + 7) cos( x =) 0 


Section 2.4 Sum and Difference Formulas 253 


75. Harmonic Motion A weight is attached to a spring 
suspended vertically from a ceiling. When a driving 
force is applied to the system, the weight moves 
vertically from its equilibrium position, and this motion 
is modeled by 


1 1 
y = =sin 2t + —cos 2t 


where y is the distance from equilibrium (in feet) and t 
is the time (in seconds). 


(a) Use the identity 
asin BO + bcos BO = Va? + b? sin(BO + C) 


where C = arctan(b/a), a > 0, to write the model 
in the form 


y= Ja + Bb? sin(Bt + C). 


(b) Find the amplitude of the oscillations of the weight. 
(c) Find the frequency of the oscillations of the weight. 


76. Standing Waves The equation of a standing wave is 
obtained by adding the displacements of two waves travel- 
ing in opposite directions (see figure). Assume that each of 
the waves has amplitude A, period T, and wavelength 4. If 
the models for these waves are 

x 


t t 
y, = Acos 2n( 2 = *) and y, = Acos 2n( 2 + *) 


show that 


2mt 2 
y, + y. = 2A cos 7608 7 


yty. 
y il Vy 
yy Yo 
V yy t+ Yo 
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Synthesis Be (c) Use a graphing utility to graph the functions f and g. 
Ae (d) Use the table and the graphs to make a conjecture 
grap: 4) 
True or False? \n Exercises 77-80, determine whether the about the values of the functions f and g as h— 0. 


statement is true or false. Justify your answer. 


In Exercises 93 and 94, use the figure, which shows two 


77. sin(u + v) = sinu + sinv : ‘ 
lines whose equations are 


78. cos(u + v) = cosu + cosy 


- Fe y, =m,x +b, and Yo = m,x + by. 
79, —z)=—si 0. sinjx — >} = — 
cos(x 2) ae sn(x 2) vane Assume that both lines have positive slopes. Derive a 
formula for the angle between the two lines. Then use your 
In Exercises 81-84, verify the identity. formula to find the angle between the given pair of lines. 


81. cos(na + 6) = (—1)" cos 6, nis an integer 

82. sin(nz + 0) = (—1)"sin 6, nis an integer 

83. asin BO + bcos BO = Va? + b* sin(Bé + C), 
where C = arctan(b/a) anda > 0 


84. asin BO + bcos BO = /a? + b* cos(Bé — C), 
where C = arctan(a/b) and b > 0 


In Exercises 85-88, use the formulas given in Exercises 83 
and 84 to write the trigonometric expression in the 
following forms. 


(a) /a? + b* sin(B@ + C) (b) \/a? + b? cos(BO — C) 


85. sin @ + cos 0 86. 3 sin 20 + 4 cos 26 I 
87. 12 sin 36 + 5 cos 30 88. sin 20 — cos 26 a als a aE 


93. y =xandy = /3x 


In Exercises 89 and 90, use the formulas given in Exercises ay 95. Conjecture Consider the function given by 
83 and 84 to write the trigonometric expression in the form 


asinB@ + bcos BOé. f(O= in(o =) sin(o “) 
9. 2 si a 90 a 
89. 2 sin| 6 + 2 » 5 cos| 6 + 40 Use a graphing utility to graph the function and use the 
graph to create an identity. Prove your conjecture. 
fi 91. Verify the following identity used in calculus. 96. Proof 
cos(x + h) — cos x (a) Write a proof of the formula for sin(u + v). 


h 


: ; (b) Write a proof of the formula for sin(u — v). 
_ cosx(cosh— 1) — sinxsinh 


‘ : Skills Review 
fi 92. Exploration Let x = 7/6 in the identity in Exercise 91 
and define the functions f and g as follows. In Exercises 97-100, find the inverse function of f. Verify 
fh) = cos(zr/6 + h) — cos(z/6) that f(F~"(x)) = x and f-"(F(x)) = x. 
h 97. f(x) = 5(x — 3) 
si S008 to h—- ‘) én za ") 7x 
6 h 6\ A 98. f(x) = 8 
(a) What are the domains of the functions f and g? 99. f(x) = x2 —8 
ay (b) Use a graphing utility to complete the table. 100 f (i=.</e= 16 


h 0.01 | 0.02 | 0.05 | 0.1 | 0.2 | 0.5 
f(h) 
g(h) 
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25 | Multiple-Angle and Product-to-Sum Formulas 


What you should learn 


* Use multiple-angle formulas 
to rewrite and evaluate 
trigonometric functions. 

* Use power-reducing formulas 
to rewrite and evaluate 
trigonometric functions. 


Mark Dadswell/Getty Images 


Multiple-Angle Formulas 


In this section, you will study four other categories of trigonometric identities. 


1. The first category involves functions of multiple angles such as sin ku and 


cos ku. 


2. The second category involves squares of trigonometric functions such as 


sin? u. 


3. The third category involves functions of half-angles such as sin(u/2). 


4. The fourth category involves products of trigonometric functions such as 


sin U COS Vv. 


You should learn the double-angle formulas because they are used often in 
trigonometry and calculus. For proofs of the formulas, see Proofs in Mathematics 


on page 273. 


Double-Angle Formulas 


sin 2u = 2 sinucosu 


2 tan u 
tan 2u = 


1 — tan? u 


cos* u — sin? u 
2cos?u — 1 


1 —2sin? u 


Solving a Multiple-Angle Equation 


Solve 2 cos x + sin 2x = 0. 


Solution 


Begin by rewriting the equation so that it involves functions of x (rather than 2x). 


Then factor and solve as usual. 
2cosx + sin2x = 0 
2cosx + 2sinxcosx = 0 


2. cos x(1 + sin x) = 0 


2cosx=O and 1+sinx=0 
les ek 
NB aren: 


So, the general solution is 


3 
x= 7 + Ine and iu 


==" 42 
Xx 2 nT 


Write original equation. 
Double-angle formula 
Factor. 


Set factors equal to zero. 


Solutions in [0, 277) 


where nv is an integer. Try verifying these solutions graphically. 


offcHeckroint 


Now try Exercise 9. 
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| Example 2 | Using Double-Angle Formulas to Analyze Graphs 


Use a double-angle formula to rewrite the equation 
y = 4cos? x — 2. 


Then sketch the graph of the equation over the interval [0, 277]. 


Solution 
Using the double-angle formula for cos 2u, you can rewrite the original equation 
as 
y=4 cos? x — 2 Write original equation. 
= 2(2 cos? x — 1) Factor. 
= 2 cos 2x. Use double-angle formula. 


Using the techniques discussed in Section 1.5, you can recognize that the graph 
of this function has an amplitude of 2 and a period of 7. The key points in the 
interval [0, 7] are as follows. 


Maximum Intercept Minimum Intercept Maximum 


on) E) EE) we 


FIGURE 2.9 Two cycles of the graph are shown in Figure 2.9. 


weuecxpowr ~=Now try Exercise 21. 


Schiltwem Evaluating Functions Involving Double Angles 


Use the following to find sin 26, cos 20, and tan 20. 


P) 3 
_& cos eo F< 0<2n 
=A 6 
Solution 
From Figure 2.10, you can see that sin 6 = y/r = — 12/13. Consequently, using 
each of the double-angle formulas, you can write 
in26 = 2sin 6 9 2 = \(3) 120 
sin 20 = 2 sin 0cos = 
13/\13 169 
25 119 
cos 20 = 2 cos? 9-1 = 2 = -— 
169 169 
in 2 12 
tan 26 = nee = as 
cos20 119 
FIGURE 2.10 weueckponT ~—- Now try Exercise 23. 


The double-angle formulas are not restricted to angles 20 and @. Other 
double combinations, such as 44 and 26 or 66 and 39, are also valid. Here are two 
examples. 


sin 40 = 2 sin 20 cos 20 and cos 60 = cos? 36 — sin? 36 


By using double-angle formulas together with the sum formulas given in the 
preceding section, you can form other multiple-angle formulas. 
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SUC Deriving a Triple-Angle Formula 


sin 3x = sin(2x + x) 


sin 2x cos x + cos 2x sin x 

= 2sinx cos x cos x + (1 — 2 sin? x)sin x 
= 2 sinxcos?x + sinx — 2 sin? x 

= 2sinx(1 — sin? x) + sinx — 2 sin? x 
= 2sinx — 2 sin?’x + sinx — 2 sin? x 

= 3sinx — 4sin?x 


wcueckpoint Now try Exercise 97. 


Power-Reducing Formulas 


The double-angle formulas can be used to obtain the following power-reducing 
formulas. Example 5 shows a typical power reduction that is used in calculus. 


Power-Reducing Formulas 


1 — cos 2u 1 + cos 2u 1 — cos 2u 


so Baie ON i 
sine u = — cos* u = ———_ tan“ u = 
2 2 1 + cos 2u 


For a proof of the power-reducing formulas, see Proofs in Mathematics on page 
273. 


| Example 5 | Reducing a Power an 


Rewrite sin* x as a sum of first powers of the cosines of multiple angles. 


Solution 
Note the repeated use of power-reducing formulas. 


sin? x = (sin? x)? Property of exponents 
1 — cos 2x\? 

= > Power-reducing formula 
1 2 

= ric — 2cos 2x + cos* 2x) Expand. 
1 1 + cos 4x 

= 4 1 — 2cos2x + > Power-reducing formula 
ae 28 2 : + : 4 Distributive P: 

= — ~ COS 2X = ~ COS 4X istributive Propert 
aa: g-8 oe 
1 

= 38 — 4cos 2x + cos 4x) Factor out common factor. 


wcueckroint Now try Exercise 29. 
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STUDY TIP 


To find the exact value of a 
trigonometric function with an 
angle measure in D°M’S” form 
using a half-angle formula, first 
convert the angle measure to 
decimal degree form. Then 
multiply the resulting angle 
measure by 2. 


Half-Angle Formulas 


You can derive some useful alternative forms of the power-reducing formulas by 
replacing u with u/2. The results are called half-angle formulas. 


Half-Angle Formulas 


The signs of sin A and cos 7 depend on the quadrant in which : lies. 


Schilt-mem Using a Half-Angle Formula 


Find the exact value of sin 105°. 


Solution 


Begin by noting that 105° is half of 210°. Then, using the half-angle formula for 
sin(u/2) and the fact that 105° lies in Quadrant II, you have 


; 1 — cos 210° 
sin 105° = 5 


1 — (cos 30°) 
2 


omy aa eee) 


S24 3 


2 


The positive square root is chosen because sin @ is positive in Quadrant II. 


weuecxpowt ~=Now try Exercise 41. 
Use your calculator to verify the result obtained in Example 6. That is, 
evaluate sin 105° and (./2 + /3))2. 
sin 105° ~ 0.9659258 
2+ 73 
2 


= 0.9659258 


You can see that both values are approximately 0.9659258. 
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Sela Solving a Trigonometric Equation 


Find all solutions of 2 — sin? x = 2 cos? ; in the interval [0, 277). 


Algebraic Solution Graphical Solution 
, ae, ee x oes: / Use a graphing utility set in radian mode to graph 
= 7s ia Waenig nal oguacon, y = 2 — sin? x — 2 cos*(x/2), as shown in Figure 
pune AD 2.11. Use the zero or root feature or the zoom and 
2 — sin2?x = ( s Lawes) Half-angle formula trace features to approximate the x-intercepts in the 
2 interval [0, 277) to be 
1 + cos x 
. _ oy T 30 
2 — sin? x 2 5 Simplify. x= 0,x~ 1571 ~ 7, and x ~ 4.712 ~ = 
2 — sin?x = 1 + cosx Simplify. These values are the approximate solutions of 
ee ae 5 _ ‘ : 
2.= (1 — cos? x) = 1+ cosx Pythagorean identity 2 sin 2 cos (x/2) 0 in the interval 
[0, 27). 
cos? x — cosx = 0 Simplify. 
3 
cos x(cos x — 1) = 0 Factor. y=2-sin2x-2 cos?(5) 
By setting the factors cos x and cos x — | equal to zero, you find 
that the solutions in the interval [0, 277) are 
7 3a -% Qn 
No Sy Ny ee and x= 0. 2 Zero 
2, 2 HELEro79as Y= 
-1 
cueckpoint Now try Exercise 59. FIGURE 2.11 


Product-to-Sum Formulas 


Each of the following product-to-sum formulas is easily verified using the sum 
and difference formulas discussed in the preceding section. 


Product-to-Sum Formulas 


1 

sin u sinv = 5 Leos(u v) — cos(u + v)] 
1 

COS U COS V = 7 leostu — v) + cos(u + v)] 


1 
sin u cos vy = 5 Lsin(w + vy) + sin(u — v)] 


1 
cos u sin vy = 5 lsin(u + vy) — sin(u — v)] 


Product-to-sum formulas are used in calculus to evaluate integrals involving 
the products of sines and cosines of two different angles. 
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SeTul(ee Writing Products as Sums 


Rewrite the product cos 5x sin 4x as a sum or difference. 


Solution 


Using the appropriate product-to-sum formula, you obtain 
cos 5x sin 4x = 3[sin(5x + 4x) — sin(5x — 4x)] 
= 5 sin oe 5 sin x. 
cHeckpoint Now try Exercise 67. 


Occasionally, it is useful to reverse the procedure and write a sum of trigono- 
metric functions as a product. This can be accomplished with the following 
sum-to-product formulas. 


Sum-to-Product Formulas 


ut+y 
cos u + cos v = 2 cos 5 cos 


oferty. 
cos u — cosv = —2sin 5 sin 


For a proof of the sum-to-product formulas, see Proofs in Mathematics on page 
274. 


Selim § Using a Sum-to-Product Formula 


Find the exact value of cos 195° + cos 105°. 
Solution 
Using the appropriate sum-to-product formula, you obtain 


195° + a (= = =) 
5 cos 


= 2 cos 150° cos 45° 
(SI) 


cos 195° + cos 105° = 2 cos 


weneckronr ~=—- Now try Exercise 83. 


y =sin 5x + sin 3x 


FIGURE 2.12 
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Sehill(meee Solving a Trigonometric Equation 


Solve sin 5x + sin 3x = 0. 


Solution 
sin 5x + sin 3x = 0 Write original equation. 
. (5x + 3x SX = 3x 
2 sin 2 cos 2 =0 Sum-to-product formula 
2 sin 4x cos x = 0 Simplify. 


By setting the factor 2 sin 4x equal to zero, you can find that the solutions in the 
interval [0, 277) are 


7 7 37 Sa 3a 77 
aoe at ara? a’ 


x=0 
The equation cos x = 0 yields no additional solutions, and you can conclude that 
the solutions are of the form 


nT 


4 


y= 


where n is an integer. You can confirm this graphically by sketching the graph of 
y = sin 5x + sin 3x, as shown in Figure 2.12. From the graph you can see that 
the x-intercepts occur at multiples of 77/4. 


eueckpoinr Now try Exercise 87. 


Schill(eee Verifying a Trigonometric Identity 


Verify the identity 


sin t + sin 3t 
= tan 2t. 


cos tf + cos 3t 


Solution 


Using appropriate sum-to-product formulas, you have 


; (: + *) (: = *) 
. : 2 sin cos 
sin t + sin 3t 2 2 


cost + cos 3f _ (' + *) ( — *) 
2 cos cos 
2 2 


__ 2 sin(2t)cos(—t) 
2 cos(2t)cos(— 2) 


sin 2t 


cos 2t 


= tan 2t. 


weneckpoint Now try Exercise 105. 


262 Chapter 2 Analytic Trigonometry 


nae 


FIGURE 2.13 


Application 


Selita §=6Projectile Motion @ 


Ignoring air resistance, the range of a projectile fired at an angle @ with the 
horizontal and with an initial velocity of vy feet per second is given by 


1 
r= 16" sin 6 cos 0 


where r is the horizontal distance (in feet) that the projectile will travel. A place 
kicker for a football team can kick a football from ground level with an initial 
velocity of 80 feet per second (see Figure 2.13). 

a. Write the projectile motion model in a simpler form. 


b. At what angle must the player kick the football so that the football travels 200 
feet? 


c. For what angle is the horizontal distance the football travels a maximum? 


Solution 


a. You can use a double-angle formula to rewrite the projectile motion model as 


1 : 
r= 370 2 sin 6 cos 6) Rewrite original projectile motion model. 


1 : 
= 3 sin 26. Rewrite model using a double-angle formula. 
eee 
b. i 3 V0 sin 20 Write projectile motion model. 

per ree . 

200 = 39 (80) sin 20 Substitute 200 for r and 80 for vo. 

200 = 200 sin 20 Simplify. 

1 = sin 20 Divide each side by 200. 


You know that 26 = 7/2, so dividing this result by 2 produces 6 = 77/4. 
Because 77/4 = 45°, you can conclude that the player must kick the football 
at an angle of 45° so that the football will travel 200 feet. 

c. From the model r = 200 sin 20 you can see that the amplitude is 200. So the 
maximum range is r = 200 feet. From part (b), you know that this corresponds 
to an angle of 45°. Therefore, kicking the football at an angle of 45° will 
produce a maximum horizontal distance of 200 feet. 


weveckrowr = Now try Exercise 119. 


We ririne asout CPQATHEMATICS 


Deriving an Area Formula Describe how you can use a double-angle formula or a 


half-angle formula to derive a formula for the area of an isosceles triangle. Use a 
labeled sketch to illustrate your derivation. Then write two examples that show 
how your formula can be used. 
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VOCABULARY CHECK: Fill in the blank to complete the trigonometric formula. 


1+ 2) 
1. sin 2u = 2, ——S "= 
2 
3. cos 2u = Pa 
1 + cos 2u 
u u 
5. sin= = 6. tan— = 
sin 5 an 5 
7. COS UCOS V = 8. sin ucos v = 
9. sinu + sinv = 10. cosu — cosv = 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-8, use the figure to find the exact value of the 


3 7 
trigonometric function. 25. tanu = P O<u< 3 
ae 26. cot i, 2 e258 
is u=-4, —<u 
6 Cc 2 . 
' 5 
27. seccu=—--, ~<u<7 
1. sin 0 2. tan 0 2 2 
3. cos 20 4. sin 20 DS csp 9s ry ae 
5. tan 26 6. sec 20 2 
7. csc 20 8. cot 20 


fin Exercises 29-34, use the power-reducing formulas to 


. : : . rewrite the expression in terms of the first power of the 
In Exercises 9-18, find the exact solutions of the equation 


. ; cosine. 
in the interval [0, 277). 

. : . 29. cos* x 30. sin® x 

9. sin 2x — sinx = 0 10. sin 2x + cosx = 0 . : 
. j : 31. sin? x cos? x 32. sin* x cos* x 
11. 4sinxcosx = 1 12. sin 2x sin x = cos x . . 
. 33. sin? x cos* x 34. sin* x cos? x 

13. cos 2x — cosx = 0 14. cos 2x + sinx = 0 
15. tan 2x — cot x = 0 16. tan 2x — 2 cosx = 0 In Exercises 35-40, use the figure to find the exact value of 
17. sin 4x = —2 sin 2x 18. (sin 2x + cos 2x)? = 1 the trigonometric function. 
In Exercises 19-22, use a double-angle formula to rewrite 
the expression. 
19. 6 sin x cos x 20. 6 cos? x — 3 8 
21. 4 — 8 sin? x 
22. (cos x + sin x)(cos x — sin x) — T [| 
In Exercises 23-28, find the exact values of sin 2u, cos 2u, f) a) 
and tan 2u using the double-angle formulas. 35. cos oy 36. sin 3 

; 4 307 0 0 
23. =>, << : aa 3 ad 

sin u 5 T<u 9 37. tan 5 38. sec 5 


2 6 0 
24. =- > = . — 5 = 
cos u 3 2 <uUu<T7 39. csc 5 40. cot 5 


le 
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In Exercises 41-48, use the half-angle formulas to 
determine the exact values of the sine, cosine, and tangent 


of the angle. 


41. 75° 42. 165° 
43. 112° 30’ 44. 67° 30’ 
T 7 
45. — 46. — 

8 12 
30 17 
47. 3 48. 2 


In Exercises 49-54, find the exact values of sin(u/2), 
cos(u/2), and tan(u/2) using the half-angle formulas. 


S| 
49. sinu = 73, cust 
3 
50. cosu = 5 O<u< = 
5 
51. tanu =—-- —<u<27 
3 
52. cot u = 3, 4 
53 5 3a 
. cSCu = — = <u<— 
CSC ul 3 T<u 5 
7 
54. oa —~<u<7 


In Exercises 55-58, use the half-angle formulas to simplify 


the expression. 
56. /1 + cos 4x 


55. /\1 — cos 6x 
2 2 
1 — - = —— 
57, — / cos 8x 59. /1 — cos(x — 1) 
1 + cos 8x 2 
In Exercises 59-62, find all solutions of the equation in 


the interval [0, 277). Use a graphing utility to graph the 
equation and verify the solutions. 


59. sin 5 + cos.x = 0 60. sin 5 + cosx ~ 1 = 0 


61. cos 5 — sinx =0 


62. tan — sinx =0 


In Exercises 63-74, use the product-to-sum formulas to 
write the product as a sum or difference. 


_ 7 7 wT. ST 
63. 6sin a cos 4 64. 4 cos 4 sin = 
65. 10 cos 75° cos 15° 66. 6 sin 45° cos 15° 
67. cos 40 sin 60 68. 3 sin 2a sin 3a@ 
69. 5 cos(—5B) cos 3B 70. cos 2@cos 40 


72. sin(x + y) cos(x — y) 
74. sin(@ + 7) sin(@ — 7) 


71. sin(x + y) sin(x — y) 
73. cos(@ — 7) sin(@ + 7) 


In Exercises 75-82, use the sum-to-product formulas to 
write the sum or difference as a product. 

75. 
77. 
79, 
80. 


sin 5@ — sin 30 

cos 6x + cos 2x 

sin(a + B) — sin(a — B) 
cos( + 27) + cos 


(re }-o-9 
cos 5 cos 5 
| ( 7) ( 5) 
SIN) eS) SE sin, x. 
2 2; 


In Exercises 83-86, use the sum-to-product formulas to 
find the exact value of the expression. 


76. sin36 + sin @ 


78. sinx + sin 5x 


81. 


82. 


83. sin 60° + sin 30° 84. cos 120° + cos 30° 


T 


3ar ees : 
85. as Oe is mi sin] 


In Exercises 87-90, find all solutions of the equation in the 

interval [0,27). Use a graphing utility to graph the 

equation and verify the solutions. 

87. sin 6x + sin 2x = 0 
cos 2x 


sin 3x — sinx 


88. cos 2x — cos 6x = 0 


1=0 90. sin? 3x — sin? x = 0 


In Exercises 91-94, use the figure and trigonometric identi- 
ties to find the exact value of the trigonometric function in 
two ways. 


92. cos*a@ 


91. sin? a 


93. sin acos B 94. cos asin B 


In Exercises 95-110, verify the identity. 


0 

95. csc 20 = = 

2 cos 0 

sec? 0 

96. sec 20 = oe 

2 — sec? 4 
97. cos* 2a — sin? 2a = cos 4a 
98. cost x — sint x = cos 2x 
99. (sin x + cos x)? = 1 + sin 2x 


Section 2.5 
Le. 2 
100. sin * cos = = = sin— 
3 s 2 3 
101. 1 + cos 10y = 2 cos? 5y 

s 3 

0%," 4 aes 
cos B 


2t 
103. sec “ + e saa 
2 tanu + sinu 


Uu 
104. tan, = csc u — cotu 


sinx + siny x+y 
105. = tan - 
cos x + cos y 2 
sinx + sin x— 
106. Y = ~cot 
cos x — cos y 2 


cos 4x + cos 2x 
107. —————— = cot 3x 
sin 4x + sin 2x 


cos t + cos 3t 
108. ———_——_ = 
sin 3t — sint 


109. sin( 2 t :) t sn(2 x) COs x 
6 6 


110. oos(7 t :) t oos( :) cos x 


In Exercises 111-114, use a graphing utility to verify the 
identity. Confirm that it is an identity algebraically. 


111. cos 38 = cos? B — 3 sin’ Bcos B 

112. sin 46 = 4 sin Bcos BU — 2 sin? B) 

113. (cos 4x — cos 2x)/(2 sin 3x) = —sin x 

114. (cos 3x — cos x)/(sin 3x — sin x) = —tan 2x 


In Exercises 115 and 116, graph the function by hand in the 
interval [0, 277] by using the power-reducing formulas. 


115. f(x) = sin? x 116. f(x) = cos? x 


In Exercises 117 and 118, write the trigonometric expres- 
sion as an algebraic expression. 


117. sin(2 arcsin x) 118. cos(2 arccos x) 


119. Projectile Motion The range of a projectile fired at an 
angle 6 with the horizontal and with an initial velocity of 
Vo feet per second is 


Baits 
P= a5 vo sin 


where r is measured in feet. An athlete throws a javelin at 
75 feet per second. At what angle must the athlete throw 
the javelin so that the javelin travels 130 feet? 
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120. Geometry The length of each of the two equal sides of 
an isosceles triangle is 10 meters (see figure). The angle 
between the two sides is 0. 


(a) Write the area of the triangle as a function of 0/2. 


(b) Write the area of the triangle as a function of 0. 
Determine the value of 6 such that the area is a 
maximum. 


121. Mach Number The mach number M of an airplane 
is the ratio of its speed to the speed of sound. When an 
airplane travels faster than the speed of sound, the 
sound waves form a cone behind the airplane (see 
figure). The mach number is related to the apex angle 
0 of the cone by 


: 1 
sn > =—. 
2 M 


(a) Find the angle @ that corresponds to a mach number 
of 1. 


(b) Find the angle @ that corresponds to a mach number 
of 4.5. 


(c) The speed of sound is about 760 miles per hour. 
Determine the speed of an object with the mach 
numbers from parts (a) and (b). 


(d) Rewrite the equation in terms of 0. 
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122. Railroad Track When two railroad tracks merge, the 
overlapping portions of the tracks are in the shapes of 
circular arcs (see figure). The radius of each arc r (in feet) 


and the angle 0 are related by 


x .50 
= = 2rsin? -. 


2 2: 


Write a formula for x in terms of cos 6. 


Synthesis 
True or False? In Exercises 123 and 124, determine 
whether the statement is true or false. Justify your answer. 


123. Because the sine function is an odd function, for a 
negative number u, sin 2u = —2 sin u cos u. 


] i 
124. sin - ==] - oS “ when wis in the second quadrant. 


fi In Exercises 125 and 126, (a) use a graphing utility to graph 


oy 


the function and approximate the maximum and minimum 
points on the graph in the interval [0, 277) and (b) solve the 
trigonometric equation and verify that its solutions are the 
x-coordinates of the maximum and minimum points of f. 
(Calculus is required to find the trigonometric equation.) 


Function Trigonometric Equation 


125. f(x) =4 sin + cos x 2 cos 5 — sinx =0 


126. f(x) =cos 2x —2 sin x —2 cos x(2 sinx+1) =0 


127. Exploration Consider the function given by 


f(x) = sintx + cos* x. 


(a) Use the power-reducing formulas to write the 
function in terms of cosine to the first power. 


v7 (b) Determine another way of rewriting the function. Use 
a graphing utility to rule out incorrectly rewritten 
functions. 


ee (c) Add a trigonometric term to the function so that it 
becomes a perfect square trinomial. Rewrite the 
function as a perfect square trinomial minus the term 
that you added. Use a graphing utility to rule out 
incorrectly rewritten functions. 


Ay (d) Rewrite the result of part (c) in terms of the sine of a 
double angle. Use a graphing utility to rule out 
incorrectly rewritten functions. 


(e) When you rewrite a trigonometric expression, the 
result may not be the same as a friend’s. Does this 
mean that one of you is wrong? Explain. 


128. Conjecture Consider the function given by 
f(x) = 2 sin (2 cos? = i) 


Ay (a) Use a graphing utility to graph the function. 
(b) Make a conjecture about the function that is an 
identity with f- 


(c) Verify your conjecture analytically. 
Skills Review 


In Exercises 129-132, (a) plot the points, (b) find the 
distance between the points, and (c) find the midpoint of 
the line segment connecting the points. 

129. (5, 2), (—1, 4) 

130. (—4, —3), (6, 10) 

131. (0, 3), (3,5) 

132, (,5),(—1,=3) 


In Exercises 133-136, find (if possible) the complement and 
supplement of each angle. 


133. (a) 55° (b): 162° 
134. (a) 109° = (b) 78° 

7 oT 
135. (a) 18 (b) 20 
136. (a) 0.95 (b) 2.76 


137. Profit The total profit for a car manufacturer in October 
was 16% higher than it was in September. The total profit 
for the 2 months was $507,600. Find the profit for each 
month. 


138. Mixture Problem A 55-gallon barrel contains a mixture 
with a concentration of 30%. How much of this mixture 
must be withdrawn and replaced by 100% concentrate to 
bring the mixture up to 50% concentration? 


139. Distance A baseball diamond has the shape of a square 
in which the distance between each of the consecutive 
bases is 90 feet. Approximate the straight-line distance 
from home plate to second base. 
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2 | Chapter Summary 


What did you learn? 


Section 2.1 Review Exercises 
Recognize and write the fundamental trigonometric identities (p.222). 1-6 
Use the fundamental trigonometric identities to evaluate trigonometric 7-24 


functions, simplify trigonometric expressions, and rewrite trigonometric 
expressions (p. 223). 


Section 2.2 


Verify trigonometric identities (p. 230). 25-32 
Section 2.3 

Use standard algebraic techniques to solve trigonometric equations (p. 237). 33-38 

Solve trigonometric equations of quadratic type (p. 239). 39-42 

Solve trigonometric equations involving multiple angles (p.242). 43-46 

Use inverse trigonometric functions to solve trigonometric equations (p. 243). 47-50 


Section 2.4 
Use sum and difference formulas to evaluate trigonometric functions, 51-74 
verify identities, and solve trigonometric equations (p. 248). 


Section 2.5 


Use multiple-angle formulas to rewrite and evaluate trigonometric 75-78 
functions (p.255). 

Use power-reducing formulas to rewrite and evaluate trigonometric 79-82 
functions (p.257). 

Use half-angle formulas to rewrite and evaluate trigonometric 83-92 
functions (p. 258). 

Use product-to-sum and sum-to-product formulas to rewrite 93-100 
and evaluate trigonometric functions (p.259). 

Use trigonometric formulas to rewrite real-life models (p. 262). 101-106 
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In Exercises 1-6, name the trigonometric function 


that is equivalent to the expression. 


1 1 
1. 2: 
cos x sin x 
1 1 
3. 4, 
sec x tan x 
5 pou 6. 1 + tan? x 
sin x 


In Exercises 7-10, use the given values and trigonometric 
identities to evaluate (if possible) all six trigonometric 
functions. 


gee = 
- SNX = 5, COSX = 5 


2 13 
8. tan 0 = 3, sec 0 = 3 
9. sin x] sin x = v2 
2 2 
10. exe( 2 a a) =9, sind= ‘5 


In Exercises 11-22, use the fundamental trigonometric 
identities to simplify the expression. 


1 tan 6 
11. —.———_ 12. ———;} 
cot?x + 1 1 — cos? 0 
13. tan? x(csc? x — 1) 14. cot? x(sin? x) 
sin _ a) co(2 _ u) 
15,:—__..._ > 16. —-——— 
sin 6 COS u 
17. cos? x + cos? x cot? x 
18. tan? @csc? 6 — tan? 0 
19. (tanx + 1)? cosx 20. (sec x — tan x)? 
1 1 cos? x 
an cscO+1 cscO—-1 a 1 — sinx 


i 23. Rate of Change The rate of change of the function 
f(x) =cscx—cotx is given by the expression 
csc? x — esc x cot x. Show that this expression can also be 


written as 
1 — cosx 
sine x * 


fia. Rate of Change The rate of change of the function 
f(x) = 2\/sin x is given by the expression sin~!/? x cos x. 
Show that this expression can also be written as 


cot xV/sin x. 


In Exercises 25-32, verify the identity. 


25. cos x(tan? x + 1) = sec x 


26. sec? x cot x — cotx = tanx 


27. cos(2 + 4 = —sinx 


28. co(2 _ x) = tanx 


1 
29. tan 0 csc 0 = cos 0 


1 
30. —___— = cotx 
tan x csc x sin x 


31. sin? x cos? x = (cos? x — 2 cos* x + cos® x) sin x 


32. cos? x sin? x = (sin? x — sin* x) cos x 


In Exercises 33-38, solve the equation. 
33. sinx = 3 — sinx 
35. 3\/3 tanu = 3 

36. 5 sec x — 1=0 
37. 3.csc?x = 4 


38. 4 tan? u — 1 = tan? u 


34. 4cos 9 = 1+2cos 0 


In Exercises 39-46, find all solutions of the equation in the 
interval [0, 277). 

39. 2. cos? x — cosx = 1 
40. 2 sin? x — 3sinx = —-1 
41. cos? x + sinx = 1 

43. 2sin2x — /2 =0 

45. cos 4x(cos x — 1) = 0 


42. sin? x + 2cosx = 2 
44, ./3 tan 3x = 0 
46. 3 csc? 5x = —4 


In Exercises 47-50, use inverse functions where needed to 
find all solutions of the equation in the interval [0, 277). 


47. sin? x — 2sinx =0 48. 2cos?x + 3cosx = 0 
49. tan? 6+ tan 9 — 12 =0 


50. sec? x + 6tanx + 4=0 


In Exercises 51-54, find the exact values of the sine, 
cosine, and tangent of the angle by using a sum or 
difference formula. 


51. 285° = 315° — 30° 


25a _ iia, 


52. 345° = 300° + 45° 


197 ilar 


@ 6 ° A oA =e 4 


In Exercises 55-58, write the expression as the sine, cosine, 
or tangent of an angle. 

55. sin 60° cos 45° — cos 60° sin 45° 

56. cos 45° cos 120° — sin 45° sin 120° 


tan 25° + tan 10° tan 68° — tan 115° 


an 1 — tan 25° tan 10° = 1 + tan 68° tan 115° 


In Exercises 59-64, find the exact value of the trigonomet- 
ric function given that sinu = 2 and cosv = —;3 (Both u 
and v are in Quadrant II.) 
59. sin(u + v) 
61. cos(u — v) 
63. cos(u + v) 


60. tan(u + v) 
62. sin(u — v) 
64. tan(u — v) 


In Exercises 65-70, verify the identity. 


65. cos(2 + z) = —sinx 66. sn( x _ 7) = cos x 


67. co(2 - x) = tanx 68. sin(az — x) = sin x 


69. cos 3x = 4cos? x — 3. cosx 
sin(a + B) 


70. 
cos a cos B 


= tana + tanB 


In Exercises 71-74, find all solutions of the equation in the 
interval [0, 277). 


: i : T 
TA; sn( x t = sin( x 2 1 


72; cos( x 


[on 
i 
fo) 
jo) 
172) 
es, 
ta 
NE] 
a et 
= 


. i , 7 
73. sn( x + =) sin( x z) J3 
_ 30 37\ _ 
74. cos(1 a ) cos( 2 4 0 


In Exercises 75 and 76, find the exact values of sin 2u, 
cos 2u, and tan 2u using the double-angle formulas. 


. 3 
7S. smu = ——, ere 
2 7 
76. cosu = ——s, ~<u<T7 
/5 2 


In Exercises 77 and 78, use double-angle formulas to verify 
the identity algebraically and use a graphing utility to 
confirm your result graphically. 


77. sin 4x = 8 cos? x sinx — 4 cos x sinx 


1 — cos 2x 


78. tan? x = ————_ 
ad 1 + cos 2x 
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fin Exercises 79-82, use the power-reducing formulas to 


rewrite the expression in terms of the first power of the 
cosine. 


79. tan? 2x 


81. sin? x tan? x 


80. cos? 3x 


82. cos? x tan? x 


In Exercises 83-86, use the half-angle formulas to deter- 
mine the exact values of the sine, cosine, and tangent of the 
angle. 


83. —75° 84. 15° 
197 177 


In Exercises 87-90, find the exact values of sin(u/2), 
cos(u/2), and tan(u/2) using the half-angle formulas. 


87. sinu = 2, 0<u< a/2 
88. tan u = 2. T<u < 30/2 
89. cosu = —3, n/2<u<7 
90. secu = —6, 7/2 <u<T7 


In Exercises 91 and 92, use the half-angle formulas to 
simplify the expression. 


1 + cos 10x sin 6x 
aes V 2 a 1 + cos 6x 


In Exercises 93-96, use the product-to-sum formulas to 
write the product as a sum or difference. 


93. cos = sine 94. 6 sin 15° sin 45° 


6 


95. cos 50 cos 30 96. 4 sin 3a cos 2a 


In Exercises 97-100, use the sum-to-product formulas to 
write the sum or difference as a product. 

97, sin 46 — sin 20 

98. cos 30 + cos 20 


T 7 
99, cos( x t 2 cos(x 2) 
: 7 ‘ 7 
; +—)- —= 
100 sin( x 7 sin( 2 7) 


101. Projectile Motion A baseball leaves the hand of the 
person at first base at an angle of 6 with the horizontal and 
at an initial velocity of vy = 80 feet per second. The ball 
is caught by the person at second base 100 feet away. Find 
0 if the range r of a projectile is 


r= >> vo sin 26. 
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102. Geometry A trough for feeding cattle is 4 meters long 
and its cross sections are isosceles triangles with the two 
equal sides being meter (see figure). The angle between 


the two sides is 0. 


; . 0 
(a) Write the trough’s volume as a function of > 


(b) Write the volume of the trough as a function of 6 and 
determine the value of 6 such that the volume is 
maximum. 


Harmonic Motion _\n Exercises 103-106, use the following 
information. A weight is attached to a spring suspended 
vertically from a ceiling. When a driving force is applied to 
the system, the weight moves vertically from its equilibrium 
position, and this motion is described by the model 


y = 1.5 sin 8t — 0.5 cos 8t 


where y is the distance from equilibrium (in feet) and t is 
the time (in seconds). 


& 103. 


104. 


Use a graphing utility to graph the model. 


Write the model in the form 
y = Ja? + b? sin(Bt + C). 
105. Find the amplitude of the oscillations of the weight. 


106. Find the frequency of the oscillations of the weight. 


Synthesis 


True or False? \n Exercises 107-110, determine whether 
the statement is true or false. Justify your answer. 


107. i < @< 7, then cos $ < 0. 


108. 
109. 
110. 


sin(x + y) = sinx + siny 

4 sin(—x) cos(—x) = —2 sin 2x 
4 sin 45° cos 15° = 1 + /3 
111. List the reciprocal identities, quotient identities, and 
Pythagorean identities from memory. 


112. Think About It If a trigonometric equation has an 
infinite number of solutions, is it true that the equation is 


an identity? Explain. 


113. Think About It Explain why you know from observa- 
tion that the equation a sin x — b = 0 has no solution if 
lal < |b]. 

Surface Area The surface area of a honeycomb is given 
by the equation 


(4 — cos 6 


2 sin 0 


114. 


J. 0< 05 90 


where h = 2.4 inches, s = 0.75 inch, and @ is the angle 
shown in the figure. 


h=2A4 in. 


5=0.75 in 


(a) For what value(s) of @ is the surface area 12 square 
inches? 


(b) What value of 6 gives the minimum surface area? 


In Exercises 115 and 116, use the graphs of y, and y, to 
determine how to change one function to form the identity 
Vi = Yo 


ie = cos 3x 


115. y, = seo'(2 - x) 


Yo = cot? x 
y 


COS X 


In Exercises 117 and 118, use the zero or root feature of a 
graphing utility to approximate the solutions of the 
equation. 
117. y= Vx +3 4+ 4cosx 

TX 


118. y= 2-52 +3 sin = 
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>< 


(1, 2) 


bite > X 


FIGURE FOR 23 


Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 


1. 


In 
7 


9. 


11. 
12. 


13. 


14. 


15. 
16. 


In 


17 


19. 


21. 


22. 
23. 
24. 


25. 


. Factor and simplify 
s 


If tan 6 = 3 and cos @ < 0, use the fundamental identities to evaluate the other five 


trigonometric functions of 0. 


. Use the fundamental identities to simplify csc? B(1 — cos? B). 


4x — tant 0 in 0 
“ae 4, Add and simplify "=" + 


ec? x + tan? x sin@ cos@ 


. Determine the values of 6,0 < @ < 27, for which tan 0 = — \/sec* 6 — 1 is true. 


. Use a graphing utility to graph the functions y, = cos x + sin x tan x and y, = sec x. 
Make a conjecture about y, and y,. Verify the result algebraically. 


Exercises 7-12, verify the identity. 

. sin @sec 6 = tan 0 8. sec? x tan? x + sec? x = sect x 
csc a + seca 7 . 
———— = cota + tana 10. cos{r + Z) = —sin x 
sina + cosa 2 


sin(nz + 6) = (—1)" sin 6, n is an integer. 

(sinx + cos x)? = 1 + sin2x 

Rewrite sin* x tan? x in terms of the first power of the cosine. 

Use a half-angle formula to simplify the expression ee 

& Puy P 1 + cos 40 

Write 4 cos 20 sin 46 as a sum or difference. 

Write sin 30 — sin 40 as a product. 
Exercises 17-20, find all solutions of the equation in the interval [0, 277). 
. tan?x + tanx = 0 18. sin 2a — cosa = 0 

4cos*x —-3 =0 20. csc? x — cscex — 2 =0 


Use a graphing utility to approximate the solutions of the equation 3 cos x — x = 0 
accurate to three decimal places. 

Find the exact value of cos 105° using the fact that 105° = 135° — 30°. 

Use the figure to find the exact values of sin 2u, cos 2u, and tan 2u. 


Cheyenne, Wyoming has a latitude of 41°N. At this latitude, the position of the sun at 
sunrise can be modeled by 


_ (27 
D=3i1 set — 14 
sin( 365 
where ¢ is the time (in days) and tf = 1 represents January 1. In this model, D 
represents the number of degrees north or south of due east that the sun rises. Use a 
graphing utility to determine the days on which the sun is more than 20° north of due 
east at sunrise. 


The heights / (in feet) of two people in different seats on a Ferris wheel can be 
modeled by 


a 
6 


where f is the time (in minutes). When are the two people at the same height? 


h, = 28 cos 10¢ + 38 and h, = 28 cos 10(1 = )| + 38,0<t<2 


v 
A 
B=(xX1, 1) 
C= (X, y2) 
A=(1, 0) 
> xX 
D= (x3, y3) 
uv 
A 
B= (x, yy) 
C= (Xo, Y2) 
A= (il, ) 
> X 
D = (X%3, y3) 


272 


Proofs in Mathematics 


Sum and Difference Formulas = (p. 248) 


sin(u + v) = sinu cos v + cos u sin v 
tanu + tanv 


tan(u + vy) = ————_ 
an(u + v) 1 — tanutanv 


sin(u — v) = sin ucos v — cos usin v 


cos(u + v) = cosucosv — sinu sin v 
tan u — tanv 


my = 9) =— 
an(u — v) 1 + tan u tan v 


cos(u — v) = cosucosv + sinu sin v 


Proof 


You can use the figures at the left for the proofs of the formulas for cos(u + v). 
In the top figure, let A be the point (1, 0) and then use u and v to locate the points 
B = (x, y,), C = (%, yz), and D = (x3, y3) on the unit circle. So, x? + y? = 1 
for i = 1,2, and 3. For convenience, assume that 0 < v < u < 27. In the 
bottom figure, note that arcs AC and BD have the same length. So, line segments 
AC and BD are also equal in length, which implies that 


CS he (y> a 0)? Gs a Rae AF (93 = y,)" 
xy — Wxy +1 + yz = xF — Axx, + xp + y3 — 23 + WP 


Ge ye) 2x, 


(x? oF y3) eye) = 2x)X3 — 25 


lar Il = 2s = ae ll = Brees = Zi 


Xy = XX, + V3q. 


Finally, by substituting the values x, = cos(u — v), x; = cos u, x, = cos v, 
y3 = sinu, and y, = sinv, you obtain cos(u — v) = cosucosv + sin uw sin v. 
The formula for cos(u+v) can be established by considering 
u + vy = u — (—v) and using the formula just derived to obtain 


cos(u + v) = cos[u — (—v)] = cos ucos (—v) + sin u sin(—v) 


| 


| 


= cosucosv — sinu sin v. 


You can use the sum and difference formulas for sine and cosine to prove the 
formulas for tan(u + v). 

sin(u + v) 
cos(u + v) 


Il 


tan(u +y) Quotient identity 


sin ucos v + cos u sin v ; 
= =e 5 Sum and difference formulas 
cos uUcosS Vv + Sin u SIN Vv 


sin u cos v + cos u Sin v 


COS U COS Vv Divide numerator and denominator 
cos u cos v + sinu siny by cos u cos v. 
COS U COS V 


Trigonometry 
and Astronomy 


Trigonometry was used by 
early astronomers to calculate 
measurements in the universe. 
Trigonometry was used to 
calculate the circumference 
of Earth and the distance from 
Earth to the moon. Another 
major accomplishment in 
astronomy using trigonometry 
was computing distances to 
stars. 


sin u cos v 4 £08 u sin v 
cOSuUCOSV  cCOsSuUCOSYV : : 

= . ; Write as separate fractions. 
cosucosyv _ sinusinyv 


ae 
COS U COS V COS U COS V 
sinu  sinv 
se 
COS Uu COS Vv : 
= 5 3 Product of fractions 
_ sinu siny 
{| ae : 
COSUu COS V 


tan u + tan v Ae 
bes aC Rae Quotient identity 
1 = tan uv tanv 


Double-Angle Formulas 


(p. 255) 


sin 2u = 2 sinucos u cos 2u = cos? u — sin? u 


2 tan u =2cos?u—-1=1-—2sin?u 


tan 2u = ——— 
1 — tan? u 


Proof 
To prove all three formulas, let v = u in the corresponding sum formulas. 


sin 2u = sin(u + u) = sinucosu + cosusinu = 2 sinu cos u 


cos 2u = cos(u + u) = cosucosu — sinu sinu = cos? u — sin? u 


Il 


tanu + tanu 2 tan u 
tan 2u = tan(u + u) = = 


1—tanutanu 1 — tan?u 


Power-Reducing Formulas 


oe 1 — cos 2u fa 
sin? uw = ———— cos? u = —————— an? u 
2 2 


(p. 257) 
_ 1+ cos 2u 


_ 1 —cos2u 
1 + cos 2u 


Proof 
To prove the first formula, solve for sin? in the double-angle formula 
cos 2u = 1 — 2 sin’ u, as follows. 


cos 2u = 1 — 2 sin? u Write double-angle formula. 


2 sin? u = 1 — cos 2u Subtract cos 2u from and add 2 sin? u to each side. 


| 


Il = Gos 27 
2 


Il 


sin? u Divide each side by 2. 
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In a similar way you can prove the second formula, by solving for cos? wu in the 
double-angle formula 


cos 2u = 2 cos? u — 1. 
To prove the third formula, use a quotient identity, as follows. 


5 sin? u 
tan“ u = 2 
cos? u 


ll = eos 2 
2) 

Il sr Gos Qn 
D) 


_ Sees 2 


il =P COS Din 


Sum-to-Product Formulas (p. 260) 


2 


sin u — sinv = 2 cos(* = ") sn( — “) 
2 2 


. ; .futy u—-y 
sinu + siny = 2sin( -) )cos( 


uty w= Vv 
+ — 
cos u + cos v 2 cox( ) )cos( ) 


cos u — cosv = —2 sn( = *) sin( — *} 
2 2 


Proof 


To prove the first formula, let x = u+v and y=u-— v. Then substitute 
u = (x + y)/2 and vy = (x — y)/2 in the product-to-sum formula. 


1 
sin ucos v = 5 [sin(u + v) + sin(u — v)] 
»_ {se aP = Fy ley 4 
= + 
sn( 5 cos 5 5 (sin x + sin y) 


+ — 
2 sin(* 5 *) cos(# 5) *) = sinx + siny 


The other sum-to-product formulas can be proved in a similar manner. 
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AS. 


Problem Solving 


This collection of thought-provoking and challenging exercises further explores 
and expands upon concepts learned in this chapter. 


1. 


(a) Write each of the other trigonometric functions of 6 in 
terms of sin 0. 


(b) Write each of the other trigonometric functions of 0 in 
terms of cos 0. 


. Verify that for all integers n, 


cog SA UA = 0! 


. Verify that for all integers n, 


sin| 02 + be at 
6 we 


. A particular sound wave is modeled by 


p(t) ze lnild + 30p,(t) + p(t) + ps(t) + 30p,(2) 


1 
where p,,(t) = - sin(524n7r#), and f is the time (in seconds). 
1 


(a) Find the sine components p,(t) and use a graphing 
utility to graph each component. Then verify the graph 
of p that is shown. 


y 
A y =p) 


=a 


(b) Find the period of each sine component of p. Is p 
periodic? If so, what is its period? 

(c) Use the zero or root feature or the zoom and trace 
features of a graphing utility to find the t-intercepts of 
the graph of p over one cycle. 


(d) Use the maximum and minimum features of a graphing 
utility to approximate the absolute maximum and 
absolute minimum values of p over one cycle. 


. Three squares of side s are placed side by side (see figure). 


Make a conjecture about the relationship between the sum 
u + vand w. Prove your conjecture by using the identity for 
the tangent of the sum of two angles. 


FIGURE FOR 5 


. The path traveled by an object (neglecting air resistance) that 


is projected at an initial height of hp feet, an initial velocity 
of Vv) feet per second, and an initial angle 0 is given by 


16 


x 
Vo? cos? 0 


2b (ein Oe 4b May 


where x and y are measured in feet. Find a formula for the 
maximum height of an object projected from ground level at 
velocity vy and angle 6. To do this, find half of the horizontal 
distance 

eae 
39% sin 20 


and then substitute it for x in the general model for the path 
of a projectile (where hy = 0). 


. Use the figure to derive the formulas for 


sin lu cos le and tan g 
2 DB 2} 


where 6 is an acute angle. 


_ 
eZ 


. The force F' (in pounds) on a person’s back when he or she 


bends over at an angle @ is modeled by 


_ 0.6W sin(@ + 90°) 
sin 12° 


F 


where W is the person’s weight (in pounds). 
(a) Simplify the model. 


(b) Use a graphing utility to graph the model, where 
W = 185 and 0° < @ < 90°. 


(c) At what angle is the force a maximum? At what angle is 
the force a minimum? 
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9. The number of hours of daylight that occur at any location 
on Earth depends on the time of year and the latitude of the 
location. The following equations model the numbers of 
hours of daylight in Seward, Alaska (60° latitude) and New 
Orleans, Louisiana (30° latitude). 


= a(t + 0.2) 
D= 12.2 -64 cos] 182.6 | Seward 
= a(t + 0.2) 
D= 12.2 - 19 cos] 1826 New Orleans 


In these models, D represents the number of hours of 

daylight and ¢ represents the day, with t = 0 corresponding 

to January 1. 

ag (a) Use a graphing utility to graph both models in the same 
viewing window. Use a viewing window of 
0O<t< 365. 

(b) Find the days of the year on which both cities receive 
the same amount of daylight. What are these days 
called? 

(c) Which city has the greater variation in the number 
of daylight hours? Which constant in each model 
would you use to determine the difference between the 
greatest and least numbers of hours of daylight? 

(d) Determine the period of each model. 

10. The tide, or depth of the ocean near the shore, changes 
throughout the day. The water depth d (in feet) of a bay can 
be modeled by 


d = 35 = 28 cos =f 


where f is the time in hours, with t = 0 corresponding to 
12:00 A.M. 


(a) Algebraically find the times at which the high and low 
tides occur. 


(b) Algebraically find the time(s) at which the water depth 
1S Bi.) 1SeL 


az (c) Use a graphing utility to verify your results from parts 
(a) and (b). 


11. Find the solution of each inequality in the interval [0, 277]. 
(a) sinx = 0.5 (b) cosx < —0.5 


(c) tanx < sinx (d) cosx = sinx 
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12. The index of refraction n of a transparent material is the 
ratio of the speed of light in a vacuum to the speed of light 
in the material. Some common materials and their indices 
are air (1.00), water (1.33), and glass (1.50). Triangular 
prisms are often used to measure the index of refraction 
based on the formula 


{fo , @ 
at + ie 
sin( 3 <) 


sin — 


2, 


For the prism shown in the figure, a = 60°. 


. _ 
Air O Bee 
uN 
es 0 
ee me 
‘7 Ree 
su 


Prism 


(a) Write the index of refraction as a function of cot(0/2). 


(b) Find 6 for a prism made of glass. 


13. (a) Write a sum formula for sin(u + v + w). 


(b) Write a sum formula for tan(u + v + w). 
14. (a) Derive a formula for cos 30. 
(b) Derive a formula for cos 40. 
15. The heights / (in inches) of pistons 1 and 2 in an automobile 
engine can be modeled by 
lh, = Soi Si 3S sp TS) 


and 


h, = 3.75 sin 733(1 =P =) ataileS) 


where f¢ is measured in seconds. 


Ay. (a) Use a graphing utility to graph the heights of these two 
pistons in the same viewing window for 0 < ¢ < 1. 


(b) How often are the pistons at the same height? 


_ 


ert 
ditidnal Topi i 
iiitrigonomet r\ 


any? a 


3.1 Law of Sines 
3.2 Law of Cosines 


3.3 Vectors in the Plane 
3.4 Vectors and Dot Products 


The work done by a force, such as 
pushing and pulling objects, can be 
calculated using vector operations. 


© Amy Etra/PhotoEdit 


SELECTED APPLICATIONS 


Triangles and vectors have many real-life applications. The applications listed below represent a small 
sample of the applications in this chapter. 


¢ Bridge Design, e Paper Manufacturing, ¢ Revenue, 

Exercise 39, page 285 Exercise 45, page 293 Exercise 65, page 316 
¢ Glide Path, ¢ Cable Tension, ¢ Work, 

Exercise 41, page 285 Exercises 79 and 80, page 306 Exercise 73, page 317 
e Surveying, e Navigation, 

Exercise 31, page 292 Exercise 84, page 307 


ee, a" 277 
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3.1 


What you should learn 

+ Use the Law of Sines to solve 
oblique triangles (AAS or ASA). 

+ Use the Law of Sines to solve 
oblique triangles (SSA). 

« Find the areas of oblique 
triangles. 

+ Use the Law of Sines to model 


Hideo Kurihara/Getty Images 


The HM mathSpace® CD-ROM and 
Eduspace® for this text contain 
additional resources related to the 
concepts discussed in this chapter. 


Introduction 


In Chapter 1, you studied techniques for solving right triangles. In this section 
and the next, you will solve oblique triangles—triangles that have no right 
angles. As standard notation, the angles of a triangle are labeled A, B, and C, and 
their opposite sides are labeled a, b, and c, as shown in Figure 3.1. 


Cc 


A c B 
FIGURE 3.1 
To solve an oblique triangle, you need to know the measure of at least one 


side and any two other parts of the triangle—either two sides, two angles, or one 
angle and one side. This breaks down into the following four cases. 


1. Two angles and any side (AAS or ASA) 

2. Two sides and an angle opposite one of them (SSA) 
3. Three sides (SSS) 

4. Two sides and their included angle (SAS) 


The first two cases can be solved using the Law of Sines, whereas the last two 
cases require the Law of Cosines (see Section 3.2). 


Law of Sines 
If ABC is a triangle with sides a, b, and c, then 


ab _c 


sinA sinB  sinC 


Cc Cc 


I 


i 


A fe A 


A is acute. A 1s obtuse. 


The Law of Sines can also be written in the reciprocal form 


snA sinB sinC 


a b é 


For a proof of the Law of Sines, see Proofs in Mathematics on page 325. 


FIGURE 3.2 


STUDY TIP 


When solving triangles, a 
careful sketch is useful as a 
quick test for the feasibility of 
an answer. Remember that the 
longest side lies opposite the 
largest angle, and the shortest 
side lies opposite the smallest 
angle. 


FIGURE 3.3 
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Given Two Angles and One Side—AAS 


For the triangle in Figure 3.2, C = 102.3°, B = 28.7°, and b = 27.4 feet. Find 
the remaining angle and sides. 


Solution 
The third angle of the triangle is 
A = 180°-B-C 
= 180° — 28.7° — 102.3° 
= 49.0°. 
By the Law of Sines, you have 


ab _c 


sinA sinB  sinC 


Using b = 27.4 produces 


b 27.4 
= ——(sI = —— (s1 0°) = 43.06 fi 
=. zoin A) es (sin 49.0°) 3.06 feet 
and 
27.4 
c = ——(sin C) = ———~(sin 102.3°) ~ 55.75 feet. 
sin B sin 28.7° 


weweckrownr ~—- Now try Exercise 1. 
} Example 2 | Given Two Angles and One Side—ASA @ 


A pole tilts toward the sun at an 8° angle from the vertical, and it casts a 22-foot 
shadow. The angle of elevation from the tip of the shadow to the top of the pole 
is 43°. How tall is the pole? 
Solution 
From Figure 3.3, note that A = 43° and B = 90° + 8° = 98°. So, the third angle 
1s 
C= 180°-A-B 

= 180° — 43° — 98° 

= 39°. 
By the Law of Sines, you have 


@ - «€ 
sinA sinc 


Because c = 22 feet, the length of the pole is 
c Ze 


= in A) = ———(sin 43°) ~ 23.84 feet. 
aa alsin ) as 59° sin 3°) 3.84 fee 


weweckrownr ~— Now try Exercise 35. 


For practice, try reworking Example 2 for a pole that tilts away from the sun 
under the same conditions. 
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The Ambiguous Case (SSA) 


In Examples | and 2 you saw that two angles and one side determine a unique 
triangle. However, if two sides and one opposite angle are given, three possible 
situations can occur: (1) no such triangle exists, (2) one such triangle exists, or 
(3) two distinct triangles may satisfy the conditions. 


The Ambiguous Case (SSA) 


Consider a triangle in which you are given a, b, and A. (h = bsin A) 


A is acute. A is acute. A is acute. A is acute. A is obtuse. A is obtuse. 


b a 
Ve dN AIS XS 
Ao 4 po eee 


Sketch 


Necessary a>b h<a<b asb 
condition 


Triangles Two 
possible 


Selut-weme Single-Solution Case—SSA 


C For the triangle in Figure 3.4, a = 22 inches, b = 12 inches, and A = 42°. Find 
b=12in. a=22 in. the remaining side and angles. 
42° Solution 
A C B 


By the Law of Sines, you have 


One solution: a > b : . 
sinB _ sinA 


FIGURE 3.4 Reciprocal form 
b a 

. sin A 

sinB = b Multiply each side by b. 
a 

; sin 42° 

sin B = 12| ——— Substitute for A, a, and b. 
22 
B= 2141. B is acute. 


Now, you can determine that 
C = 180° — 42° — 21.41° = 116.59°. 
Then, the remaining side is 


ca 
sinC  sinA 


a, 22». ; 
= ——(sinC) =-— (sin 116.59°) = 29.40 inches. 
sin A sin 42° 


weueckrowr ~=— Now try Exercise 19. 


No solution: a < h 
FIGURE 3.5 
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Example 4 ; No-Solution Case—SSA 


Show that there is no triangle for which a = 15, b = 25, and A = 85°. 


Solution 
Begin by making the sketch shown in Figure 3.5. From this figure it appears that 
no triangle is formed. You can verify this using the Law of Sines. 
sinB_ sinA 
b a 
sin 4) 
a 


Reciprocal form 


sin B = of Multiply each side by b. 


sin B = 2°( =) = 1,660 > 1 


This contradicts the fact that |sin B| < 1. So, no triangle can be formed having 
sides a = 15 and b = 25 and an angle of A = 85°. 


wcueckpont Now try Exercise 21. 
| Example 5 | Two-Solution Case—SSA 


Find two triangles for which a = 12 meters, b = 31 meters, and A = 20.5°. 


Solution 
By the Law of Sines, you have 


sinB  sinA 


-_ Reciprocal form 


b a 


; sin A sin 20.5° 
sin B = of = 31( = 0.9047. 
a 12 


There are two angles B, ~ 64.8° and B, ~ 180° — 64.8° = 115.2° between 0° 
and 180° whose sine is 0.9047. For B, ~ 64.8°, you obtain 


C =~ 180° — 20.5° — 64.8° = 94.7° 


aq. 12 ; 
c = ——(sin C) = — (sin 94.7°) = 34.15 meters. 
sin A sin 20.5° 


For B, ~ 115.2°, you obtain 
C =~ 180° — 20.5° — 115.2° = 44,3° 


= (sin 44.3°) = 23.93 met 
sm 205° Si 44. .93 meters. 


The resulting triangles are shown in Figure 3.6. 


a 
= in C) = 
© sin A (sin C) 


FIGURE 3.6 


weneckroint Now try Exercise 23. 
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STUDY TIP 


To see how to obtain the height of 
the obtuse triangle in Figure 3.7, 
notice the use of the reference 
angle 180° — A and the differ- 
ence formula for sine, as follows. 


h = b sin(180° — A) 
= b(sin 180° cos A 
— cos 180° sin A) 
= (0 > eos4\ = (FH 1) o sm Al 


=bsinA 
b=52m 
102° 
Cc a=90m 
FIGURE 3.8 


Area of an Oblique Triangle 
The procedure used to prove the Law of Sines leads to a simple formula for the 
area of an oblique triangle. Referring to Figure 3.7, note that each triangle has a 
height of h = b sin A. Consequently, the area of each triangle is 
1 ; 1 . 1 : 
Area = 5 (base) (height) = ZO sin A) = iad sin A. 
By similar arguments, you can develop the formulas 


1 1 
Area = ab sin C = ae sin B. 


Cc 


A : B 


A is acute Ais obtuse 
FIGURE 3.7 


Area of an Oblique Triangle 


The area of any triangle is one-half the product of the lengths of two sides 
times the sine of their included angle. That is, 


1 1 1 
Area = —bc sin A = =ab sin C = =ac sin B. 
2 2 2 


Note that if angle A is 90°, the formula gives the area for a right triangle: 
1 . 1 1 : 
Area = e be(sin 90°) = ; be = 3 (base)(height). sin 90° = 1 


Similar results are obtained for angles C and B equal to 90°. 


Sehit-mem Finding the Area of a Triangular Lot 


Find the area of a triangular lot having two sides of lengths 90 meters and 52 
meters and an included angle of 102°. 


Solution 


Consider a = 90 meters, b = 52 meters, and angle C = 102°, as shown in 
Figure 3.8. Then, the area of the triangle is 


1 . 1 : 
Area = ab sin C = 37 20)62)(sin 102°) ~ 2289 square meters. 


woneckponnT ~—Now try Exercise 29. 
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Application 


An Application of the Law of Sines @ 


The course for a boat race starts at point A in Figure 3.9 and proceeds in the 
direction S 52° W to point B, then in the direction S 40° E to point C, and finally 
back to A. Point C lies 8 kilometers directly south of point A. Approximate the 
total distance of the race course. 


Solution 


Because lines BD and AC are parallel, it follows that 7BCA = ZDBC. 
Consequently, triangle ABC has the measures shown in Figure 3.10. For angle B, 
you have B = 180° — 52° — 40° = 88°. Using the Law of Sines 


FIGURE 3.9 b 


a _  ¢ 
sin 52° sin 88° _—_ sin 40° 
A you can let b = 8 and obtain 
8 
“52° a = ——(sin 52°) ~ 6.308 
sin 88 
. b=8km 
~ and 
a\ 40° 8 
c = =~ (sin 40°) ~ 5.145 
sin 88° one 
Cc . . 
eT, The total length of the course is approximately 


Length ~ 8 + 6.308 + 5.145 
= 19.453 kilometers. 


woweckpoint Now try Exercise 39. 


Wh ririne asout AHUATHEMATICS 


Using the Law of Sines In this section, you have been using the Law of Sines to 
solve oblique triangles. Can the Law of Sines also be used to solve a right triangle? 
If so, write a short paragraph explaining how to use the Law of Sines to solve each 
triangle. Is there an easier way to solve these triangles? 


a. (AAS) b. (ASA) 


B 
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The HM mathSpace® CD-ROM and Eduspace® for this text contain step-by-step solutions 


to all odd-numbered exercises. They also provide Tutorial Exercises for additional help. 


VOCABULARY CHECK: Fill in the blanks. 
1. An triangle is a triangle that has no = angle. 


c 


2. For triangle ABC, the Law of Sines is given by a T= ~ ane’ 


3. The area of an oblique triangle is given by $be sinA = Sab sin C = 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-18, use the Law of Sines to solve the triangle. 14. A= 100°, a=125, c=10 
Round your answers to two decimal places. 15. A= 110° 15. a=48. b= 16 
1. 16. C = 85°20’, a= 35, c= 50 


17.A=55.. B=4P, oo? 
18. B= 28, C= 104, a=3 


In Exercises 19-24, use the Law of Sines to solve (if possible) 
the triangle. If two solutions exist, find both. Round your 
2. Cc answers to two decimal places. 

19. A= 110°, a= 125, b= 100 

20. A= 110°, a= 125, b= 200 

21.A=76°", a=18, b=20 

A c= 20 B 22. A=76°, a 
23. A= 58°, a=114, b= 128 


ll 
ies) 
= 
> 

ll 
i) 
- 


- 24. A= 58°, a=4.5, b= 12.8 
In Exercises 25-28, find values for b such that the triangle 
has (a) one solution, (b) two solutions, and (c) no solution. 
25. A = 36°", a=5 
4. C 26. A= 60°, a= 10 
a — ‘° = 
b 135° es 27. A= 10°, a=10.8 
A B 28. A = 88°, a= 315.6 
c=45 
5. A =36°, a=8, b=5 In Exercises 29-34, find the area of the triangle having the 
6. A=60. a=9. c=10 indicated angle and sides. 
7. A= 102.4°, C=16.7°, a=21.6 29. C= 120°, a=4, b=6 
8. A = 24.3°, C = 54.6°, c= 2.68 30. B = 130°, a=62, c= 20 
9. A = 83°20’, C=54.6°, c= 18.1 31. A = 43°45’, b=57, c= 85 
10. A= 5°40’, B=8° 15, b=48 32. A=5°15,, b=4.5, c= 22 
11. B = 15°30", a=45, b=68 33. B = 72°30’, a= 105, c= 64 
12. B= 2°45’, b=62, c=5.8 34. C = 84°30’, a= 16, b= 20 


13. C= 145°, b=4, c= 14 


35. 


Height Because of prevailing winds, a tree grew so that 
it was leaning 4° from the vertical. At a point 35 meters 
from the tree, the angle of elevation to the top of the tree is 
23° (see figure). Find the height / of the tree. 


36. 


37. 


Height A flagpole at a right angle to the horizontal is 
located on a slope that makes an angle of 12° with the 
horizontal. The flagpole’s shadow is 16 meters long and 
points directly up the slope. The angle of elevation from 
the tip of the shadow to the sun is 20°. 


(a) Draw a triangle that represents the problem. Show the 
known quantities on the triangle and use a variable to 
indicate the height of the flagpole. 

(b) Write an equation involving the unknown quantity. 


(c) Find the height of the flagpole. 


Angle of Elevation A 10-meter telephone pole casts a 
17-meter shadow directly down a slope when the angle of 
elevation of the sun is 42° (see figure). Find 0, the angle of 
elevation of the ground. 


38. 


Flight Path A plane flies 500 kilometers with a bearing 
of 316° from Naples to Elgin (see figure). The plane then 
flies 720 kilometers from Elgin to Canton. Find the bearing 
of the flight from Elgin to Canton. 


ss sigin 


Sy 
~~) 


39. Bridge Design 


40. 


41. 


42. 
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A bridge is to be built across a small lake 
from a gazebo to a dock (see figure). The bearing from the 
gazebo to the dock is S 41° W. From a tree 100 meters from 
the gazebo, the bearings to the gazebo and the dock are S 


74° E and S 28° E, respectively. Find the distance from the 
gazebo to the dock. 


Railroad Track Design The circular arc of a railroad 
curve has a chord of length 3000 feet and a central angle of 
40°. 

(a) Draw a diagram that visually represents the problem. 
Show the known quantities on the diagram and use the 
variables r and s to represent the radius of the arc and 
the length of the arc, respectively. 


(b) Find the radius r of the circular arc. 

(c) Find the length s of the circular arc. 

Glide Path A pilot has just started on the glide path for 
landing at an airport with a runway of length 9000 feet. 
The angles of depression from the plane to the ends of the 
runway are 17.5° and 18.8°. 

(a) Draw a diagram that visually represents the problem. 


(b) Find the air distance the plane must travel until 
touching down on the near end of the runway. 


(c) Find the ground distance the plane must travel until 
touching down. 


(d) Find the altitude of the plane when the pilot begins the 
descent. 


Locating a Fire The bearing from the Pine Knob fire 
tower to the Colt Station fire tower is N 65° E, and the two 
towers are 30 kilometers apart. A fire spotted by rangers in 
each tower has a bearing of N 80° E from Pine Knob and 
S 70° E from Colt Station (see figure). Find the distance of 
the fire from each tower. 
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43. Distance <A boat is sailing due east parallel to the 
shoreline at a speed of 10 miles per hour. At a given time, 
the bearing to the lighthouse is S 70° E, and 15 minutes 
later the bearing is S 63° E (see figure). The lighthouse is 
located at the shoreline. What is the distance from the boat 
to the shoreline? 


44. Shadow Length The Leaning Tower of Pisa in Italy is 
characterized by its tilt. The tower leans because it was 
built on a layer of unstable soil—clay, sand, and water. 
The tower is approximately 58.36 meters tall from its 
foundation (see figure). The top of the tower leans 
about 5.45 meters off center. 


= Not drawn to scale 


(a) Find the angle of lean a of the tower. 


(b) Write B as a function of d and 0, where @ is the 
angle of elevation to the sun. 


(c) Use the Law of Sines to write an equation for the 
length d of the shadow cast by the tower. 


ae (d) Use a graphing utility to complete the table. 


10° | 20° | 30° | 40° | 50° | 60° 


Synthesis 


True or False? \n Exercises 45 and 46, determine whether 
the statement is true or false. Justify your answer. 


45. If a triangle contains an obtuse angle, then it must be 
oblique. 


46. Two angles and one side of a triangle do not necessarily 
determine a unique triangle. 


47. Graphical and Numerical Analysis 
B are positive angles. 


In the figure, a and 


(a) Write a as a function of B. 


ac (b) Use a graphing utility to graph the function. Determine 
its domain and range. 


(c) Use the result of part (a) to write c as a function of B. 


ay, (d) Use a graphing utility to graph the function in part (c). 
Determine its domain and range. 


(e) Complete the table. What can you infer? 


B | 04 |} 0.8} 1.2] 16 | 2.0] 24 |) 2.8 


30cm 


(3 


FIGURE FOR 47 FIGURE FOR 48 


48. Graphical Analysis 
(a) Write the area A of the shaded region in the figure as a 
function of 6. 
Ex (b) Use a graphing utility to graph the area function. 


(c) Determine the domain of the area function. Explain 
how the area of the region and the domain of the 
function would change if the eight-centimeter line 
segment were decreased in length. 


Skills Review 


In Exercises 49-52, use the fundamental trigonometric 
identities to simplify the expression. 


49. sin x cot x 50. tan x cos x sec x 


51. 1 -— in(Z — x) 52. 1+ cor(2 — x) 


a) Law of Cosines 


What you should learn 


¢ Use the Law of Cosines to 
solve oblique triangles (SSS 
or SAS). 

« Use the Law of Cosines to 
model and solve real-life 
problems. 

« Use Heron’s Area Formula to 
find the area of a triangle. 
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Introduction 


Two cases remain in the list of conditions needed to solve an oblique triangle— 
SSS and SAS. If you are given three sides (SSS), or two sides and their included 
angle (SAS), none of the ratios in the Law of Sines would be complete. In such 
cases, you can use the Law of Cosines. 


Law of Cosines 
Standard Form Alternative Form 
b> + c? — a? 
2bc 
ave+e-bh 


2ac 


= b* + c2 — 2becosA cosA = 


=a*+c*— 2accosB cos B = 


a2 +b? - c? 


2 + B? — 2ab cos C c- 
a abd COS COS ab 


For a proof of the Law of Cosines, see Proofs in Mathematics on page 326. 


Three Sides of a Triangle—SSS 


Find the three angles of the triangle in Figure 3.11. 


c b=19 ft 


FIGURE 3.11 
Solution 
It is a good idea first to find the angle opposite the longest side—side b in this 
case. Using the alternative form of the Law of Cosines, you find that 


a7 +c?—b* 82+ 142 — 192 
B= 7 ~ —0.45089. 
me 2ac 2(8)(14) 


Because cos B is negative, you know that B is an obtuse angle given by 

B = 116.80°. At this point, it is simpler to use the Law of Sines to determine A. 
sin *) 7 (= 116.80° 

b 19 


sinA = a =~ 0.37583 


Because B is obtuse, A must be acute, because a triangle can have, at most, one 
obtuse angle. So, A ~ 22.08° and C ~ 180° — 22.08° — 116.80° = 41.12°. 


woneckrownr = Now try Exercise 1. 
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Do you see why it was wise to find the largest angle first in Example 1? 
Knowing the cosine of an angle, you can determine whether the angle is acute or 
What familiar formula do you obtuse. That is, 
obtain when you use the third cos@>0 for 0° < 0 < 90° ee 
form of the Law of Cosines 


c? = a? + b? — 2abcos C 


and you let C = 90°? What is 
the relationship between 

the Law of Cosines and this 
formula? 


Exploration 


cos@8<0O for 90° < 6< 180°. Obtuse 


So, in Example 1, once you found that angle B was obtuse, you knew that angles 
A and C were both acute. If the largest angle is acute, the remaining two angles 
are acute also. 


| Example 2 | Two Sides and the Included Angle—SAS 


Find the remaining angles and side of the triangle in Figure 3.12. 


Cc 
a 
b=15cm 
DY 
A c=10cm B 
FIGURE 3.12 


Solution 
Use the Law of Cosines to find the unknown side a in the figure. 
a = b? + ce — 2becosA 


2 


a? = 152 + 102 — 2(15)(10) cos 115° 
a? ~ 451.79 
a ~ 21.26 


Because a ~ 21.26 centimeters, you now know the ratio sin A/a and you can use 
the reciprocal form of the Law of Sines to solve for B. 


STUDY TIP sinB _ sinA 
b a 

When solving an oblique ; 
triangle given three sides, you ae of SID 4 
use the alternative form of the a 
Law of Cosines to solve for an sin 115° 
angle. When solving an oblique =1 ( 1.26 
triangle given two sides and their 
included angle, you use the = 0.63945 


standard form of the Law of 


; So, B = arcsin 0.63945 ~ 39.75° and C = 180° — 115° — 39.75° = 25.25°. 
Cosines to solve for an unknown. 


weuecxporT = Now try Exercise 3. 


FIGURE 3.13 
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Applications 


Schilltem An Application of the Law of Cosines @ 


The pitcher’s mound on a women’s softball field is 43 feet from home plate and 
the distance between the bases is 60 feet, as shown in Figure 3.13. (The pitcher’s 
mound is not halfway between home plate and second base.) How far is the 
pitcher’s mound from first base? 


Solution 


In triangle HPF, H = 45° (line HP bisects the right angle at H), f = 43, and 
p = 60. Using the Law of Cosines for this SAS case, you have 


I? =f? + p? — 2fpcosH 
= 43? + 60? — 2(43)(60) cos 45° = 1800.3 
So, the approximate distance from the pitcher’s mound to first base is 


h ~ /1800.3 ~ 42.43 feet. 


weneckront Now try Exercise 31. 
Seluyceew An Application of the Law of Cosines @ 


A ship travels 60 miles due east, then adjusts its course northward, as shown in 
Figure 3.14. After traveling 80 miles in that direction, the ship is 139 miles from 
its point of departure. Describe the bearing from point B to point C. 


FIGURE 3.14 


Solution 


You have a = 80, b = 139, and c = 60; so, using the alternative form of the Law 
of Cosines, you have 


azt+c2-— bh 
2ac 
_ 6 +6 — Iso? 
2(80)(60) 
= —0.97094. 


So, B ~ arccos(— 0.97094) ~ 166.15°, and thus the bearing measured from due 
north from point B to point C is 166.15° — 90° = 76.15°, or N 76.15° E. 


wowecKponT ~——-Now try Exercise 37. 


cos B = 
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Historical Note 

Heron of Alexandria (c. 100 8.c.) 
was a Greek geometer and 
inventor. His works describe 
how to find the areas of 


triangles, quadrilaterals, 
regular polygons having 3 to 
12 sides, and circles as well as 
the surface areas and volumes 
of three-dimensional objects. 


Heron’s Area Formula 


The Law of Cosines can be used to establish the following formula for the 
area of a triangle. This formula is called Heron’s Area Formula after the Greek 
mathematician Heron (c. 100 B.c.). 


Heron’s Area Formula 


Given any triangle with sides of lengths a, b, and c, the area of the 
triangle is 


Area = \/s(s — a)(s — b)(s — c) 
where s = (a + b + c)/2. 


For a proof of Heron’s Area Formula, see Proofs in Mathematics on page 327. 


| Example 5 | Using Heron’s Area Formula 


Find the area of a triangle having sides of lengths a = 43 meters, b = 53 meters, 
and c = 72 meters. 


Solution 


Because s = (a + b + c)/2 = 168/2 = 84, Heron’s Area Formula yields 
Area = \/s(s — a)(s — b\(s — c) 


= \/84(41)(31)(12) ~ 1131.89 square meters. 
weueckpowT ~=Now try Exercise 47. 


You have now studied three different formulas for the area of a triangle. 


Standard Formula Area = ; bh 


Oblique Triangle Area = be sinA = 5 ab sin C = 5 ac sin B 


Heron’s Area Formula Area = \'s(s — a)(s — b)(s — c) 


Wririne asout VATHEMATICS 


The Area of aTriangle Use the most appropriate formula to find the area of each 
triangle below. Show your work and give your reasons for choosing each formula. 


a. b. 


2 ft 2 ft 3 ft 
4 ft 
d. 
3 ft 4 ft 
5 ft 


50° 
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VOCABULARY CHECK: Fill in the blanks. 


1. If you are given three sides of a triangle, you would use the Law of to find 


the three angles of the triangle. 


2. The standard form of the Law of Cosines for cos B = 


2ac 


eC+e-b. 


1S 


3. The Law of Cosines can be used to establish a formula for finding the area of a triangle 


called Formula. 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-16, use the Law of Cosines to solve the 
triangle. Round your answers to two decimal places. 


1. Cc 2, C 
b=10 a=7 b=3 go 
A B A 
(i be) c=9 B 
3 C 4 Cc 
oe. a aan Ae a= 10 
c= 30 = A : B 


5 
6.a=55, b=25, c=72 
7.a=754, b=52, c= 52 
8 

9 


~a=142, b=0.75, c= 1.25 

» A= 135°, b=4, c=9 
10. A= 55°, b=3, c= 10 
11. B = 10°35’, a= 40, c = 30 
12. B= 75°20", a=6.2, c=95 
13. B = 125° 40’, a= 32, c= 32 
14. C= 15°15, a=6.25, b=2.15 


In Exercises 17-22, complete the table by solving the 
parallelogram shown in the figure. (The lengths of the 
diagonals are given by c and d.) 


a b c d 0 ob 
17. 5 8 45° 
18. 25 35 120° 
19. 10 14 20 
20. 40 60 80 
21. 15 25 20 
22. 25 50 35 


In Exercises 23-28, use Heron’s Area Formula to find the 
area of the triangle. 


23.a=5, b=7, c= 10 


24.a=12, b=15, c=9 
25.a=2.5, b= 10.2, c=9 

26. a= 75.4, b=52, c= 52 

27. a = 12.32, b= 8.46, c= 15.05 
28. a = 3.05, b=0.75, c= 2.45 


29. Navigation A boat race runs along a triangular course 
marked by buoys A, B, and C. The race starts with the boats 
headed west for 3700 meters. The other two sides of the 
course lie to the north of the first side, and their lengths are 
1700 meters and 3000 meters. Draw a figure that gives a 
visual representation of the problem, and find the bearings 
for the last two legs of the race. 


30. Navigation A plane flies 810 miles from Franklin to 
Centerville with a bearing of 75°. Then it flies 648 miles 
from Centerville to Rosemount with a bearing of 32°. 
Draw a figure that visually represents the problem, and 
find the straight-line distance and bearing from Franklin to 
Rosemount. 
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31. Surveying To approximate the length of a marsh, a 
surveyor walks 250 meters from point A to point B, then 
turns 75° and walks 220 meters to point C (see figure). 
Approximate the length AC of the marsh. 


32. 


33. 


34. 


35. 


36. 


Surveying A triangular parcel of land has 115 meters 
of frontage, and the other boundaries have lengths of 
76 meters and 92 meters. What angles does the frontage 
make with the two other boundaries? 


Surveying A triangular parcel of ground has sides of 
lengths 725 feet, 650 feet, and 575 feet. Find the measure 
of the largest angle. 


Streetlight Design Determine the angle 0 in the design of 
the streetlight shown in the figure. 


a”, 


Distance Two ships leave a port at 9A.M. One 
travels at a bearing of N 53° W at 12 miles per hour, and 
the other travels at a bearing of S 67° W at 16 miles per 
hour. Approximate how far apart they are at noon that day. 


Length A 100-foot vertical tower is to be erected on the 
side of a hill that makes a 6° angle with the horizontal (see 
figure). Find the length of each of the two guy wires that 
will be anchored 75 feet uphill and downhill from the base 
of the tower. 


37. Navigation On a map, Orlando is 178 millimeters due 


38. 


39. 


40. 


south of Niagara Falls, Denver is 273 millimeters from 
Orlando, and Denver is 235 millimeters from Niagara Falls 
(see figure). 


Orlando 


(a) Find the bearing of Denver from Orlando. 
(b) Find the bearing of Denver from Niagara Falls. 


Navigation On a map, Minneapolis is 165 millimeters 
due west of Albany, Phoenix is 216 millimeters from 
Minneapolis, and Phoenix is 368 millimeters from Albany 
(see figure). 


Minneapolis AS am 


216mm. 


Albany 
86S\mnim 


Phoenix 


(a) Find the bearing of Minneapolis from Phoenix. 
(b) Find the bearing of Albany from Phoenix. 


Baseball On a baseball diamond with 90-foot sides, the 
pitcher’s mound is 60.5 feet from home plate. How far is it 
from the pitcher’s mound to third base? 


Baseball The baseball player in center field is playing 
approximately 330 feet from the television camera that is 
behind home plate. A batter hits a fly ball that goes to the 
wall 420 feet from the camera (see figure). The camera 
turns 8° to follow the play. Approximately how far does the 
center fielder have to run to make the catch? 


41. 


Aircraft Tracking To determine the distance between 
two aircraft, a tracking station continuously determines the 
distance to each aircraft and the angle A between them (see 
figure). Determine the distance a between the planes when 
A = 42°, b = 35 miles, and c = 20 miles. 
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45. Paper Manufacturing In a process with continuous 


paper, the paper passes across three rollers of radii 3 inches, 
4 inches, and 6 inches (see figure). The centers of the 
three-inch and six-inch rollers are d inches apart, and the 
length of the arc in contact with the paper on the four-inch 


roller is s inches. Complete the table. 


A so™ = 


42. Aircraft Tracking Use the figure for Exercise 41 to 
determine the distance a between the planes when 
A = 11°, b = 20 miles, and c = 20 miles. 

43. Trusses Q is the midpoint of the line segment PR in the 
truss rafter shown in the figure. What are the lengths of the 
line segments PQ, OS, and RS? 


d (inches) ogo || a) 19 aa aS. || 


0 (degrees) 


5 (inches) 


46. Awning Design A retractable awning above a patio door 
z\ lowers at an angle of 50° from the exterior wall at a height 
| of 10 feet above the ground (see figure). No direct sunlight 
10 is to enter the door when the angle of elevation of the sun 
| is greater than 70°. What is the length x of the awning? 


P 


m— § —>i~— 8 —>i— 8 —> <—__ 8 ——" 


50° 0 vy Sun’s rays 


44, Engine Design Anengine has a seven-inch connecting 
rod fastened to a crank (see figure). 


47. Geometry The lengths of the sides of a triangular parcel 
of land are approximately 200 feet, 500 feet, and 600 feet. 
Approximate the area of the parcel. 


48. Geometry A parking lot has the shape of a parallelogram 
(see figure). The lengths of two adjacent sides are 70 
meters and 100 meters. The angle between the two sides is 
70°. What is the area of the parking lot? 


(a) Use the Law of Cosines to write an equation giving 
the relationship between x and 0. 


(b) Write x as a function of 6. (Select the sign that 
yields positive values of x.) 


ay (c) Use a graphing utility to graph the function in 
part (b). 


eas (d) Use the graph in part (c) to determine the maxi- 
mum distance the piston moves in one cycle. 
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49. Geometry You want to buy a triangular lot measuring 
510 yards by 840 yards by 1120 yards. The price of the 
land is $2000 per acre. How much does the land cost? 
(Hint: 1 acre = 4840 square yards) 

50. Geometry You want to buy a triangular lot measuring 
1350 feet by 1860 feet by 2490 feet. The price of the land 
is $2200 per acre. How much does the land cost? (Hint: 
1 acre = 43,560 square feet) 


Synthesis 


True or False? _\n Exercises 51-53, determine whether the 
statement is true or false. Justify your answer. 


51. In Heron’s Area Formula, s is the average of the lengths of 
the three sides of the triangle. 


52. In addition to SSS and SAS, the Law of Cosines can be 
used to solve triangles with SSA conditions. 
53. A triangle with side lengths of 10 centimeters, 16 centime- 


ters, and 5 centimeters can be solved using the Law of 
Cosines. 


54. Circumscribed and Inscribed Circles Let R and r 
be the radii of the circumscribed and inscribed circles of a 
triangle ABC, respectively (see figure), and let 


_at+bte 


Ss 3 


(a) Prove that 2R ; eer aaa . 
snA sinB sinC 


(b) Prove that r we — as — b)\(s — c) 


Ss 


Circumscribed and Inscribed Circles \n Exercises 55 and 
56, use the results of Exercise 54. 


55. Given a triangle with 
a = 25,b = 55, andc = 72 
find the areas of (a) the triangle, (b) the circumscribed 


circle, and (c) the inscribed circle. 


56. Find the length of the largest circular running track that can 
be built on a triangular piece of property with sides of 
lengths 200 feet, 250 feet, and 325 feet. 


57. Proof Use the Law of Cosines to prove that 


1 atbt+e atbt+e 
— be(1 + cos A) = . : 
2 2 2 


58. Proof Use the Law of Cosines to prove that 


a-bt+c at+b-~-c 
2 2: : 


1 
3 bell — cos A) = 


Skills Review 


In Exercises 59-64, evaluate the expression without using 
a calculator. 


59. arcsin(—1) 
60. arccos 0 

61. arctan 3. 
62. arctan(— f 3 ) 


63. asi - 4) 
2 
64. accos( - 4) 


itn Exercises 65-68, write an algebraic expression that is 


equivalent to the expression. 


65. sec(arcsin 2x) 
66. tan(arccos 3x) 
67. cot[arctan(x — 2)] 


Pe ol 
68. cos{aresn 5 


fi In Exercises 69-72, use trigonometric substitution to write 


the algebraic equation as a trigonometric function of 6, 
where — 7/2 < 0 < a/2.Then find sec 0 and csc 0. 


69. 5 = 25 — x2, x = 5sin 0 

70. J/2 = /4 = x, x =2cos 0 
1. —/3 = /—9, x=3sec 0 
72. 12 = /36+x?, x = 6tan6 


In Exercises 73 and 74, write the sum or difference as a 
product. 
T 


73. cos 2 — cos ct 


74, sn( x _ 2) = sn( x + 2) 
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25) Vectors in the Plane 


What you should learn 

+ Represent vectors as directed 
line segments. 

+ Write the component forms 
of vectors. 

* Perform basic vector 

operations and represent 


Bill Bachman/Photo Researchers, Inc. 


Introduction 


Quantities such as force and velocity involve both magnitude and direction and 
cannot be completely characterized by a single real number. To represent such a 
quantity, you can use a directed line segment, as shown in Figure 3.15. The 
directed line segment PO has initial point P and terminal point Q. Its magnitude 
(or length) is denoted by ||PO|| and can be found using the Distance Formula. 


Terminal point 


Initial point 


FIGURE 3.15 FIGURE 3.16 


Two directed line segments that have the same magnitude and direction are 
equivalent. For example, the directed line segments in Figure 3.16 are all 
equivalent. The set of all directed line segments that are equivalent to the directed 
line segment PQ is a vector v in the plane, written v = PQ. Vectors are denoted 
by lowercase, boldface letters such as u, v, and w. 


Sclijit-meee Vector Representation by Directed Line Segments 


Let u be represented by the directed line segment from P = (0, 0) to O = (3, 2), 
and let v be represented by the directed line segment from R = (1,2) to 
S = (4, 4), as shown in Figure 3.17. Show that u = v. 


FIGURE 3.17 
Solution 
From the Distance Formula, it follows that PO and RS have the same magnitude. 


|PO|| = /B—0?+2-0P = VB 
|RS|| = /4— 1? + 4-22 = VB 


Moreover, both line segments have the same direction because they are both 
directed toward the upper right on lines having a slope of 3. So, PQ and RS have 
the same magnitude and direction, and it follows that u = v. 


woweckponnT =~ Now try Exercise 1. 


296 Chapter 3 Additional Topics in Trigonometry 


Component Form of a Vector 


The directed line segment whose initial point is the origin is often the most 
convenient representative of a set of equivalent directed line segments. This 
representative of the vector v is in standard position. 

A vector whose initial point is the origin (0, 0) can be uniquely represented by 
the coordinates of its terminal point (v,, v5). This is the component form of a 
vector v, written as 


V = (Vy, V>). 


The coordinates v, and v, are the components of v. If both the initial point and 
the terminal point lie at the origin, v is the zero vector and is denoted by 
0 = (0, 0). 


Component Form of a Vector 


The component form of the vector with initial point P = (p,, p,) and termi- 
nal point Q = (q,,q) is given by 


PQ = (q P i> Q2 P») = (V1, Vp) = Vv. 


The magnitude (or length) of v is given by 
lvl = V@, — py)? + @ — pp)? = Vv? + v2. 


If ||v|| = 1, v is a unit vector. Moreover, ||v|| = 0 if and only if v is the zero 
vector 0. 


Technology 


You can graph vectors with a 
graphing utility by graphing 


directed line segments. Consult 
the user's guide for your graphing 
utility for specific instructions. 


Two vectors u = (u,, U5) and v = (v,, v5) are equal if and only if u, = v, and 
U5 = V>. For instance, in Example 1, the vector u from P = (0, 0) to O = (3, 2) is 


u = PO = (3 — 0,2 — 0) = (3,2) 
and the vector v from R = (1, 2) to S = (4, 4) is 
v=RS = (4-1,4- 2)= (3,2). 


| Example 2 | Finding the Component Form of a Vector 


Find the component form and magnitude of the vector v that has initial point 
(4, —7) and terminal point (— 1, 5). 


Solution 


Let P = (4, —7) = (p,, p>) and let Q = (— 1,5) = (q,, 5), as shown in Figure 
3.18. Then, the components of v = (vj, v>) are 


{> x Y= a Pye al Ha 5 
= Ge p, =o = (7) = 12, 
So, v = (—5, 12) and the magnitude of v is 
IW] = VES? + 12? 
Sob SG) = /169 = 13. 
FIGURE 3.18 woneckpowr ~=— Now try Exercise 9. 


FIGURE 3.19 


u+(-v) 


u—v=u-+(-v) 
FIGURE 3.21 
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Vector Operations 


The two basic vector operations are scalar multiplication and vector addition. 
In operations with vectors, numbers are usually referred to as scalars. In this text, 
scalars will always be real numbers. Geometrically, the product of a vector v and 
a scalar k is the vector that is |k| times as long as v. If k is positive, kv has the 
same direction as v, and if k is negative, kv has the direction opposite that of v, 
as shown in Figure 3.19. 

To add two vectors geometrically, position them (without changing their 
lengths or directions) so that the initial point of one coincides with the terminal 
point of the other. The sum u + vy is formed by joining the initial point of the 
second vector v with the terminal point of the first vector u, as shown in Figure 
3.20. This technique is called the parallelogram law for vector addition because 
the vector u + vy, often called the resultant of vector addition, is the diagonal of 
a parallelogram having u and v as its adjacent sides. 


y 


FIGURE 3.20 


Definitions of Vector Addition and Scalar Multiplication 


Let u = (u,, uy) and v = (yj, v,) be vectors and let k be a scalar (a real 
number). Then the sum of u and v is the vector 


u t+ v= (u, + vy, Uy + v9) Sum 


and the scalar multiple of k times u is the vector 


ku = Ku, U>) a (kuy, kup). Scalar multiple 


The negative of v = (vy, v>) is 
—-v =(-l)v 
= (= Vi, V>) Negative 
and the difference of u and v is 
u-—v=u+ (-v) Add (—v). See Figure 3.21. 
= (uy — Vy, Uy — V>). Difference 


To represent u — v geometrically, you can use directed line segments with the 
same initial point. The difference u — v is the vector from the terminal point of 
v to the terminal point of u, which is equal to u + (—v), as shown in Figure 3.21. 
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The component definitions of vector addition and scalar multiplication are 
illustrated in Example 3. In this example, notice that each of the vector opera- 
tions can be interpreted geometrically. 


Sehilyk-meme Vector Operations 


Let v = (—2, 5) and w = (3, 4), and find each of the following vectors. 


a. 2v b. w-v c. v + 2w 
Solution 
a. Because v = (—2, 5), you have 
2v = 2(—2, 5) 
= (2(—2), 2(5)) 
= (-4, 10). 


A sketch of 2v is shown in Figure 3.22. 
b. The difference of w and v is 
w-—v=(3 — (—2),4 -5) 
= (5, —-1). 


A sketch of w — v is shown in Figure 3.23. Note that the figure shows the 
vector difference w — v as the sum w + (—v). 


c. The sum of v and 2w is 
v + 2w = (—2,5) + 203, 4) 
= (—2, 5) + (2(3), 2(4)) 
= (—2, 5) + (6, 8) 
=(-2+6,5 + 8) 
= (4, 13). 
A sketch of v + 2w is shown in Figure 3.24. 


y y 
A A 
C4, 10) 4+ e (3, 4) 
34 
2+ «(OWS = 
(2, 5) 
1 all 
t t t t }—> x 
3. 4 \5 
——1 x ee ies ‘ 
=Ou = Gure (5, -1) =§ <4 39) Qa 
FIGURE 3.22 FIGURE 3.23 FIGURE 3.24 


woneckpownr ~— Now try Exercise 21. 


The Granger Collection 


Historical Note 

William Rowan Hamilton 
(1805-1865), an Irish mathe- 
matician, did some of the 
earliest work with vectors. 
Hamilton spent many years 
developing a system of 


vector-like quantities called 
quaternions. Although 
Hamilton was convinced of 
the benefits of quaternions, 
the operations he defined did 
not produce good models for 
physical phenomena. It wasn’t 
until the latter half of the 
nineteenth century that the 
Scottish physicist James 
Maxwell (1831-1879) 
restructured Hamilton’s 
quaternions in a form useful 
for representing physical 
quantities such as force, 
velocity, and acceleration. 
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Vector addition and scalar multiplication share many of the properties of 
ordinary arithmetic. 


Properties of Vector Addition and Scalar Multiplication 


Let u, v, and w be vectors and let c and d be scalars. Then the following 
properties are true. 


lut+v=vtu 2, (u+v)+w=u+(v+w) 
-ut+0=u 4.u+ (-u) =0 

. c(du) = (cd)u 6. (c+ du=cu+du 

. ctu +v) =cut+cv 8. 1(u) = u, O(u) = 0 


» levll = lel [lvl 


Property 9 can be stated as follows: the magnitude of the vector cv is the 
absolute value of c times the magnitude of v. 


Unit Vectors 


In many applications of vectors, it is useful to find a unit vector that has the same 
direction as a given nonzero vector v. To do this, you can divide v by its magni- 
tude to obtain 


1 
u = unit vector = ss = (a. Unit vector in direction of v 
Iv Alvi 


Note that u is a scalar multiple of v. The vector u has a magnitude of | and the 
same direction as v. The vector u is called a unit vector in the direction of v. 


Scliiiteas Finding a Unit Vector 


Find a unit vector in the direction of v = (—2, 5) and verify that the result has a 
magnitude of 1. 
Solution 


The unit vector in the direction of v is 


vo (—2, 5) 
lvl V(—2)? + 6P 
1 


29 


(-2, 5) 


_[{-2 5 ) 
7 ( J29/" 
This vector has a magnitude of | because 
Gal Gal- V5-3- V3 
+ = += = 1. 
29 29 29 29 29 


weneckrowr = Now try Exercise 31. 


FIGURE 3.25 


Chapter 3 


Additional Topics in Trigonometry 


FIGURE 3.26 


The unit vectors (1, 0) and (0, 1) are called the standard unit vectors and 
are denoted by 


i = (1, 0) and j = (0, 1) 


as shown in Figure 3.25. (Note that the lowercase letter i is written in boldface to 
distinguish it from the imaginary number i = ./— 1.) These vectors can be used 
to represent any vector v = (Vj, v>), as follows. 


Vv = (Vj, V3) 
= v,(1, 0) + v,40, 1) 
=virtvj 


The scalars v, and v, are called the horizontal and vertical components of v, 
respectively. The vector sum 


vit vj 


is called a linear combination of the vectors i and j. Any vector in the plane can 
be written as a linear combination of the standard unit vectors i and j. 


| Example 5 | Writing a Linear Combination of Unit Vectors 


Let u be the vector with initial point (2, — 5) and terminal point (— 1, 3). Write u 
as a linear combination of the standard unit vectors i and j. 


Solution 


Begin by writing the component form of the vector u. 
u = (—1 — 2,3 — (-5)) 
= (=3,8) 
= —3i + 8j 


This result is shown graphically in Figure 3.26. 
weueckpowt ~=Now try Exercise 43. 


Selilyt-mom Vector Operations 


Let u = —3i + 8j and let v = 2i — j. Find 2u — 3v. 


Solution 


You could solve this problem by converting u and v to component form. This, 
however, is not necessary. It is just as easy to perform the operations in unit 
vector form. 


2u — 3v = 2(-3i + 8j) — 3(2i — j) 
—6i + 16j — 61 + 3j 
= — 125 + 19j 


weneckpont Now try Exercise 49. 


FIGURE 3.27. |lul| = 1 


2-4 


3 a 
“47 (3, -4) 
FIGURE 3.29 
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Direction Angles 


If u is a unit vector such that 6 is the angle (measured counterclockwise) from 
the positive x-axis to u, the terminal point of u lies on the unit circle and you have 


u = (x, y) = (cos 6, sin 6) = (cos 6)i + (sin 6)j 


as shown in Figure 3.27. The angle 6 is the direction angle of the vector u. 

Suppose that u is a unit vector with direction angle 0. If v = ai + bj is any 
vector that makes an angle @ with the positive x-axis, it has the same direction as 
u and you can write 


v = || v|| (cos @, sin 6) 
= || v || (cos @)i + || v || (sin 0)j. 


Because v = ai + bj = ||v|| (cos @) i + ||v|| (sin @) j, it follows that the direc- 
tion angle 6 for v is determined from 


sin 0 
tan 9 = Quotient identity 

cos 0 
|| v|| sin 6 

= Multiply numerator and denominator by || v |]. 
\|v|| cos @ 
b 

= Simplify. 
a 


Scliiitwas Finding Direction Angles of Vectors 


Find the direction angle of each vector. 


a. u = 3i + 3j 
b. v = 3i - 4j 
Solution 
a. The direction angle is 
b 3 
tnd=-=-=1. 
a 3 


So, 6 = 45°, as shown in Figure 3.28. 
b. The direction angle is 
—4 

tan 9 =—- = —. 

a 3 


Moreover, because v = 3i — 4j lies in Quadrant IV, 6 lies in Quadrant IV and 
its reference angle is 


d= 


4 
artan( ~ 5) 2 | =53.13°| = 53.13. 


So, it follows that 6 ~ 360° — 53.13° = 306.87°, as shown in Figure 3.29. 


cuecKroint Now try Exercise 55. 


302 Chapter 3 Additional Topics in Trigonometry 


= 75 iw 


FIGURE 3.30 


FIGURE 3.31 


Applications of Vectors 


Selul(eeme Finding the Component Form of a Vector @ 


Find the component form of the vector that represents the velocity of an airplane 
descending at a speed of 100 miles per hour at an angle 30° below the horizon- 
tal, as shown in Figure 3.30. 


Solution 

The velocity vector v has a magnitude of 100 and a direction angle of 9 = 210°. 
||| (cos Ai + ||v|] (sin 6)j 

= 100(cos 210°)i + 100(sin 210°)j 


= 109 Si 109 ii 


v 


= —50/3i — 50j 
(—50-/3, —50) 
You can check that v has a magnitude of 100, as follows. 
Iv = V(-s0V3)? + (50? 
= /7500 + 2500 
= /10,000 = 100 


weveckponnt ~— Now try Exercise 77. 
Sele =6Using Vectors to Determine Weight @ 


A force of 600 pounds is required to pull a boat and trailer up a ramp inclined at 
15° from the horizontal. Find the combined weight of the boat and trailer. 


Solution 
Based on Figure 3.31, you can make the following observations. 


||BA || = force of gravity = combined weight of boat and trailer 
\|BC|| = force against ramp 
\|AC||| = force required to move boat up ramp = 600 pounds 


By construction, triangles BWD and ABC are similar. So, angle ABC is 15°, and 
so in triangle ABC you have 


, AC] 600 
n 15° = ~~ =— 
|BA|| — ||BAl| 
BA|| = ~ 2318, 
[BA sin 15° 


Consequently, the combined weight is approximately 2318 pounds. (In Figure 
3.31, note that AC is parallel to the ramp.) 


cueckpoint Now try Exercise 81. 


STUDY TIP 


Recall from Section 1.8 that in 
air navigation, bearings are 
measured in degrees clockwise 
from north. 
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Seri t-wekee Using Vectors to Find Speed and Direction 


An airplane is traveling at a speed of 500 miles per hour with a bearing of 330° 
at a fixed altitude with a negligible wind velocity as shown in Figure 3.32(a). 
When the airplane reaches a certain point, it encounters a wind with a velocity of 
70 miles per hour in the direction N 45° E, as shown in Figure 3.32(b).What are 
the resultant speed and direction of the airplane? 


¥ 


vy 
1203 


> X 


> xX 


(a) (b) 
FIGURE 3.32 


Solution 
Using Figure 3.32, the velocity of the airplane (alone) is 
v, = 500(cos 120°, sin 120°) 
= (—250, 250,/3) 
and the velocity of the wind is 
v, = 70<cos 45°, sin 45°) 
=(354/2, 35/2). 
So, the velocity of the airplane (in the wind) is 
v=v,t Vv 
= (—250 + 35/2, 250./3 + 35/2) 
= (— 200.5, 482.5) 
and the resultant speed of the airplane is 


II vl] = /(—200.5)2 + (482.5) 


= 522.5 miles per hour. 
Finally, if @ is the direction angle of the flight path, you have 


482.5 
— 200.5 


= —2.4065 


tan 6 = 


which implies that 
6 = 180° + arctan(— 2.4065) ~ 180° — 67.4° = 112.6°. 


So, the true direction of the airplane is 337.4°. 


cuecKpoinr Now try Exercise 83. 
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VOCABULARY CHECK: Fill in the blanks. 


LA can be used to represent a quantity that involves both magnitude and direction. 


2. The directed line segment PO has point P and point Q. 
3. The of the directed line segment PO is denoted by ||PQ]. 
4 


—— 
. The set of all directed line segments that are equivalent to a given directed line segment PQ is a 
v in the plane. 


5. The directed line segment whose initial point is the origin is said to be in 

6. A vector that has a magnitude of 1 is called a 

7. The two basic vector operations are scalar and vector 

8. The vector u + v is called the of vector addition. 

9. The vector sum v,i + v,j is called a of the vectors i and j, and the 
scalars v, and v, are called the and components of v, respectively. 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1 and 2, show that u = v. 1. y 8. y 
A A 
1. y 2. 4+ en) Ayal 
A al 
ae a+ 
6+ (6, 5) Mat 
Lr _aanaeeer” * 
- x = 4 
ae 4) eal J C4, -1)-2+%(3, -1) 
2+ (4, 1) = Sil 
ee eeee, « ee 5+ 
os 2 A 
=eiale Initial Point Terminal Point 
9. (-1,5) (15, 12) 
In Exercises 3-14, find the component form and the 10. (1, 11) (9, 3) 
magnitude of the vector v. ; , 
11. (—3, —5) (5, 1) 
3. =O» 4. y 
: ‘l 12. (—3, 11) (9, 40) 
wale ie 13. (1, 3) (=8=9) 


= x 14. (—2,7) (5, —17) 
24 G, 2) oa 
gil ot In Exercises 15-20, use the figure to sketch a graph of the 


AD specified vector. To print an enlarged copy of the graph, go 
; i : i 1 to the website, www.mathgraphs.com. 
5 y 6. ” i 
A 
(-1,4)°7 
PNY e v 
a+ : 
it (@,2) = 
ni, < 
Sj) =i! | 1 2 3 
15. —v 16. 5v 
17,ut+v 18. u-—v 


19. u + 2v 20. v — 5u 


In Exercises 21-28, find (a) u+v, (b) u—v, and (c) 
2u — 3v. Then sketch the resultant vector. 

21. u = (2,1), v = (1, 3) 

22. u = (2,3), v= (4,0) 

23. u = (—5,3),. v = (0, 0) 

24. u = (0,0), v = (2, 1) 


25.u=i+j, v =2i - 3j 
26.u = —2i+j, v= —it 2j 
27. u=2i, v=j 

28. u = 3j, = 2i 


In Exercises 29-38, find a unit vector in the direction of the 
given vector. 


29. u = (3, 0) 30. u = (0, —2) 
31. v = (—2, 2) 32. v = (5, — 12) 
33. v = 61 — 2j 34. v=i+j 
35. w = 4j 36. w = —6i 
37. w =i - 2j 38. w = 7j — 3i 


In Exercises 39-42, find the vector v with the given 
magnitude and the same direction as u. 


Magnitude Direction 
39. ||v|| = 5 u = (3, 3) 
40. ||v|| = 6 u = (—3, 3) 
41. ||v| =9 u = (2,5) 
42. ||v|| = 10 u = (—10, 0) 


In Exercises 43-46, the initial and terminal points of a vector 
are given. Write a linear combination of the standard unit 
vectors i and j. 


Initial Point Terminal Point 


43. (—3, 1) (4, 5) 
44. (0, —2) (3, 6) 
45. (—1, -5) (2, 3) 
46. (—6, 4) (0, 1) 


In Exercises 47-52, find the component form of v and 
sketch the specified vector operations geometrically, 
where u = 2i — jandw =i + 2j. 


47. v =3u 

48. vy = 3w 

49. v=u+ 2w 

50. v= -u+w 
51. vy = 5(3u + w) 
52. v=u— 2w 
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In Exercises 53-56, find the magnitude and direction angle 
of the vector v. 

53. v = 3(cos 60° + sin 60°j) 

54. v = 8(cos 135° + sin 135°j) 

55. v = 61 — 6j 

56. v = —Si+ 4j 


ll 


In Exercises 57-64, find the component form of v given its 
magnitude and the angle it makes with the positive x-axis. 
Sketch v. 


Magnitude Angle 
57. ||v|| = 3 6=0° 
58. ||v|| = | 6 = 45° 
59. ||v\| = 5 9 = 150° 
60. ||v\| = 3 9 = 45° 
61. ||v|| = 3/2 6 = 150° 
62. ||v|| = 43 6 = 90° 
63. ||v|] = 2 v in the direction i + 3j 
64. ||v|| = 3 Vv in the direction 3i + 4j 


In Exercises 65-68, find the component form of the sum of 
u and v with direction angles 6, and 0,. 


Magnitude Angle 
65. |u|] = 6, = 0° 

vi = 6, = 90° 
66. |[ul| = 6, = 60° 

vi = 6, = 90° 
67. ||ul| = 20 6, = 45° 

v|| = 50 6, = 180° 
68. |[ul| = 50 0, = 30° 

v|| = 30 6, = 110° 


In Exercises 69 and 70, use the Law of Cosines to find the 
angle a between the vectors. ( Assume 0° < @ < 180°.) 


6. v=i+j, w=2i-2j 


70. v=i+ 2j, w= 2i - j 


Resultant Force \n Exercises 71 and 72, find the angle 
between the forces given the magnitude of their resultant. 
(Hint: Write force 1 as a vector in the direction of the 
positive x-axis and force 2 as a vector at an angle @ with the 
positive x-axis.) 


Force 1 Force 2 Resultant Force 
71. 45 pounds 60 pounds 90 pounds 
72. 3000 pounds 1000 pounds 3750 pounds 
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73. Resultant Force Forces with magnitudes of 125 newtons 
and 300 newtons act on a hook (see figure). The angle 
between the two forces is 45°. Find the direction and 
magnitude of the resultant of these forces. 


y 


125 newtons 


74. Resultant Force Forces with magnitudes of 2000 
newtons and 900 newtons act on a machine part at angles 
of 30° and —45°, respectively, with the x-axis (see figure). 
Find the direction and magnitude of the resultant of these 
forces. 


900 newtons 


75. Resultant Force Three forces with magnitudes of 
75 pounds, 100 pounds, and 125 pounds act on an object at 
angles of 30°, 45°, and 120°, respectively, with the positive 
x-axis. Find the direction and magnitude of the resultant of 
these forces. 


76. Resultant Force Three forces with magnitudes of 
70 pounds, 40 pounds, and 60 pounds act on an object at 
angles of —30°, 445°, and 135°, respectively, with the 
positive x-axis. Find the direction and magnitude of the 
resultant of these forces. 


77. Velocity A ball is thrown with an initial velocity of 
70 feet per second, at an angle of 35° with the horizontal 
(see figure). Find the vertical and horizontal components of 
the velocity. 


78. Velocity A gun with a muzzle velocity of 1200 feet per 
second is fired at an angle of 6° with the horizontal. Find 
the vertical and horizontal components of the velocity. 


Cable Tension \n Exercises 79 and 80, use the figure to 
determine the tension in each cable supporting the load. 


79. 


80. 10in. 20 in. 


St 


81. Tow Line Tension A loaded barge is being towed by two 
tugboats, and the magnitude of the resultant is 6000 pounds 
directed along the axis of the barge (see figure). Find the 
tension in the tow lines if they each make an 18° angle with 
the axis of the barge. 


82. Rope Tension To carry a 100-pound cylindrical weight, 
two people lift on the ends of short ropes that are tied to an 
eyelet on the top center of the cylinder. Each rope makes a 
20° angle with the vertical. Draw a figure that gives a visual 
representation of the problem, and find the tension in the 
ropes. 


83. Navigation An airplane is flying in the direction 
of 148°, with an airspeed of 875 kilometers per hour. 
Because of the wind, its groundspeed and direction are 
800 kilometers per hour and 140°, respectively (see figure). 
Find the direction and speed of the wind. 


800 kilometers per hour 


875 kilometers per hour 


84. Navigation A commercial jet is flying from Miami to 


Seattle. The jet’s velocity with respect to the air is 580 
miles per hour, and its bearing is 332°. The wind, at the 
altitude of the plane, is blowing from the southwest 
with a velocity of 60 miles per hour. 


(a) Draw a figure that gives a visual representation of 
the problem. 


(b) Write the velocity of the wind as a vector in 
component form. 


(c) Write the velocity of the jet relative to the air in 
component form. 


(d) What is the speed of the jet with respect to the 
ground? 


(e) What is the true direction of the jet? 


85. Work <A heavy implement is pulled 30 feet across a floor, 
using a force of 100 pounds. The force is exerted at an 
angle of 50° above the horizontal (see figure). Find the 
work done. (Use the formula for work, W = FD, where F 
is the component of the force in the direction of motion and 
D is the distance.) 


FIGURE FOR 86 


FIGURE FOR 85 


86. Rope Tension A tetherball weighing 1 pound is pulled 
outward from the pole by a horizontal force u until the rope 
makes a 45° angle with the pole (see figure). Determine the 
resulting tension in the rope and the magnitude of u. 


Synthesis 


True or False? \n Exercises 87 and 88, decide whether the 
statement is true or false. Justify your answer. 


87. If u and v have the same magnitude and direction, then 
u =v. 


88. If u = ai + Dj is a unit vector, then a? + b? = 1. 


89. Think About It Consider two forces of equal magnitude 
acting on a point. 


(a) If the magnitude of the resultant is the sum of the 
magnitudes of the two forces, make a conjecture about 
the angle between the forces. 
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(b) If the resultant of the forces is 0, make a conjecture 
about the angle between the forces. 


(c) Can the magnitude of the resultant be greater than the 
sum of the magnitudes of the two forces? Explain. 


90. Graphical Reasoning Consider two forces 
F, = (10, 0) and F, = 5(cos 6, sin 6). 


(a) Find ||F, + F,]|| as a function of 6. 
ae (b) Use a graphing utility to graph the function in part (a) 
forO < 0 < 27. 
az (c) Use the graph in part (b) to determine the range of the 
function. What is its maximum, and for what value of 
6 does it occur? What is its minimum, and for what 
value of 6 does it occur? 


(d) Explain why the magnitude of the resultant is never 0. 


91. Proof Prove that (cos 6)i + (sin 6)j is a unit vector for 
any value of 0. 


aes 92. Technology Write a program for your graphing utility 


that graphs two vectors and their difference given the 
vectors in component form. 


In Exercises 93 and 94, use the program in Exercise 92 to 
find the difference of the vectors shown in the figure. 


93. y 94. y 
gt 125 t 
(1, 6) a 
6+ oa nm) ee 
4+ = 
a Ces 70, 60) 
STS 2) +++ x 
Sp an 2 
cine? ORES ahs 


Skills Review 


fin Exercises 95-98, use the trigonometric substitution to 


write the algebraic expression as a trigonometric function 
of 0, where 0 < 0 < 7/2. 


95. Jx? — 64, x = 8sec 0 
96. /64—x?, x = 8sin 
97. /x? + 36, x = 6tand 
98. /(x? — 2533, x =5sec 0 


In Exercises 99-102, solve the equation. 


99. cos x(cosx + 1) = 0 


100. 
101. 
102. 


sin x(2 sinx + /2) =0 
3 sec x sinx — 2\/3 sinx = 0 
cos x csc x + cosx/2 = 0 
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What you should learn 


+ Find the dot product of two 
vectors and use the Properties 
of the Dot Product. 

+ Find the angle between 
two vectors and determine 
whether two vectors are 
orthogonal. 


Edward Ewert 


ce™ Vectors and Dot Products 


The Dot Product of Two Vectors 


So far you have studied two vector operations—vector addition and multiplica- 
tion by a scalar—each of which yields another vector. In this section, you will 
study a third vector operation, the dot product. This product yields a scalar, 
rather than a vector. 


Definition of the Dot Product 
The dot product of u = (u,, u,) and v = (Vv, v5) is 


Us Vv = UY, + Uo. 


Properties of the Dot Product 


Let u, v, and w be vectors in the plane or in space and let c be a scalar. 
lou-:v=v-u 
2.0-v=0 


3,.u-(v+w)=u-vtu-:w 


4. v-v=|lyv|l? 


5. clu-v) =cu-v=u-cv 


For proofs of the properties of the dot product, see Proofs in Mathematics on 
page 328. 


Sete Finding Dot Products 


Find each dot product. 
a. (4,5) + (2, 3) b. (2, —1) + (1, 2) c. (0,3) + (4, —2) 
Solution 
a. (4,5) + (2,3) = 4(2) + 5(3) 
=8+15 
= 23 
b. (2, -1) + (1,2) = 201) + (-D(2) =2-2=0 
c. (0, 3) + (4, —2) = 0(4) + 3(-2) =0 -—6 = -6 


woneckpownr = Now try Exercise 1. 


In Example 1, be sure you see that the dot product of two vectors is a scalar 
(a real number), not a vector. Moreover, notice that the dot product can be 
positive, zero, or negative. 


FIGURE 3.33 


Origin 
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} Example 2 | Using Properties of Dot Products 


Let u = (—1, 3), v = (2, —4), and w = (1, —2). Find each dot product. 
a. (u+ v)w b. u- 2v 
Solution 
Begin by finding the dot product of u and v. 
u-v = (1,3): (2, —4) 
= (—1)(2) + 3(-4) 


=-14 
a. (u- v)w = —14(1, —2) 
= (-14, 28) 
b. u- 2v = 2(u- v) 
= 2(-14) 
= —28 


Notice that the product in part (a) is a vector, whereas the product in part (b) is a 
scalar. Can you see why? 


weHeckpoInT Now try Exercise 11. 
> elilt-wew Dot Product and Magnitude 


The dot product of u with itself is 5. What is the magnitude of uw? 
Solution 


Because |u|? = u - uandu- u = 5, it follows that 
lu] =Ju-u 
=J5. 


The Angle Between Two Vectors 


The angle between two nonzero vectors is the angle 0,0 < 6 < 7a, between 
their respective standard position vectors, as shown in Figure 3.33. This angle 
can be found using the dot product. (Note that the angle between the zero vector 
and another vector is not defined.) 


Angle Between Two Vectors 


If 0 is the angle between two nonzero vectors u and v, then 


cos 0 


_— uryv 
llall vi 


For a proof of the angle between two vectors, see Proofs in Mathematics on page 
328. 
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STC Finding the Angle Between Two Vectors 


Find the angle between u = (4, 3) and v = (3, 5). 


Solution 
y u’v 
: cos 0 = 7>—_—_ 
a [ul Iv 
v= (5) =, 4Ay3) * (3.9) 
II<4, 3)II {I<3, 5)I| 
27 


~ 5/34 


This implies that the angle between the two vectors is 


27 
0= as 22.2° 
arccos 5/34 


as shown in Figure 3.34. 


FIGURE 3.34 
woweckpontT = Now try Exercise 29. 
Rewriting the expression for the angle between two vectors in the form 
urv= I ull Il v|| cos 8 Alternative form of dot product 
produces an alternative way to calculate the dot product. From this form, you can 
see that because ||ul| and ||v|| are always positive, u - v and cos @ will always 
have the same sign. Figure 3.35 shows the five possible orientations of two 
vectors. 
6 6 6 
a ” 7 ¥ o>. 
u v HS 
Fea<n g=2 o<0@<2 ip 
0=7 2 2 2 6=0 
cos? = —1 —-1<cosé<0 cos 0 =0 0<cosé<1 cos @= 1 
Opposite Direction Obtuse Angle 90° Angle Acute Angle Same Direction 
FIGURE 3.35 


Definition of Orthogonal Vectors 


The vectors u and v are orthogonal if u - v = 0. 


The terms orthogonal and perpendicular mean essentially the same 
thing—meeting at right angles. Even though the angle between the zero vector 
and another vector is not defined, it is convenient to extend the definition of 
orthogonality to include the zero vector. In other words, the zero vector is 
orthogonal to every vector u, because 0 - u = 0. 


Technology 


The graphing utility program 
Finding the Angle Between Two 
Vectors, found on our website 
college.hmco.com, graphs two 


vectors u = (a,b) and v = (c,d) 
in standard position and finds the 
measure of the angle between 
them. Use the program to verify 
the solutions for Examples 4 and 5. 
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| Example 5 | Determining Orthogonal Vectors 


Are the vectors u = (2, —3) and v = (6, 4) orthogonal? 


Solution 
Begin by finding the dot product of the two vectors. 


u-v = (2, —3) - (6,4) = 2(6) + (—3)(4) =0 


Because the dot product is 0, the two vectors are orthogonal (see Figure 3.36). 


dee v= (6, 4) 


Beal = =3) 


FIGURE 3.36 


weweckpoinr ~Now try Exercise 47. 


Finding Vector Components 


You have already seen applications in which two vectors are added to produce a 
resultant vector. Many applications in physics and engineering pose the reverse 
problem—decomposing a given vector into the sum of two vector components. 

Consider a boat on an inclined ramp, as shown in Figure 3.37. The force F 
due to gravity pulls the boat down the ramp and against the ramp. These two 
orthogonal forces, w, and w,, are vector components of F. That is, 


F= Ww, + W>. Vector components of F 


The negative of component w, represents the force needed to keep the boat from 
rolling down the ramp, whereas w, represents the force that the tires must 
withstand against the ramp. A procedure for finding w, and w, is shown on the 
following page. 


FIGURE 3.37 
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Definition of Vector Components 


Let u and v be nonzero vectors such that 


u=w,tw, 


where w, and w, are orthogonal and w, is parallel to (or a scalar multiple of) 
v, as shown in Figure 3.38. The vectors w, and w, are called vector compo- 
nents of u. The vector w, is the projection of u onto v and is denoted by 


Ww, = proj,u. 


The vector w, is given by w, = u — wy. 


Gis acute. Gis obtuse. 
FIGURE 3.38 


From the definition of vector components, you can see that it is easy to find 
the component w, once you have found the projection of u onto v. To find the 
projection, you can use the dot product, as follows. 


u=w, + W,=cv+t+ Ww, w, is a scalar multiple of v. 


u:v (cv + W,) “Vv Take dot product of each side with v. 


cv: vVtw:Vv 


= c|lv||? + 0 w, and y are orthogonal. 
So, 
u:v 
“WP 
and 


: u:v 
Ww, = Pe ere 


Projection of u onto v 


Let u and v be nonzero vectors. The projection of u onto v is 


u 


proj,u = (eau 
vl 


=O, 


FIGURE 3.39 


FIGURE 3.40 
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Selilt-me Decomposing a Vector into Components 


Find the projection of u = (3, —5) onto v = (6, 2). Then write u as the sum of 
two orthogonal vectors, one of which is proj,u. 


Solution 


The projection of u onto v is 


i (ise) ~ (za) 7 @ 3) 


as shown in Figure 3.39. The other component, w,, is 


62\ /9 27 
We Wye) 2-8 a 


So, 


62\ /9 27 
u=mtm- E248, =) ven 


weueckrownr ~=— Now try Exercise 53. 
Selita Finding a Force 


A 200-pound cart sits on a ramp inclined at 30°, as shown in Figure 3.40. What 
force is required to keep the cart from rolling down the ramp? 


Solution 


Because the force due to gravity is vertical and downward, you can represent the 
gravitational force by the vector 


F=—- 200}. Force due to gravity 


To find the force required to keep the cart from rolling down the ramp, project F 
onto a unit vector v in the direction of the ramp, as follows. 


3 1 
v = (cos 30°)i + (sin 30°)j = By ar 34 Unit vector along ramp 


Therefore, the projection of F onto v is 


w, = proj, F 
- (ie) 
= (F-v)v 
= (200)(5}v 


/3,,1 
1 i+—j|. 
00( “i 53 


The magnitude of this force is 100, and so a force of 100 pounds is required to 
keep the cart from rolling down the ramp. 


cueckpoinr Now try Exercise 67. 
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FIGURE 3.43 
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“12 ft 


Work 


The work W done by a constant force F acting along the line of motion of an 
object is given by 


W = (magnitude of force)(distance) = ||F'| || PO | 


as shown in Figure 3.41. If the constant force F is not directed along the line of 
motion, as shown in Figure 3.42, the work W done by the force is given by 


—— 
W= I| proj zg F|| ||PO|| Projection form for work 
— 
= (cos 6)|| Fl] ||P || |proi7g F|| = (cos 0) | 
=F: PO. Alternative form of dot product 


a See ee | 

P Q Q 
Force acts along the line of motion. Force acts at angle @with the line of motion. 
FIGURE 3.41 FIGURE 3.42 


This notion of work is summarized in the following definition. 


Definition of Work 


The work W done by a constant force F as its point of application moves 
along the vector PQ is given by either of the following. 


1. W= IlprojpoF || \|POl| Projection form 


2,W=F- PO Dot product form 


STR Finding Work @ 


To close a sliding door, a person pulls on a rope with a constant force of 50 
pounds at a constant angle of 60°, as shown in Figure 3.43. Find the work done 
in moving the door 12 feet to its closed position. 


Solution 


Using a projection, you can calculate the work as follows. 
W= || proj po Fl | PO|| Projection form for work 
= (cos 60°)||Fl]||PQ || 


1 
= 360)02) = 300 foot-pounds 


So, the work done is 300 foot-pounds. You can verify this result by finding the 
vectors F and PQ and calculating their dot product. 


weweckpowr = Now try Exercise 69. 
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Bileee 


VOCABULARY CHECK: Fill in the blanks. 
1. The 


of two vectors yields a scalar, rather than a vector. 


. If @is the angle between two nonzero vectors u and v, then cos 6 = 


ifu-v=0. 


2 

3. The vectors u and v are 
4. The projection of u onto v is given by projyu = 
5 


. The work W done by a constant force F as its point of application moves along the vector PO 


is given by W = or W = 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-8, find the dot product of u and v. 


1. u = (6, 1) 2. u = (5, 12) 
v = (-2, 3) v = (-3, 2) 
3. u = (-4, 1) 4. u = (-2,5) 
v = (2, —3) v = (-1, —2) 
5. u = 4i — 2j 6. u = 3i + 4j 
v=i-j v=7i - 2j 
7. u = 3i + 2j 8. u =i — 2j 
v= —2i — 3j v=—-2i+j 


In Exercises 9-18, use the vectors u = «2, 2», v= {- 3, 4», 
and w = (1,—2) to find the indicated quantity. State 
whether the result is a vector or a scalar. 


9% u-u 10. 3u-v 

11. (u + v)v 12. (v- u)w 

13. (w- vju 14. (u - 2v)w 

15. ||w|| — 1 16. 2 — |jul| 

17. (u- v) — (u- w) 18. (vu) — (w- v) 


In Exercises 19-24, use the dot product to find the 
magnitude of u. 

19. u = (—5, 12) 20. u = (2, —4) 

21. u = 201 + 25j 22. u = 12i — 16j 

23. u = 6j 24. u = —2ii 


In Exercises 25 -34, find the angle @ between the vectors. 


25. u = (1, 0) 26. u = (3, 2) 
v = (0, —2) v = (4,0) 
27. u = 3i + 4j 28. u = 2i — 3j 
v= —-2j v=i-2j 
29. u = 2i — j 30. u = —6i — 3j 


v=6i+ 4j v=—8i + 4j 


31. u=5i+ 5j 32. u = 21 — 3j 


v=4i + 3j 


In Exercises 35-38, graph the vectors and find the degree 
measure of the angle @ between the vectors. 


35. u = 3i + 4j 36. u = 61 + 3j 
v=—Ti+ 5j v= —-4i + 4j 

37. u = 5i + Sj 38. u = 2i — 3j 
v= —8i + 8j v= 8i+ 3j 


In Exercises 39-42, use vectors to find the interior angles of 
the triangle with the given vertices. 


39. (1, 2), (3, 4), (2, 5) 40. (—3, —4), (1,7), (8,2) 
41. (—3, 0), (2, 2), (0, 6) 42. (—3, 5), (1,9), (7,9) 


In Exercises 43-46, find u - v, where @is the angle between 
uand v. 


2 
43. ||ul| = 4, ||v|| = 10, 0 = = 
44. |lu|| = 100, ||v|| = 250, ar 
45. (ul =, ele. === 
4 
46. |ul| = 4, |\v| = 12, 6 . 
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In Exercises 47-52, determine whether u and v are orthog- 
onal, parallel, or neither. 


47. u = (—12, 30) 48. u = (3, 15) 
v= (3-4) v=(-1,5) 

49. u = 4(3i — j) 50. u =i 
v= 5i + 6j v= —2i + 2j 

51. u = 2i — 2j 52. u = (cos @, sin 6) 
v=—-i-j v = (sin 0, —cos @) 


In Exercises 53-56, find the projection of u onto v. Then 
write u as the sum of two orthogonal vectors, one of which 
is proj, u. 


53, u = (2, 2) 54. u = (4,2) 
v = (6, 1) v = (1, —2) 
55. u = (0, 3) 56. u = (-3, —2) 
v = (2, 15) v = (-4, -1) 


In Exercises 57 and 58, use the graph to determine mentally 
the projection of u onto v. (The coordinates of the terminal 
points of the vectors in standard position are given.) Use 
the formula for the projection of u onto v to verify your 
result. 


57. 58. y 
4 che 
ot 6,4 
L (6, 4) 4-- Ce 
G2no) Te aT 
}_ a+ 
L roe 
= ed =. 4 2 4 6 
2 + 2 4 6 24) 
=25- TT @ 5) 
oe —4-++ 


In Exercises 59-62, find two vectors in opposite directions 
that are orthogonal to the vector u. (There are many 
correct answers.) 


59. u = (3,5) 
60. u = (—8, 3) 
61. u =35i - 3j 


62. u = —3i — 3; 


Work In Exercises 63 and 64, find the work done in 
moving a particle from P to Q if the magnitude and 
direction of the force are given by v. 

63. P= (0,0), Q=(4,7), v= (1,4) 

64. P=(1,3), QO =(-3,5), v= —2i+ 3j 


65. Revenue The vector u = (1650, 3200) gives the numbers 
of units of two types of baking pans produced by a 
company. The vector v = (15.25, 10.50) gives the prices 
(in dollars) of the two types of pans, respectively. 


(a) Find the dot product u - v and interpret the result in the 
context of the problem. 


(b) Identify the vector operation used to increase the prices 
by 5%. 


66. Revenue The vector u = (3240, 2450) gives the numbers 
of hamburgers and hot dogs, respectively, sold at a fast-food 
stand in one month. The vector v = (1.75, 1.25) gives the 
prices (in dollars) of the food items. 


(a) Find the dot product u - v and interpret the result in the 
context of the problem. 


(b) Identify the vector operation used to increase the prices 
by 2.5%. 


67. Braking Load A truck with a gross weight of 30,000 
pounds is parked on a slope of d° (see figure). Assume 
that the only force to overcome is the force of gravity. 


Weight = 30,000 lb 


(a) Find the force required to keep the truck from 
rolling down the hill in terms of the slope d. 


ae (b) Use a graphing utility to complete the table. 


0° 1° 2° 3° 4° 5° 


Force 


(c) Find the force perpendicular to the hill when 
d=5°. 


68. Braking Load A sport utility vehicle with a gross weight 
of 5400 pounds is parked on a slope of 10°. Assume that 
the only force to overcome is the force of gravity. Find the 
force required to keep the vehicle from rolling down the 
hill. Find the force perpendicular to the hill. 


69. 


70. 


71. 


72. 


73. 


Work Determine the work done by a person lifting a 
25-kilogram (245-newton) bag of sugar. 


Work Determine the work done by a crane lifting a 
2400-pound car 5 feet. 


Work A force of 45 pounds exerted at an angle of 30° 
above the horizontal is required to slide a table across a 
floor (see figure). The table is dragged 20 feet. Determine 
the work done in sliding the table. 


~ 20 ft > 


Work A tractor pulls a log 800 meters, and the tension in 
the cable connecting the tractor and log is approximately 
1600 kilograms (15,691 newtons). The direction of the 
force is 35° above the horizontal. Approximate the work 
done in pulling the log. 


Work One of the events in a local strongman contest is to 
pull a cement block 100 feet. One competitor pulls the 
block by exerting a force of 250 pounds on a rope attached 
to the block at an angle of 30° with the horizontal (see 
figure). Find the work done in pulling the block. 


74. 


Not drawn to scale 


Work A toy wagon is pulled by exerting a force of 
25 pounds on a handle that makes a 20° angle with the 
horizontal (see figure). Find the work done in pulling the 
wagon 50 feet. 
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Synthesis 


True or False? _\n Exercises 75 and 76, determine whether 
the statement is true or false. Justify your answer. 


75. The work W done by a constant force F acting along the 
line of motion of an object is represented by a vector. 


76. A sliding door moves along the line of vector PO. Ifa 
force is applied to the door along a vector that is orthogo- 
nal to PQ, then no work is done. 


77. Think About It What is known about 6, the angle 
between two nonzero vectors u and v, under each 
condition? 

(a) u-v=0 (b) u:v >0 

78. Think About It What can be said about the vectors u and 
v under each condition? 


(c)urv <0 


(a) The projection of u onto v equals u. 
(b) The projection of u onto v equals 0. 


79. Proof Use vectors to prove that the diagonals of a 
rhombus are perpendicular. 


80. Proof Prove the following. 


lu — v|P = |lulP + |lv[P — 20 + v 


Skills Review 


In Exercises 81-84, find all solutions of the equation in the 
interval [0, 277). 

81. sin 2x — J/3 sin x =0 

82. sin 2x + /2 cos x =0 

83. 2 tan x = tan 2x 

84. cos 2x — 3 sinx = 2 


In Exercises 85-88, find the exact value of the 


trigonometric function given that sinu = —?2 and 


cosv = 2. (Both u and v are in Quadrant IV.) 
85. sin(u — v) 
86. sin(u + v) 
87. cos(v — u) 
88. tan(u — v) 
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= | Chapter Summary 


What did you learn? 


Section 3.1 Review Exercises 
CL Use the Law of Sines to solve oblique triangles (AAS, ASA, or SSA) (p. 278, 280). 1-12 
U Find areas of oblique triangles (p. 282). 13-16 
C1 Use the Law of Sines to model and solve real-life problems (p. 283). 17-20 
Section 3.2 

CL Use the Law of Cosines to solve oblique triangles (SSS or SAS) (p. 287). 21-28 
LI Use the Law of Cosines to model and solve real-life problems (p. 289). 29-32 
CL Use Heron's Area Formula to find areas of triangles (p. 290). 33-36 
Section 3.3 

CL Represent vectors as directed line segments (p. 295). 37,38 
LC] Write the component forms of vectors (p. 296). 39-44 
C1 Perform basic vector operations and represent vectors graphically (p. 297). 45-56 
CL Write vectors as linear combinations of unit vectors (p. 299). 57-62 
U Find the direction angles of vectors (p. 301). 63-68 
CL Use vectors to model and solve real-life problems (p. 302). 69-72 


Section 3.4 


C1 Find the dot product of two vectors and use the properties of the 73-80 
dot product (p. 308). 
CL Find the angle between two vectors and determine whether two 81-88 


vectors are orthogonal (p. 309). 
CL] Write vectors as sums of two vector components (p. 311). 89-92 
C1 Use vectors to find the work done by a force (p. 374). 93-96 


Review Exercises 319 


In Exercises 1-12, use the Law of Sines to solve (if 
possible) the triangle. If two solutions exist, find both. 
Round your answers to two decimal places. 


1. B 2. B 
. we 
_ 
a ; C 
3. B=72°, C = 82°, b=54 
4. B 10°, C = 20°, c = 33 
5. A 16°, B= 98°, c=84 
6. A = 95°, B=45°, ¢ 104.8 
TA 24°, C = 48°, b = 27.5 
8. B = 64°, C = 36°, a = 367 
9. B = 150°, b = 30, c = 10 


10. B = 150°, a= 10, b=3 
11. A = 75°, a = 51.2, b = 33.7 
12. B = 25°, a=6.2, b=4 


In Exercises 13-16, find the area of the triangle having the 
indicated angle and sides. 

13. A = 27°, b=5, c=7 

14. B=80°, a=4, c =8 

15. C = 123°, a= 16, b=5 

16. A = 11°, b= 22, c=21 


17. Height From a certain distance, the angle of elevation to 
the top of a building is 17°. At a point 50 meters closer to 
the building, the angle of elevation is 31°. Approximate the 
height of the building. 


18. Geometry Find the length of the side w of the 
parallelogram. 


12 
cd) 


19. Height A tree stands on a hillside of slope 28° from the 
horizontal. From a point 75 feet down the hill, the angle of 
elevation to the top of the tree is 45° (see figure). Find the 
height of the tree. 


FIGURE FOR 19 


20. River Width A surveyor finds that a tree on the opposite 
bank of a river, flowing due east, has a bearing of 
N 22° 30’E from a certain point and a bearing of N 15° W 
from a point 400 feet downstream. Find the width of the 
river. 


In Exercises 21-28, use the Law of Cosines to solve 
the triangle. Round your answers to two decimal places. 
21.a=5, b=8, c =10 

22. a = 80, b = 60, c = 100 

23. a = 2.5, b =5.0, c = 45 

24. a = 16.4, b = 8.8, c = 12.2 

25. B= 110°, a=4, c=4 

26. B = 150°, a = 10, c = 20 

27. C = 43°, a = 22.5, b = 31.4 

28. A = 62°, b = 11.34, c = 19.52 


29. Geometry The lengths of the diagonals of a parallelogram 
are 10 feet and 16 feet. Find the lengths of the sides of the 
parallelogram if the diagonals intersect at an angle of 28°. 


30. Geometry The lengths of the diagonals of a parallelogram 
are 30 meters and 40 meters. Find the lengths of the sides 
of the parallelogram if the diagonals intersect at an angle 
of 34°. 

31. Surveying To approximate the length of a marsh, a 
surveyor walks 425 meters from point A to point B. Then 
the surveyor turns 65° and walks 300 meters to point C (see 
figure). Approximate the length AC of the marsh. 


Tr 
¥ LAWN 
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32. Navigation Two planes leave Raleigh-Durham Airport at 
approximately the same time. One is flying 425 miles per 
hour at a bearing of 355°, and the other is flying 530 miles 
per hour at a bearing of 67°. Draw a figure that gives 
a visual representation of the problem and determine the 
distance between the planes after they have flown for 
2 hours. 


In Exercises 33-36, use Heron’s Area Formula to find the 
area of the triangle. 

33. a=4, b=5,c =7 

34. a = 15, b=8, c= 10 

35. a = 12.3, b = 15.8, c = 3.7 

36. a = 38.1, b = 26.7, c = 19.4 


In Exercises 37 and 38, show that u = v. 


37. y 38. y 
t 4,6 tei, 4) 
[ aa ie 
ye u i 
a t+ + 
= 1m a 
iG 3) 
(12a 


In Exercises 39-44, find the component form of the vector 
v satisfying the conditions. 


39. 40. 


y 
A 


Go 4) 


in) 
T t T T T T 
No 
| | 
T T T T 
TA 
ik 
a — < 
2S 
lI 


hes) =al 


41. Initial point: (0, 10); terminal point: (7, 3) 
42. Initial point: (1, 5); terminal point: (15, 9) 
43. ||v|| = 8, @ = 120° 
44, |lv|| =5, 0 = 225° 


In Exercises 45-52, find (a) u + v, (b) u—v, (c) 3u, and 
(d) 2v + 5u. 

45. u = (—1, —3), v = (—3, 6) 

46. u = (4,5), v = (0, -1) 

47. u = (—5, 2), v = (4, 4) 

48. u = (1, —8), v = (3, —2) 

49. u = 2i —j,v = 5i + 3j 


50. u Ti — 3j,v =4i -j 
51. u = 4i, v = —i + 6j 
52. u = —6j,v =i+j 


In Exercises 53-56, find the component form of w and 
sketch the specified vector operations geometrically, 
where u = 6i — 5jandv = 1 — i + 3). 

53. w=2ut+yv 
55. w = 3v 


54. w = 4u — 5v 


56. w = $y 


In Exercises 57-60, write vector u as a linear combination of 
the standard unit vectors i and j. 

57. u = (-3,4) 58. u = (—6, —8) 

59. w has initial point (3, 4) and terminal point (9, 8). 

60. u has initial point (—2,7) and terminal point (5, —9). 


In Exercises 61 and 62, write the vector v in the form 
l|v|(cos Oi + sin 6)). 


61. v = —10i + 10j 62. v= 4i-j 


In Exercises 63-68, find the magnitude and the direction 
angle of the vector v. 

63. v = 7(cos 60% + sin 60°j) 

64. v = 3(cos 150°% + sin 150°j) 

65. v = 5i + 4j 

66. v = —4i + 7j 

67. v = —3i — 3j 

68. v = 8i — j 


69. Resultant Force Forces with magnitudes of 85 pounds 
and 50 pounds act on a single point. The angle between the 
forces is 15°. Describe the resultant force. 


70. Rope Tension A 180-pound weight is supported by two 
ropes, as shown in the figure. Find the tension in each rope. 


T 30° 30°35 


a Ib 


71. Navigation An airplane has an airspeed of 430 miles per 
hour at a bearing of 135°. The wind velocity is 35 miles per 
hour in the direction of N 30° E. Find the resultant speed 
and direction of the airplane. 


72. Navigation An airplane has an airspeed of 724 kilome- 
ters per hour at a bearing of 30°. The wind velocity is 
32 kilometers per hour from the west. Find the resultant 
speed and direction of the airplane. 


In Exercises 73-76, find the dot product of u. and v. 


73. u = (6,7) 74. u = (—7, 12) 
v = (-3, 9) v = (—4, —-14) 

75. u=3i+7j 76. w= —7i + 2j 
v=1lli-5j v = 16i — 12; 


In Exercises 77-80, use the vectors u = <-3,4) and 
v= <2, 1) to find the indicated quantity. State whether 
the result is a vector or a scalar. 

77. 2u-u 

78. ||v||? 

79. u(u - v) 

80. 3u-v 


In Exercises 81- 84, find the angle @ between the vectors. 


81. u = cos 7 i+ sin le 
4 4 

57, _ oT, 

v= cos its | 

82. u = cos 45°% + sin 45% 


v = cos 300% + sin 300% 
83. u = (2/2, -4), v=(-V2,1) 
84. u = (3, V3), v = (4,3V3) 


In Exercises 85-88, determine whether u and v are 
orthogonal, parallel, or neither. 


85. u = (3, 8) 86. u = (4, -5) 
v = (8, 3) v = (-2, 4) 
87. u=—i 88. u = —21+j 
v=i+ 2j v = 3i + 6j 


In Exercises 89-92, find the projection of u onto v. Then 
write u as the sum of two orthogonal vectors, one of which 
is proj,u. 

89. u = (—4, 3), v = (-8, —2) 

90. u = (5,6), v = (10, 0) 

91. u = (2,7), v = (1, —-1) 

92. u = (—3,5), v = (—5, 2) 


Work In Exercises 93 and 94, find the work done in 
moving a particle from P to Q if the magnitude and 
direction of the force are given by v. 

93,.F = (5,3), 28,9), 9 = 2,7) 

94. P = (—2, —9), Q = (—12, 8), v = 3i — 6j 
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95. Work Determine the work done by a crane lifting an 
18,000-pound truck 48 inches. 


96. Work <A mover exerts a horizontal force of 25 pounds 
on a crate as it is pushed up a ramp that is 12 feet long and 
inclined at an angle of 20° above the horizontal. Find the 
work done in pushing the crate. 


Synthesis 


True or False? \n Exercises 97-100, determine whether 
the statement is true or false. Justify your answer. 


97. The Law of Sines is true if one of the angles in the 
triangle is a right angle. 


98. When the Law of Sines is used, the solution is always 
unique. 


99. If u is a unit vector in the direction of v, then v = ||v]| u. 
100. If v = ai + bj = 0, thena = —b. 


101. State the Law of Sines from memory. 
102. State the Law of Cosines from memory. 
103. What characterizes a vector in the plane? 


104. Which vectors in the figure appear to be equivalent? 


re A 
B 
C De 
aA Ss 
105. The vectors u and v have the same magnitudes in the two 


figures. In which figure will the magnitude of the sum be 
greater? Give a reason for your answer. 


(a) y (b) y 


y 
A 


> xX 


106. Give a geometric description of the scalar multiple ku of 
the vector u, for k > 0 and fork < 0. 


107. Give a geometric description of the sum of the vectors u 
and v. 
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A 


FIGURE FOR 8 


Take this test as you would take a test in class. When you are finished, check your 


Awe wh 


work against the answers given in the back of the book. 


In Exercises 1-6, use the information to solve the triangle. If two solutions exist, find 
both solutions. Round your answers to two decimal places. 


1. 
. B= 104°, C = 33°,a = 18.1 


A = 24°, B = 68°, a = 12.2 


A = 24°, a= 11.2, b= 13.4 
a=40, b=7.3, c= 124 
B= 100°", a= 15, b = 23 
C = 123°, a=41, b =57 


. A triangular parcel of land has borders of lengths 60 meters, 70 meters, and 82 meters. 


Find the area of the parcel of land. 


. An airplane flies 370 miles from point A to point B with a bearing of 24°. It then flies 


240 miles from point B to point C with a bearing of 37° (see figure). Find the distance 
and bearing from point A to point C. 


In Exercises 9 and 10, find the component form of the vector v satisfying the given 
conditions. 


9. 
10. 


Initial point of v: (—3, 7); terminal point of v: (11, — 16) 
Magnitude of v: ||v|| = 12; direction of v: u = (3, —5) 


In Exercises 11-13,u = (3, 5) and v = (—7, 1). Find the resultant vector and sketch 


its graph. 
ll.ut+yv 12. u-—v 13. Su — 3v 
14, Find a unit vector in the direction of u = (4, —3). 


15. 


16. 
17. 
18. 


19. 


Forces with magnitudes of 250 pounds and 130 pounds act on an object at angles of 
45° and —60°, respectively, with the x-axis. Find the direction and magnitude of the 
resultant of these forces. 

Find the angle between the vectors u = (—1, 5) and v = (3, —2). 

Are the vectors u = (6, 10) and v = (2, 3) orthogonal? 

Find the projection of u = (6, 7) onto v = (—5, —1). Then write u as the sum of two 
orthogonal vectors. 


A 500-pound motorcycle is headed up a hill inclined at 12°. What force is required to 
keep the motorcycle from rolling down the hill when stopped at a red light? 
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(ED Cumulative Test for Chapters 1-3 


Take this test to review the material from earlier chapters. When you are finished, 
check your work against the answers given in the back of the book. 
1. Consider the angle 9 = —120°. 
(a) Sketch the angle in standard position. 
(b) Determine a coterminal angle in the interval [0°, 360°). 
(c) Convert the angle to radian measure. 
(d) Find the reference angle 0’. 
(e) Find the exact values of the six trigonometric functions of 0. 


2. Convert the angle 6 = 2.35 radians to degrees. Round the answer to one decimal 
y place. 
A 


3. Find cos @if tan 0 = =; and sin 6 < 0. 


In Exercises 4-6, sketch the graph of the function. (Include two full periods.) 


4. f(x) =3-2singx 5. gx) = F tan(x — 2) 6. h(x) = —sec(x + 7) 
= 
eel 


7. Find a, b, and c such that the graph of the function h(x) = a cos(bx + c) matches the 
FIGURE FOR 7 graph in the figure. 


8. Sketch the graph of the function f(x) = bx sin x over the interval —3a7 < x < 37. 

In Exercises 9 and 10, find the exact value of the expression without using a calculator. 
9. tan(arctan 6.7) 10. tan(arcsin 3) 

11. Write an algebraic expression equivalent to sin(arccos 2x). 

12. Use the fundamental identities to simplify: cos( 7 = x) CSC Xx. 


sin @—1 cos 6 


13. Subtract and simplify: 9 aoe 
cos sin 8 — 


In Exercises 14-16, verify the identity. 
14. cot? a(sec? a — 1) = 1 
15. sin(x + y) sin(x — y) = sin? x — sin? y 


16. sin? x cos? x = (1 — cos 4x) 


In Exercises 17 and 18, find all solutions of the equation in the interval [0, 277). 


17. 2 cos? B — cos B = 0 
18. 3 tan 8d — cotd=0 


19. Use the Quadratic Formula to solve the equation in the interval [0, 27): 
sin? x + 2sinx + 1=0. 


20. Given that sin u = 3, cos v = 2 and angles u and v are both in Quadrant I, find 
tan(u — v). 


21. If tan 9 = 5, find the exact value of tan(26). 
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22. 


23. 


24. 


If tan 0 = ; find the exact value of sin 2 


: : 7 : 
Write the product 5 sin aa * COs re as a sum or difference. 


Write cos 8x + cos 4x as a product. 


In Exercises 25-28, use the information to solve the triangle shown in the figure. 
Round your answers to two decimal places. 


25. 
26. 
27. 
28. 


29. 


30. 
31. 


32. 
33. 
34. 


39. 


40. 


41. 


35. 


36. 


37. 


38. 


A =30°,a=9, b=8 
A = 30°,b =8, c = 10 
A = 30°, C = 90°, b = 10 
a=4,b=8,c=9 


Two sides of a triangle have lengths 7 inches and 12 inches. Their included angle 
measures 60°. Find the area of the triangle. 


Find the area of a triangle with sides of lengths 11 inches, 16 inches, and 17 inches. 
Write the vector u = (3,5) as a linear combination of the standard unit vectors i 
and j. 

Find a unit vector in the direction of v = i + j. 

Find u - v foru = 3i + 4j and v =i — 2j. 


Find the projection of u = (8, —2) onto v = (1,5). Then write u as the sum of two 
orthogonal vectors. 


A ceiling fan with 21-inch blades makes 63 revolutions per minute. Find the angular 
speed of the fan in radians per minute. Find the linear speed of the tips of the blades 
in inches per minute. 


Find the area of the sector of a circle with a radius of 8 yards and a central angle of 
114°. 
From a point 200 feet from a flagpole, the angles of elevation to the bottom and top 


of the flag are 16° 45’ and 18°, respectively. Approximate the height of the flag to the 
nearest foot. 


To determine the angle of elevation of a star in the sky, you get the star in your line of 
vision with the backboard of a basketball hoop that is 5 feet higher than your eyes (see 
figure). Your horizontal distance from the backboard is 12 feet. What is the angle of 
elevation of the star? 


Write a model for a particle in simple harmonic motion with a displacement of 
4 inches and a period of 8 seconds. 


An airplane’s velocity with respect to the air is 500 kilometers per hour, with a 
bearing of 30°. The wind at the altitude of the plane has a velocity of 50 kilometers 
per hour with a bearing of N 60° E. What is the true direction of the plane, and what 
is its speed relative to the ground? 


A force of 85 pounds exerted at an angle of 60° above the horizontal is required to 
slide an object across a floor. The object is dragged 10 feet. Determine the work done 
in sliding the object. 


Proofs in Mathematics 


Law of Tangents Law sid s ‘oe (P enhed 
Besides the Law of Sines and the If ABC is a triangle with sides a, b, and c, then 


Law of Cosines, there is also a a b c 
Law of Tangents, which was 
developed by Francois Viete 
(1540-1603). The Law of 
Tangents follows from the Law Cc 
of Sines and the sum-to-product 
formulas for sine and is defined 
as follows. 


a+b _ tan[(A + B)/2] 
a-—b  tan[(A — B)/2] 


snA sinB sinc’ 


Ais acute. A is obtuse. 
The Law of Tangents can be 


used to solve a triangle when 
two sides and the included 


angle are given (SAS). Before Proof 
calculators were invented, the Let h be the altitude of either triangle found in the figure above. Then you have 


Law of Tangents was used to 

solve the SAS case instead of sin A = 
the Law of Cosines, because 
computation with a table of 
tangent values was easier. 


or h=bsinA 


sin B = or h=asinB. 


g|>+ ls 


Equating these two values of h, you have 


a _ b 
snA sinB 


asinB = bsinA or 


Gi Note that sin A # O and sin B + 0 because no angle of a triangle can have a 
measure of 0° or 180°. In a similar manner, construct an altitude from vertex B to 
side AC (extended in the obtuse triangle), as shown at the left. Then you have 


b a 
5 h ; 
sua or h=csinA 
A G B h 
Ais acute. sin C = - or h=asinC. 
c Equating these two values of h, you have 
a c 
I =csmA : =e 
‘ asinC = csin or ar teem 
b By the Transitive Property of Equality you know that 
A G 2183 @ BE & 
> i, sinA sinB  sinC 
aa So, the Law of Sines is established. 
Ais obtuse. 
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ny 
A 
C= (x, y) 
b a 
A c B=(c,0) 
ye 
A 
C= (x, y) 
q b 
C &. 
B A=(c, 0) 
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Law of Cosines  (p. 287) 
Standard Form Alternative Form 
ae ee 


= Bb? + c2 — 2bccosA A= 
Cc Cc COS COs she 


eC+ce- bh 


2ac 


=a’ + c? — 2accosB cos B = 


ae =e 


= a + b* — 2abcosC ce 
a aD COS cos ab 


Proof 


To prove the first formula, consider the top triangle at the left, which has three 
acute angles. Note that vertex B has coordinates (c, 0). Furthermore, C has 
coordinates (x, y), where x = b cos A and y = b sin A. Because a is the distance 
from vertex C to vertex B, it follows that 


a= J (x —c?t+ (y — 0)? Distance Formula 
@=(«-—c)?+ (y — 0) Square each side. 

a = (bcosA — c)? + (bsin A)? Substitute for x and y. 
a = b> cos*A — 2becosA + c? + b? sin? A Expand. 

= eae A + cos? A) + 2 = Dee cos A Factor out b?. 

@ = b? + c? — 2be cosa. sin2A + cos?A = 1 


To prove the second formula, consider the bottom triangle at the left, which also 
has three acute angles. Note that vertex A has coordinates (c, 0). Furthermore, C 
has coordinates (x, y), where x = acos B and y = asin B. Because b is the 
distance from vertex C to vertex A, it follows that 


b= ME = @F + @ = OF Distance Formula 

b? = (x - ey te (y — 0) Square each side. 

b? = (acos B — c)? + (asin B)? Substitute for x and y. 
(DP = @F COS 13 = Dave GOS 1B A CE Sie 13 Expand. 

bP = GAGE 12 4b Gos? 13) 4b = Dewoors IB Factor out a2. 

(i = OP or © = Hae Coy 18). sin? B + cos? B = | 


A similar argument is used to establish the third formula. 


Heron’s Area Formula _—(p. 290) 


Given any triangle with sides of lengths a, b, and c, the area of the triangle is 


Area = \/s(s — a)(s — b)(s — c) 


(a+b+c) 


h = 
where s 2 


Proof 
From Section 3.1, you know that 


Formula for the area of 
an oblique triangle 


1 
Area = z be sinA 


1 F 
(Area)? = a b?c? sin?A Square each side. 
1 Take the square root of 
= Re) Re 
ATE ay —e/ 4? c? sin* A Saas 
1 2nd, 2 2 
= 4 baG (d — cos A) Pythagorean Identity 


= aE be(1 + cosa) 5 bce(1 — cos 4) Factor. 


Using the Law of Cosines, you can show that 


GDC ae i ae 
2) 2 


1 
A bc(1 + cos A) 


and 


Ga DASe eR ae 
) ) : 


1 

3 bel = es A) = 
Letting s = (a + b + c)/2, these two equations can be rewritten as 

1 

3 bel + cos A) = s(s — a) 
and 

1 

3 bel — cos A) = (s — b)(s — c). 


By substituting into the last formula for area, you can conclude that 


Area = \/s(s — a)(s — b)(s — c). 
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Properties of the Dot Product  (p. 308) 


Let u, v, and w be vectors in the plane or in space and let c be a scalar. 
lou-v=v-u 2.0-v=0 
3,.u-(v+tw)=u-v+u:w 4. vv =|ly|l? 


5. clu: v) =cu-v=u-cv 


Proof 
Let u = (u,, U5), V = (V,, V9), W = (Wy, W>), 0 = (0, 0), and let c be a scalar. 
1. wu: ¥ =, + wv, = Vu, + vou, =V-U 
2,0:-v=0-v,+0-y,=0 
3. u- (v + w) =u- (vy, + Wy, v, + Wy) 

= u,(v, + w,) + u(y, + wp) 


U,V, + UW, + UyVy + UyWy 


Il 


= (u,v, + uv.) + (yw, + mw.) =u-vtu-w 
4.v-vevp+ v= (v2 oP va) = Ilv|? 
5. clu: v) = c((u,, Uy) AV. V>)) 
= c(uyv, + uv) 
= (cu,)v, + (cuy)v, 
= (CUy, Cla) > (V45 Va) 


con ¥ 


Angle Between Two Vectors _(p. 309) 


If 0 is the angle between two nonzero vectors u and vy, then cos 0 = jel 


Proof 
Consider the triangle determined by vectors u, v, and v — u, as shown in the 
figure. By the Law of Cosines, you can write 


|v — ull? = lull? + |lv|? — 2I/ul| |Ivllcos @ 


Il 


(v — u)- (v — u) = |lul? + |lv/? — 2\Iull |Iv|| cos @ 
(v—u)-v—-(v—u):u =|lul? + |lv|P? — 2llull|lvl| cos @ 


vev—u-v—v-ut+u-:u= ul? + |lv? — 2\Iull lvl cos 6 


\[v||? — 2u - v + |lull? = ful]? + |lv|2 — 2llull |lv|| cos @ 
u:v 
Gos 2 = game 
ful [|v 


YZ4-8 Problem Solving 


This collection of thought-provoking and challenging exercises further explores 
and expands upon concepts learned in this chapter. 


1. In the figure, a beam of light is directed at the blue mirror, 5. For each pair of vectors, find the following. 
reflected to the red mirror, and then reflected back to the (i) lh (ii) lv (iii) lla a | 
blue mirror. Find the distance PT that the light travels from es 
the red mirror back to the blue mirror. (iv) es (v) a (vi) a 
ful ll lu + vl 
aya — <i 1) (b) u = (0, 1) 
v = (1, 2) v = (3, —3) 
(c) u = (1,3) (d) u = (2, -4) 
oe v= (2,3) TES) 
6. A skydiver is falling at a constant downward velocity of 
w ; 120 miles per hour. In the figure, vector u represents the 
O T Q Blue mirror skydiver’s velocity. A steady breeze pushes the skydiver to 
= 6 ft a the east at 40 miles per hour. Vector v represents the wind 
velocity. 


2. A triathlete sets a course to swim S 25° E from a point on 


shore to a buoy 3 mile away. After swimming 300 yards Up 
through a strong current, the triathlete is off course at a bear- i h 
ing of S 35° E. Find the bearing and distance the triathlete 
needs to swim to correct her course. ee 
100 + 
80 + Y 
(0)}S 
40+ 
3. A hiking party is lost in a national park. Two ranger stations 29 ME 
have received an emergency SOS signal from the party. dL 
Station B is 75 miles due east of station A. The bearing from w<t4 eer eee 
io . . ‘ . T T T T T T T T T 
station A to the signal is S 60° E and the bearing from station ~20 20 40 60 
B to the signal is S 75° W. Down 
(a) Draw a diagram that gives a visual representation of the (a) Write the vectors u and v in component form 
problem. 


(b) Let s =u + v. Use the figure to sketch s. To print an 


(b) Find the distance from each station to the SOS signal. enlarged copy of the graph, go to the website, 


(c) A rescue party is in the park 20 miles from station A at www.mathgraphs.com. 
a bearing of S 80° E. Find the distance and the bearing (c) Find the magnitude of s. What information does the 
the rescue party must travel to reach the lost hiking magnitude give you about the skydiver’s fall? 
party. 


(d) If there were no wind, the skydiver would fall in a path 
perpendicular to the ground. At what angle to the 
ground is the path of the skydiver when the skydiver is 
affected by the 40 mile per hour wind from due west? 


4. You are seeding a triangular courtyard. One side of the 
courtyard is 52 feet long and another side is 46 feet long. 
The angle opposite the 52-foot side is 65°. 


(a) Draw a diagram that gives a visual representation of the (ec) The skydiver is blown to the west at 30 miles per hour. 
problem. Draw a new figure that gives a visual representation of 
(b) How long is the third side of the courtyard? the problem and find the skydiver’s new velocity. 


(c) One bag of grass covers an area of 50 square feet. How 
many bags of grass will you need to cover the courtyard? 
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7. Write the vector w in terms of u and v, given that the 
terminal point of w bisects the line segment (see figure). 


8. Prove that if u is orthogonal to v and w, then u is 
orthogonal to 


cv + dw 


for any scalars c and d (see figure). 


9. Two forces of the same magnitude F, and F, act at angles 
6, and @,, respectively. Use a diagram to compare the work 
done by F, with the work done by F, in moving along the 
vector PQ if 
@) th = 
(b) 6, = 60° and 0, = 30°. 

10. Four basic forces are in action during flight: weight, lift, 
thrust, and drag. To fly through the air, an object must 
overcome its own weight. To do this, it must create an 
upward force called /ift. To generate lift, a forward motion 
called thrust is needed. The thrust must be great enough to 
overcome air resistance, which is called drag. 


For a commercial jet aircraft, a quick climb is important to 
maximize efficiency, because the performance of an 
aircraft at high altitudes is enhanced. In addition, it is 
necessary to clear obstacles such as buildings and 
mountains and reduce noise in residential areas. In the 
diagram, the angle 6 is called the climb angle. The velocity 
of the plane can be represented by a vector v with a vertical 
component |ly|| sin 6 (called climb speed) and a horizontal 
component |ly|| cos 6, where ||v|| is the speed of the plane. 


330 


When taking off, a pilot must decide how much of the thrust to 
apply to each component. The more the thrust is applied to the 
horizontal component, the faster the airplane will gain speed. 
The more the thrust is applied to the vertical component, the 
quicker the airplane will climb. 


Lift 


Thrust 


Climb angle @ 


Velocity 


FIGURE FOR 10 


(a) Complete the table for an airplane that has a speed of 


\|v|| = 100 miles per hour. 

0 0.5° | 1.0° ) 1.5° | 2.0° | 2.5° | 3.0° 
llv|| sin 6 
llv|| cos @ 


(b) Does an airplane’s speed equal the sum of the vertical 
and horizontal components of its velocity? If not, how 
could you find the speed of an airplane whose velocity 
components were known? 


(c) Use the result of part (b) to find the speed of an 
airplane with the given velocity components. 


(i) ||v|| sin 6 = 5.235 miles per hour 
llv|| cos 6 = 149.909 miles per hour 

(ii) |lv|| sin 6 = 10.463 miles per hour 
llv|| cos 6 = 149.634 miles per hour 


Complex Numbers 


Complex Numbers 
4.2 Complex Solutions of Equations 

4.3 Trigonometric Form of a Complex Number 
4.4 DeMoivre’s Theorem 


Concepts of complex numbers can 
be used to create beautiful pictures 
called fractals. 


Gregory Sams/SPL PhotoResearchers, Inc. 


SELECTED APPLICATIONS 


Concepts of complex numbers have many real-life applications. The applications listed below repre- 
sent a small sample of the applications in this chapter. 


¢ Impedance, e Profit, ¢ Consumer Awareness, 
Exercise 83, page 338 Exercise 79, page 346 Exercise 36, page 361 
¢ Height of a Baseball, e Data Analysis: Sales, ¢ Fractals, 
Exercise 78, page 345 Exercise 80, page 346 Exercise 11, page 366 
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4.1 


What you should learn 


+ Use the imaginary unit i to 
write complex numbers. 

+ Add, subtract, and multiply 
complex numbers. 

+ Use complex conjugates 
to write the quotient of two 
complex numbers in standard 
form. 

+ Find complex solutions of 

quadratic equations. 


f = 
\ 
- as 
‘1 Ly 


— 
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The Imaginary Unit 7 


Some quadratic equations have no real solutions. For instance, the quadratic 
equation x7 + 1 = 0 has no real solution because there is no real number x that 
can be squared to produce —1. To overcome this deficiency, mathematicians 
created an expanded system of numbers using the imaginary unit i, defined as 


i= /-1 Imaginary unit 


where i* = —1. By adding real numbers to real multiples of this imaginary unit, 
the set of complex numbers is obtained. Each complex number can be written 
in the standard form a + bi. For instance, the standard form of the complex 
number —5 + \/—9 is —5 + 3i because 


SO gf 0S 5 PRK BS 5 ay a SH ae 


In the standard form a + bi, the real number a is called the real part of the 
complex number a + bi, and the number bi (where b is a real number) is called 
the imaginary part of the complex number. 


Definition of a Complex Number 


If a and b are real numbers, the number a + bi is a complex number, and it 


is said to be written in standard form. If b = 0, the number a + bi = a is 
a real number. If b # 0, the number a + Di is called an imaginary number. 
A number of the form bi, where b # 0, is called a pure imaginary number. 


The set of real numbers is a subset of the set of complex numbers, as shown in 
Figure 4.1. This is true because every real number a can be written as a complex 
number using b = 0. That is, for every real number a, you can write a = a + Oi. 


Real 
numbers 
Complex 
numbers 
Imaginary| 
numbers 
FIGURE 4.1 


Equality of Complex Numbers 


Two complex numbers a + bi and c + di, written in standard form, are 
equal to each other 


at+bi=c+di Equality of two complex numbers 


if and only if a = c and b = d. 


Section 4.1 Complex Numbers 333 


Operations with Complex Numbers 


To add (or subtract) two complex numbers, you add (or subtract) the real and 
imaginary parts of the numbers separately. 


Addition and Subtraction of Complex Numbers 


If a + bi and c + di are two complex numbers written in standard form, 
their sum and difference are defined as follows. 


Sum: (a + bi) + (c + di) =(a+c)+ (b+ d)i 
Difference: (a + bi) — (c + di) = (a-—c) + (b- d)i 


The additive identity in the complex number system is zero (the same as in 
the real number system). Furthermore, the additive inverse of the complex 
number a + bi is 


—(a + bi) = -a — bi. Additive inverse 
So, you have 


(a + bi) + (-a— bi) =0+0i = 0. 


Adding and Subtracting Complex Numbers 


a. (4+ 7i) + (1 — 6) =4+ 714+ 1 - 63 Remove parentheses. 
= (4+ 1) + (7i — 61) Group like terms. 
=5+i Write in standard form. 

b. (1 + 21 — (4+ 2!) =1+2i-4-2i Remove parentheses. 
= (1 — 4) + (i - 23) Group like terms. 
=-3+0 Simplify. 
=-3 Write in standard form. 


c. 3i — (-2 + 3i) - (2+ 5i) = 31+ 2-31 -2-Si 
= (2 — 2) + (3i -— 3i — 5’) 
=0-5i 
= —5i 
d.(3+2)+(4-)-(7+)=34+2i+4-i-7-i 
=3+4-7+(Qi-i-d/ 
=0+ 0i 
=0 


weueckponnT = Now try Exercise 17. 


Note in Examples 1(b) and 1(d) that the sum of two complex numbers can be 
a real number. 
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Many of the properties of real numbers are valid for complex numbers as 
well. Here are some examples. 


Exploration 


Complete the following. Associative Properties of Addition and Multiplication 


f= io j Commutative Properties of Addition and Multiplication 
Distributive Property of Multiplication Over Addition 


Notice below how these properties are used when two complex numbers are 
multiplied. 


(a + bi)(c + di) 


alc + di) + bi(c + di) 

ac + (ad)i + (bc)i + (bd)i2 
ac + (ad)i + (bc)i + (bd)(-—1) 
ac — bd + (ad)i + (be)i 

(ac — bd) + (ad + bc)i 


Distributive Property 


Distributive Property 


z2=-1 


What pattern do you see? Write 
a brief description of how you 
would find 7 raised to any 
positive integer power. 


Commutative Property 


Associative Property 


Rather than trying to memorize this multiplication rule, you should simply remem- 
ber how the Distributive Property is used to multiply two complex numbers. 


} Example 2 | Multiplying Complex Numbers 


STUDY TIP 


The procedure described above 
is similar to multiplying two 
polynomials and combining like 
terms, as in the FOIL Method. 
For instance, you can use the 
FOIL Method to multiply the 
two complex numbers from 
Example 2(b). 

Fo © Tf 
(Qe) Gestion ia 


a. 4(—2 + 3i) 


4(—2) + 4(3i) 
= -8 4+ 12i 
b. (2 — i(4 + 37) = 2(4 + 3i) — i(4 + 33) 
= 8 + 6i — 4i — 3i? 
= 8+ 6i — 4i — 3(-1) 
(8 + 3) + (6i — 41) 
=114+2i 
c. (3 + 213 — 2i) = 3(3 — 2i) + 2i(3 — 23) 
=9- 6i + 6i — 4i? 
= 9-61 + 6i — 4(-1) 
=9+4 
= 13 
d. (3 + 21)? = (3 + 21)(3 + 2i) 
= 3(3 + 2i) + 2i(3 + 23) 
=9+ 61 + 6i + 4i? 
=9+ 61+ 6i + 4-1) 
=9+12i-4 


=5+ 12i 


weneckroinr 


Now try Exercise 27. 


Distributive Property 
Simplify. 

Distributive Property 
Distributive Property 
PS =] 

Group like terms. 
Write in standard form. 
Distributive Property 
Distributive Property 
?P=-1 

Simplify. 

Write in standard form. 
Square of a binomial 
Distributive Property 
Distributive Property 
| 

Simplify. 


Write in standard form. 


STUDY TIP 


Note that when you multiply the 
numerator and denominator of a 
quotient of complex numbers by 
C= whi 
C= ai 


you are actually multiplying the 
quotient by a form of 1. You are 
not changing the original expres- 
sion, you are only creating an 
expression that is equivalent to 
the original expression. 
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Complex Conjugates 


Notice in Example 2(c) that the product of two complex numbers can be a real 
number. This occurs with pairs of complex numbers of the form a + bi and 
a — bi, called complex conjugates. 


(a + bi)(a — bi) = a? — abi + abi — b?i? 
=a — bP(-1) 
=a+h 


Sele §=6Multiplying Conjugates 


Multiply each complex number by its complex conjugate. 


aol +i b. 4 — 33 

Solution 

a. The complex conjugate of 1 + iis 1 — i. 
ad+ajda-ij)=?-?R=1-(-1)=2 


b. The complex conjugate of 4 — 3iis 4 + 3i. 
(4 — 3i)(4 + 3i) = 47 — (31)? = 16 


cueckpoint 


To write the quotient of a + bi and c + di in standard form, where c and d 
are not both zero, multiply the numerator and denominator by the complex 
conjugate of the denominator to obtain 


9i7 = 16 — 9(—-1) = 25 


Now try Exercise 37. 


at bi ober 
c+di ctdi\c-di 
_ (ac + bd) + (be — ad)i 
c? + d? , 


Standard form 


Seniycewm Writing a Quotient of Complex Numbers 
~ in Standard Form 


2+ 3i _ 2 + 31/4 + 2i Multiply numerator and denominator by 
4-2 4 —2i\4 + 2i complex conjugate of denominator. 
8 + 4i + 127 + 677 
= 5 Expand. 
16 — 4i 
8 — 6+ 16i 
= —— ?=-1 
16+ 4 
_ 2+ 16: gaits 
0 implify. 
1 4. 
=—4+cai Write in standard form. 
10 5 


Now try Exercise 49. 
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STUDY TIP 


The definition of principal 
square root uses the rule 


Vb = JaJs 


fora > O and b < O. This rule 
is not valid if both a and b are 
negative. For example, 


a sy a) 
= 5) 4/ 5i 
= /25i2 
= 517 = =5 
whereas 
a (55) = 2s — 


To avoid problems with square 
roots of negative numbers, be 
sure to convert complex num- 
bers to standard form before 
multiplying. 


Complex Numbers 


Complex Solutions of Quadratic Equations 


When using the Quadratic Formula to solve a quadratic equation, you often 
obtain a result such as ./ —3, which you know is not a real number. By factoring 
out i = ./—1, you can write this number in standard form. 


f 8 = f= 1) SG = 1 St 
The number /3: is called the principal square root of —3. 


Principal Square Root of a Negative Number 


If a is a positive number, the principal square root of the negative number 


— a is defined as 


J-a= Vai. 


| Example 5 | Writing Complex Numbers in Standard Form 


a. /-3/-12 = J/3iV12i = /36i? = 6(—1) = —6 
b. /—48 — /-27 = /48i — V27i = 431i - 333i = V3i 
e. (-1 + /-3) = (-1 + V3iP 

= (-1)? - 2V3i + (V3)°(i?) 

=1-2/3i + 3(-1) 

= -2-2/3i 


Now try Exercise 59. 


cneckpoint 
Seli(mom Complex Solutions of a Quadratic Equation 


Solve (a) x7 + 4 = O and (b) 3x7 — 2x + 5 = 0. 


Solution 
ax2+4=0 Write original equation. 
xw=-4 Subtract 4 from each side. 
x= +2i Extract square roots. 


b. 3x° — 2x + 5=0 
po Tt VE AE) 


Write original equation. 


Quadratic Formula 


2(3) 

2 «/ = 56 

= Simplify. 
6 

242/14: 
= —_ Write /—56 in standard form. 

1, Ji4. 
= : ae 3 1 Write in standard form. 


Now try Exercise 65. 
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Bileecs 


VOCABULARY CHECK: 

1. Match the type of complex number with its definition. 
(a) Real Number (Gi) a+ bi, a#0, b#0 
(b) Imaginary number Gi) a+ bi, a=0, b#0 
(c) Pure imaginary number (iii) a+ bi, b=0 


In Exercises 2-4, fill in the blanks. 


2. The imaginary unit 7 is defined as i = , where i? = : 
3. If a is a positive number, the root of the negative number —a is defined as /—a = V/ai. 
4. The numbers a + bi anda — bi are called , and their product is a real number a? + b?. 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-4, find real numbers a and 6 such that the 32. ( 34 15i)( 3- 15i) 
equation is true. 33, (4 + 5i? 34. (2 — 31) 
l.a+bi=—-10+ 6i 2.a+b1=13+4 35. (2 + 3i)2 + (2 — 3i? 36. 1 = 2 = (1 + 20? 
3. (a-1)+(6+3)i=5 + 8i 
4. (a + 6) + 2bi = 6 — 5i In Exercises 37-44, write the complex conjugate of the 
complex number. Then multiply the number by its complex 
In Exercises 5-16, write the complex number in standard conjugate. 
fom: 37. 6 + 3i 38. 7 — 121 
5.4+ V—-9 6.3 + V—16 39. -1— J/5i 40. -3 + /2i 
7.2— J—27 8. 1+ /—-8 41. /—20 42. /-15 
9. /—75 10. /—4 43. /8 44.1+ /8 
11. 8 12. 45 
13. —6i + i2 14, —4i2 + 23 In Exercises 45-54, write the quotient in standard form. 
15. /—0.09 16. /—0.0004 46 5 aé 14 
° ee 'e 3p 
In Exercises 17-26, perform the addition or subtraction and 2 5 
write the result in standard form. 47. : 48. 
4-5i I er: 
17. (5 + i) + (6 — 2i) 18. (13 — 2i) + (-5 + 6i) 3’ 6—Ti 
19. (8 - i) - (4-1) 20. (3 + 2i) — (6 + 131) ae Ee ear? 
21. (-2 + /—8) + (5 - V—50) Pra 4 bo 
22. (8 + /-18) - (4 + 3V2i) ed 2 
23. 13i — (14 — 7i) 24, 22 + (—5 + 8i) + 107 3i Si 
3,5 5, u 53. 7 ap Ae ane 
2s. —(3 + 3i) + (3 +44) (4 — Si) (2 + 3iP 


26. (1.6 + 3.21) + (—5.8 + 4.3) 
In Exercises 55-58, perform the operation and write the 


In Exercises 27-36, perform the operation and write the result in standard form. 


result in standard form. ni 2 3 56 2i 5 

27. (1 + i)(3 — 2i) 28. (6 — 2i)(2 — 3i) “14% 1-3 “9g hy 

29. 6i(5 — 2i) 30. —8i(9 + 4i) 57, 14.2! es a 
3-21 348i I 4-i 


31. (/14 + /10i)(/14 — /10:) 
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In Exercises 59-64, write the complex number in standard 
form. 


59, /-6- /-2 
61. (/—10)" 
63. (3 + /—5)(7 — V/—10) 


60. /—5- /—10 
62. (/—75)” 
64. (2— /—6) 


In Exercises 65-74, use the Quadratic Formula to solve the 
quadratic equation. 


65. x7 —2x +2=0 66. x7 +6x + 10 =0 
67. 4x2 + 16x + 17=0 68. 9x? — 6x + 37 =0 
69. 4x2 + 16x + 15 =0 70. 1612 — 4¢ +3 =0 
71. 3x2 — 6x +9 =0 72. 3x2 ~2r +2 =0 
73. 1.4x7 — 2x — 10 =0 74, 4.5x2 — 3x + 12 =0 


In Exercises 75-82, simplify the complex number and write 
it in standard form. 


75. —6i3 + i? 76. 4i2 — 213 

77. —5i° 78. (—i)? 

79. (/—75)° 80. (/—2)° 
1 1 

1. = 2. 

at 82. OF 


83. Impedance The opposition to current in an electrical 
circuit is called its impedance. The impedance z in a 
parallel circuit with two pathways satisfies the equation 


where z, is the impedance (in ohms) of pathway 1 and 
z, is the impedance of pathway 2. 


(a) The impedance of each pathway in a parallel circuit 
is found by adding the impedances of all compo- 
nents in the pathway. Use the table to find z, and z,. 


(b) Find the impedance z. 


Resistor | Inductor | Capacitor 


WAVAY, “CSO™ 
Symbol 


Impedance 


84. Cube each complex number. 
(a)2 (b) -14+ Y¥3i () -1- V3i 


85. Raise each complex number to the fourth power. 


(a) 2 (b) —2 (c) 2i (d) —2i 
86. Write each of the powers of i as i, —i, 1, or —1. 
(a) j 40 (b) p35 (c) p50 (d) jo 
Synthesis 


True or False? \n Exercises 87-89, determine whether the 
statement is true or false. Justify your answer. 


87. There is no complex number that is equal to its complex 


conjugate. 
88. —i/6 is a solution of x4 — x2 + 14 = 56. 
89. i+ n j 50 i4 j 109 | 7! = 1 


90. Error Analysis Describe the error. 


91. Proof Prove that the complex conjugate of the product 
of two complex numbers a, + b,i and a, + b,i is the 
product of their complex conjugates. 


92. Proof Prove that the complex conjugate of the sum of 
two complex numbers a, + b,i anda, + b,i is the sum of 
their complex conjugates. 


Skills Review 


In Exercises 93-96, perform the operation and write the 
result in standard form. 
93. (4 + 3x) + (8 — 6x — x?) 
94, (x3? — 3x?) — (6 — 2x — 4x?) 
95. (3x — 4)(x + 4) 


96. (2x — 5)? 


In Exercises 97-100, solve the equation and check your 
solution. 

97. —x — 12 = 19 

99. 4(5x — 6) — 3(6x + 1) =0 
100. 5[x — (3x + 11)] = 20x — 15 


98. 8 — 3x = —34 


101. Volume of an Oblate Spheroid 

Solve for a: V = ¢2ab 
102. Newton’s Law of Universal Gravitation 
MM 


> 
r2 


Solve for r: F = @ 


103. Mixture Problem A five-liter container contains a 
mixture with a concentration of 50%. How much of this 
mixture must be withdrawn and replaced by 100% con- 
centrate to bring the mixture up to 60% concentration? 


Section 4.2 Complex Solutions of Equations 339 
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What you should learn . 2 . 
The Number of Solutions of a Polynomial Equation 


* Determine the numbers 


of solutions of polynomial The Fundamental Theorem of Algebra implies that a polynomial equation of 
equations. degree n has precisely n solutions in the complex number system. These 
* Find solutions of polynomial solutions can be real or complex and may be repeated. The Fundamental 
equations. Theorem of Algebra and the Linear Factorization Theorem are listed below for 


| your review. For a proof of the Linear Factorization Theorem, see Proofs in 


+ Find zeros of pol 
Mathematics on page 364. 


The Fundamental Theorem of Algebra 


If f(x) is a polynomial of degree n, where n > 0, then f has at least one 
zero in the complex number system. 


Note that finding zeros of a polynomial function f is equivalent to finding 
solutions to the polynomial equation f(x) = 0. 


Linear Factorization Theorem 


If f(x) is a polynomial of degree n, where n > 0, then f has precisely n 


linear factors f(x) = a,(x — c,)(x — cy): - «(x — c,), where c,,c,,.. .,¢ 
are complex numbers. 


n 


Selita Solutions of Polynomial Equations 


a. The first-degree equation x — 2 = 0 has exactly one solution: x = 2. 
b. The second-degree equation 
x? — 6x +9=0 Second-degree equation 
(x — 3)(x — 3) =0 Factor. 
has exactly two solutions: x = 3 and x = 3. (This is called a repeated solution.) 


Brand X Pictures/Getty Images 


c. The third-degree equation 


w+ 4x =0 Third-degree equation 
x(x — 2i)(x + 27) = 0 Factor. 
i‘ has exactly three solutions: x = 0, x = 2i, and x = —2i. 


d. The fourth-degree equation 


x*-1=0 Fourth-degree equation 
(x - IDa@t+ D@-D)e+ i) =0 Factor. 
fi) =x4-1 has exactly four solutions: x = 1,x = —1,x = i,andx = —i. 


oaeckront Now try Exercise 1. 


You can use a graph to check the number of real solutions of an equation. 
As shown in Figure 4.2, the graph of f(x) = x* — 1 has two x-intercepts, which 
FIGURE 4.2 implies that the equation has two real solutions. 
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- 

A 

8+ 

I+ 

6+ 

54+ 

4- 

3-44 

a2-- 

ial y = 4x? — 20x + 25 
| pA} —}- +} +f» 
-1 (UN ae ae ee es 


(a) Repeated real solution 


FIGURE 4.3 


Complex Numbers 


Every second-degree equation, ax? + bx + c = 0, has precisely two 
solutions given by the Quadratic Formula. 


—b+ /b* — 4ac 
2a 


ee 
The expression inside the radical, b* — 4ac, is called the discriminant, and can 
be used to determine whether the solutions are real, repeated, or complex. 


1. If b? — 4ac <0, the equation has two complex solutions. 
2. If b> — 4ac = 0, the equation has one repeated real solution. 


3. If b> — 4ac > 0, the equation has two distinct real solutions. 


| Example 2 | Using the Discriminant 


Use the discriminant to find the number of real solutions of each equation. 


a. 4x? — 20x + 25 =0 b. 13x2 + 7x +2=0 ce. 5x? — 8x = 0 
Solution 
a. For this equation, a = 4, b = —20, and c = 25. So, the discriminant is 


b? — 4ac = (—20)? — 4(4)(25) = 400 — 400 = 0. 
Because the discriminant is zero, there is one repeated real solution. 
b. For this equation, a = 13, b = 7, and c = 2. So, the discriminant is 
b? — 4ac = 77 — 4(13)(2) = 49 — 104 = —55. 
Because the discriminant is negative, there are two complex solutions. 
c. For this equation, a = 5, b = —8, and c = 0. So, the discriminant is 


b? — 4ac = (—8)? — 4(5)(0) = 64 — 0 = 64. 


Because the discriminant is positive, there are two distinct real solutions. 


ofcueckpoint Now try Exercise 5. 


Figure 4.3 shows the graphs of the functions corresponding to the equations in 
Example 2. Notice that with one repeated solution, the graph touches the 
X-axis at its x-intercept. With two complex solutions, the graph has no x-intercepts. 
With two real solutions, the graph crosses the x-axis at its x-intercepts. 


(b) No real solution (c) Two distinct real solutions 
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Finding Solutions of Polynomial Equations 


Example 3 Solving a Quadratic Equation 


Solve x? + 2x + 2 = 0. Write complex solutions in standard form. 


Solution 
Using a = 1,b = 2,andc = 2, you can apply the Quadratic Formula as follows. 
—b+ Vb? — 4ac 
= Quadratic Formula 
2a 
—-2+ /2?? — 4(1)(2) ; 
= Substitute | for a, 2 for b, and 2 for c. 
2(1) 
—-2+/-4 
= ~*~ Simplify. 
2 
2 21 eau 
> implify. 
=—-l+i Write in standard form. 


oueckront Now try Exercise 19. 


In Example 3, the two complex solutions are conjugates. That is, they are 
of the form a + bi. This is not a coincidence, as indicated by the following 
theorem. 


Complex Solutions Occur in Conjugate Pairs 


Ifa + bi, b # 0, is a solution of a polynomial equation with real coefficients, 
the conjugate a — bi is also a solution of the equation. 


Be sure you see that this result is true only if the polynomial has real 
coefficients. For instance, the result applies to the equation x? + 1 = 0, but not 
to the equation x — i = 0. 


Sct Solving a Polynomial Equation 


Solve x* — x? — 20 = 0. 


Solution 
x*+—x?-20=0 Write original equation. 
(x? — 5)(x? + 4) =0 Partially factor. 
(x + /5 V(x - J5)(x + 2i)(x — 2i) = 0 Factor completely. 


Setting each factor equal to zero yields the solutions x = — /5, x = J/5, 
x = —2i, and x = 2i. 


POINT Now try Exercise 47. 
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Finding Zeros of Polynomial Functions 


The problem of finding the zeros of a polynomial function is essentially the same 
problem as finding the solutions of a polynomial equation. For instance, the zeros 


of the polynomial function 


f(x) = 3x? — 4x + 5 


are simply the solutions of the polynomial equation 


3x2 - 4x +5=0. 


| Example 5 | Finding the Zeros of a Polynomial Function 


Find all the zeros of 
f(x) = x* — 3x3 + 6x? + 2x — 60 
given that 1 + 371s a zero of f. 


Algebraic Solution 


Because complex zeros occur in conjugate pairs, you know that 
1 — 37 is also a zero of f. This means that both 


x= (+ 3)] and [Le= 1 — 39] 
are factors of f Multiplying these two factors produces 
a= 1+ 30le= 1 —3))=(@— 1) = Scie 1) + 3] 
= (x — 1)? — 97? 
=x*— 2x + 10. 


Using long division, you can divide x? — 2x + 10 into f to obtain 
the following. 
x—- x- 6 
Hee Ses Ge De — 60 
x4 — 2x3 + 10x? 
—x3 — 4x? + 2x 
—x3 + 2x? — 10x 


—6x? + 12x — 60 
—6x? + 12x — 60 
0 


So, you have 
f(x) = (? — 2x + 10)(x? — x -— 6) 
= (x? — 2x + 10)(x — 3)(x + 2) 


and you can conclude that the zeros of f are x = 1 + 3i,x = 1 — 31, 
x = 3,andx = —2. 


cueckroint 


Now try Exercise 49. 


Graphical Solution 

Complex zeros always occur in conjugate pairs, 
so you know that | — 37 is also a zero of f. 
Because the polynomial is a fourth-degree 
polynomial, you know that there are at most 
two other zeros of the function. Use a graphing 
utility to graph 


y = x4 — 3x3 + 6x? + 2x — 60 


as shown in Figure 4.4. 


y =xt— 3x3 + 6x7 + 2x - 60 
80 


—80 
FIGURE 4.4 


You can see that —2 and 3 appear to be 
x-intercepts of the graph of the function. Use 
the zero or root feature or the zoom and trace 
features of the graphing utility to confim that 
x = —2 and x =3 are x-intercepts of the 
graph. So, you can conclude that the zeros of f 
are x=1+3i, x=1-3i, x=3, and 
x= —-2. 
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Settee Finding a Polynomial with Given Zeros 


Find a fourth-degree polynomial function with real coefficients that has — 1, — 1, 
and 37 as zeros. 


Solution 


Because 3i is a zero and the polynomial is stated to have real coefficients, you 
know that the conjugate —3i must also be a zero. So, from the Linear 
Factorization Theorem, f(x) can be written as 


f(x) = a(x + 1x + L(x — 3D + 3). 
For simplicity, let a = 1 to obtain 
f(x) = GX? + 2x + 1)(X? + 9) 
= xt + 2x3 + 10x? + 18x + 9. 


wenecxrowr = Now try Exercise 61. 


Example 7 ) Finding a Polynomial with Given Zeros 


Find a cubic polynomial function f with real coefficients that has 2 and 1 — i as 
zeros, such that f(1) = 3. 


Solution 
Because | — iis a zero of f, so is 1 + i. So, 
f() = a — 2[x--de-1 +] 
= a(x — 2)i(x — 1) + @ —- 1) - i 
a(x — 2)[(x — 1)? - 77] 
= a(x — 2)(x? — 2x + 2) 


a(x? — 4x2 + 6x — 4). 


To find the value of a, use the fact that f(1) = 3 and obtain 
i) —alP =A + 6) = 4] 
3=-a 
—3 =a. 
So, a = —3 and it follows that 
f(x) = —3(3 — 4x? + 6x — 4) 
—3x3 + 12x? — 18x + 12. 


weueckroint Now try Exercise 65. 


WW airinc asour Wtatuemarics 


Solutions, Zeros, and Intercepts Write a paragraph explaining the relationships 


among the solutions of a polynomial equation, the zeros of a polynomial function, 
and the x-intercepts of the graph of a polynomial function. Include examples in 
your paragraph. 
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Wal eecs 


VOCABULARY CHECK: Fill in the blanks. 


1. The theorem that states, if f(x) is a polynomial of degree n (n > 0), then f has at least one zero in the 


complex number system, is called the 


Theorem of 


2. The theorem that states, if f(x) is a polynomial of degree n(n > 0), then f has exactly n linear factors 


of the form f(x) = a,(x — ¢,)(x — c)- - «(x — ¢,), where cy, &,. . 


Theorem. 


., ¢, are complex numbers, is called the 


3. Two complex solutions of a polynomial equation with real coefficients are called 


4. The expression inside the radical of the Quadratic Formula, b* — 4ac, is called the 


determine types of solutions of a quadratic equatio 


and is used to 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-4, determine the number of solutions of the 
equation in the complex number system. 


1, 2x3 + 3x +1=0 
3. 50 — 2x4 =0 


2. x6 + 424+ 12 =0 
4. 14-—x+ 42-72 =0 


In Exercises 5-12, use the discriminant to determine the 
number of real solutions of the quadratic equation. 


5. 2x2 — 5x +5=0 6. 2x2 -x-1=0 
7. tx? + 2x —-8 =0 8. 4x2 — Sx + 25 =0 
9, 2x2 x - 15 =0 10. —2x2 + llx-2=0 
11. x2 +2x+10=0 12. x2 -— 4x + 53 =0 


In Exercises 13-26, solve the equation. Write complex 
solutions in standard form. 


13. x7 -—5=0 14. 3x7 -1=0 

15. (x + 5)? -—6=0 16. 16 — (x — 1)? =0 
17. x7 — 8x + 16 =0 18. 4x7 + 4x +1=0 
19. x7 +2x+5=0 20. 54 + l6x — x7 =0 


21. 4x? — 4x +5 =0 22. 4x2 — 4x + 21 =0 
23. 230 + 20x — 0.5x7 = 0 

24. 125 — 30x + 0.4x7 = 0 

25. 8 + (x +3) =0 

2%. 6 -(x-1)2=0 


Graphical and Analytical Analysis _\n Exercises 27-30, (a) 
use a graphing utility to graph the function, (b) find all the 
zeros of the function, and (c) describe the relationship 
between the number of real zeros and the number of 
x-intercepts of the graph. 


27. f(xy) = -— 407 +x-4 
28. f(x) = x3 — 4x? — 4x + 16 
29. f(x) =x4 + 47 +4 


30. f(x) = x4 — 3x? - 4 


In Exercises 31-48, find all the zeros of the function and 
write the polynomial as a product of linear factors. 

31. f(x) = x? + 25 

33. h(x) =x? — 4x +1 
35. f(x) = x4 - 81 
37. f(2 =22-—2z+2 

38. h(x) = x° — 6x — 10 

39. g(x) = x8 + 3x? — 3x -9 
40. f(x) = x3 — 8x? — 12x + 96 
41. A(x) = 8 — 4° + 16x — 64 
42. h(x) = 2° + 5x2 + 2x + 10 
43. f(x) = 2 — x + 36x — 18 


32. f(x) =x? —x + 56 
34. g(x) = x? + 10x + 23 
36. f(y) = y* — 625 


44. g(x) = 4x3 + 3x? + 96x + 72 
45. 9(x) = x4 — 4 + 36° — 144 
46. h(x) = x* +33 + 100x? + 100x 


47. f(x) = x4 + 10x? +9 
48. f(x) = x4 + 29x? + 100 


In Exercises 49-56, use the given zero to find all the zeros of 
the function. 


Function Zero 
49. f(x) = 2x3 + 3x2 + 50x + 75 Si 
50. f(y) =x + x27 + 9x49 3i 
51. f(x) = 2xt — x3 + 7x? — 4x — 4 2i 
52. g(x) = x3 — 7x? — x + 87 5 + 2i 
53. g(x) = 4x3 + 23x? + 34x — 10 SS 
54. h(x) = 3x3 — 4x2 + 8x + 8 1- i 
55. f(x) =x4 + 3x3 — 5x2 — 21x + 22 34+ /2i 
56. f(x) =x3 + 4x2 + 14x + 20 a ee 


In Exercises 57-62, find a polynomial function with real 
coefficients that has the given zeros. (There are many 
correct answers.) 

S45 135i, =51 

58. 4, 31, —3i 

59. 6, —5 + 2i, -5 — 2i 

60. 2,4+7,4-i7 

61. 5, -1,3 + V2i 

62.. —5, =5, 14/31 


In Exercises 63-68, find a cubic polynomial function f with 
real coefficients that has the given zeros and the given 
function value. 


Zeros Function Value 
63. 1, 2i f(-1) = 10 
64. 2,1 f(-1) =6 
65. —1,2 +i f(2) = -9 
66. —2,1 +4 2i f(2) = 10 
67. 3,1 + V3i f() = -3 
68. 3,2 + /2i f(l) = -6 


In Exercises 69-74, find a cubic polynomial function f with 
real coefficients that has the given complex zeros and 
x-intercept. (There are many correct answers.) 


Complex Zeros x-Intercept 


69. x =442i (—2, 0) 
70.x=3+i (1, 0) 
Nex =2+ J6i (-1, 0) 
72.x=2+ J/5i (2, 0) 
73,x=-2+ /7i (3, 0) 
74, x=-3+4 /2i (—2, 0) 


75. Find the fourth-degree polynomial function f with real 
coefficients that has the zeros x =+ Ji and the 
x-intercepts shown in the graph. 


Section 4.2 Complex Solutions of Equations 345 


76. Find the fourth-degree polynomial function f with real 
coefficients that has the zeros x =+ J2i and the 
x-intercepts shown in the graph. 


mia) 


2,0) 


77. Height of a Ball A ball is kicked upward from ground 
level with an initial velocity of 48 feet per second. The 
height h (in feet) of the ball is given by 
h(t) = —16 + 481, 0 < t< 3, where ¢ is the time (in 
seconds). 

(a) Complete the table to find the heights h of the ball for 
the given times f. 


t 0 ;05) 1) 15) 2 725) 3 


H 


(b) From the table in part (a), does it appear that the ball 
reaches a height of 64 feet? 
(c) Determine algebraically if the ball reaches a height of 
64 feet. 
ee (d) Use a graphing utility to graph the function. Determine 
graphically if the ball reaches a height of 64 feet. 
(e) Compare your results from parts (b), (c), and (d). 

78. Height of a Baseball A baseball is thrown upward from 
a height of 5 feet with an initial velocity of 79 feet per 
second. The height / (in feet) of the baseball is given by 
h=-16° + 791+ 5, O<t<5, where f is the time 
(in seconds). 

(a) Complete the table to find the heights h of the baseball 
for the given times f. 


t 0 1 2 3 | 4 5) 


H 


(b) From the table in part (a), does it appear that the 
baseball reaches a height of 110 feet? 


(c) Determine algebraically if the baseball reaches a height 
of 110 feet. 


(d) Use a graphing utility to graph the function. Determine 
graphically if the baseball reaches a height of 110 feet. 


ay (e) Compare your results from parts (b), (c), and (d). 


346 Chapter 4 Complex Numbers 


79. Profit The demand equation for a microwave oven is Think About It \n Exercises 83-88, determine (if possible) 
given by p = 140 — 0.0001x, where p is the unit price (in the zeros of the function g if the function f has zeros at 
dollars) of the microwave oven and x is the number of units X = 1r,,X = ry, and x = £3. 
sold. The cost equation for the microwave oven is 
C = 80x + 150,000, where C is the total cost (in dollars) 83. g(x) = —f(a) 84. g(x) = 3f (x) 
and x is the number of units produced. The total profit P 85. g(x) = f(x — 5) 86. g(x) = f(2x) 
obtained by producing and selling x units is P = xp — C. 87. e(x) =3 + f(x) 88. 2(x) = f(—x) 

You are working in the marketing department of the 

company and have been asked to determine the following. 89. Find a quadratic function f (with integer coefficients) that 
(a) The profit function has + /bi as zeros. Assume that b is a positive integer. 
(b) The profit when 250,000 units are sold 90. Find a quadratic function f (with integer coefficients) that 


has a + bi as zeros. Assume that b is a positive integer 


(c) The unit price when 250,000 units are sold ‘ : 
and a is an integer not equal to zero. 


(d) If possible, the unit price that will yield a profit of 10 
million dollars. Skills Review 


In Exercises 91-94, perform the operation and simplify. 


91. (—3 + 61) — (8 — 3’) 92. (12 — 5i) + 167 
80. Data Analysis: Sales The sales S (in billions of 93. (6 — 2/)(1 + 71) 94. (9 — 5i)(9 + 5i) 
4\, dollars) for Winn-Dixie Stores, Inc. for selected years 
~~ from 1994 to 2004 are shown in the table. (Source: 
Winn-Dixie Stores, Inc.) 


In Exercises 95-100, use the graph of f to sketch the graph 
of g. To print an enlarged copy of the graph, go to the 
website www.mathgraphs.com. 
Sales, S 95. ex) = f(x — 2) y 

1994 1d 96. g(x) = f(x) — 2 
1996 13.0 97. g(x) = 2f(@) 
1998 13.6 98. g(x) = f(—3) 
2000 13.7 99. g(x) = f (2x) 
2002 12.3 100. g(x) =f (4x) 
2004 10.6 (-2, 0)+ 


(a) Use the regression feature of a graphing utility to In Exercises 101-104, find the angle 0 between the vectors. 
find a quadratic model for the data. Let t represent 
101. u = (—6, 1), v = (0, 3) 


the year, with t = 4 corresponding to 1994. 
(b) Use a graphing utility to graph the model you 102. u = (4, —2), v = (1,4) 
found in part (a). 103. u = (5, 4), v = (3, —1) 
(c) Use your graph from part (b) to determine the year 104. u = (8, 0), v = (2, 2) 


in which sales reached $14 billion. Is this possible? 
105. Work Determine the work done by a crane lifting a 


5700-pound minivan 10 feet. 


106. Work A force of 60 pounds in the direction of 25° above 
the horizontal is required to pull a couch across a floor. 
The couch is pulled 10 feet. Determine the work done in 


(d) Determine algebraically the year in which sales 
reached $14 billion. Is this possible? Explain. 


True or False? _\n Exercises 81 and 82, decide whether the 


statement is true or false. Justify your answer. pulling the couch. 
81. It is possible for a third-degree polynomial function with 
integer coefficients to have no real zeros. 107. Make a Decision To work an extended application 
82. If x = —iis a zero of the function given by analyzing Head Start enrollment in the United States from 
1985 to 2004, visit this text’s website at college.hmco.com. 
f= eae aed (Data Source: U.S. Department of Health and Human 
then x = 7 must also be a zero of f- Services) 
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Trigonometric Form of a Complex Number 


What you should learn 


+ Plot complex numbers in 
the complex plane and find 
absolute values of complex 
numbers. 

+ Write the trigonometric 
forms of complex numbers. 

* Multiply and divide 
complex numbers written 
in trigonometric form. 


Why you should learn it 


You can perform the operations 
of multiplication and division on 
complex numbers by learning to 
write complex numbers in 
trigonometric form. For instance, 
in Exercises 59-66 on page 353, 


you can multiply and divide com- 


plex numbers in trigonometric 
form and standard form. 


Imaginary 
axis 


The Complex Plane 


Just as real numbers can be represented by points on the real number line, you 
can represent a complex number 


z=atbi 


as the point (a, b) in a coordinate plane (the complex plane). The horizontal axis 
is called the real axis and the vertical axis is called the imaginary axis, as shown 
in Figure 4.5. 


Imaginary 
axis 
A 
3 aes 
(Gi, 10) 
Bae or 
i aL Sahai 
t—}-—} —— Sie 
-3 -2 -l 1 2 3. axis 
Go ait 
(—2, -1) or 
—2-i = 4) 
FIGURE 4.5 


The absolute value of the complex number a + bi is defined as the distance 
between the origin (0, 0) and the point (a, b). 


Definition of the Absolute Value of a Complex Number 


The absolute value of the complex number z = a + Di is 


la + bil] = Ja? + B’. 


If the complex number a + bi is a real number (that is, if b = 0), then this 
definition agrees with that given for the absolute value of a real number 


la + Oi] = Va? + O = fal. 


Selita Finding the Absolute Value of a Complex Number 


Plot z = —2 + Si and find its absolute value. 


Solution 


The number is plotted in Figure 4.6. It has an absolute value of 


_ Real |z| _— (—2) + 52 
T = /29. 
oueckront 


Now try Exercise 3. 


FIGURE 4.6 
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Complex Numbers 


Trigonometric Form of a Complex Number 


In Section 4.1, you learned how to add, subtract, multiply, and divide complex 
numbers. To work effectively with powers and roots of complex numbers, it is 
helpful to write complex numbers in trigonometric form. In Figure 4.7, consider 
the nonzero complex number a + bi. By letting 6 be the angle from the positive 
real axis (measured counterclockwise) to the line segment connecting the origin 
and the point (a, b), you can write 


b=rsin 6 
where r = \/a* + b*. Consequently, you have 
a + bi = (rcos 6) + (rsin @)i 


a=rcos@ and 


from which you can obtain the trigonometric form of a complex number. 


Trigonometric Form of a Complex Number 
The trigonometric form of the complex number z = a + bi is 


z = r(cos 6 + isin 6) 


where a = rcos 0,b = rsin 0,r = /a? + b’, and tan 0 = b/a. The 
number r is the modulus of z, and 6 is called an argument of z. 


The trigonometric form of a complex number is also called the polar form. 
Because there are infinitely many choices for 6, the trigonometric form of a 
complex number is not unique. Normally, @ is restricted to the interval 
0 < 6 < 27, although on occasion it is convenient to use 6 < 0. 


| Example 2 | Writing a Complex Number in Trigonometric Form 


Write the complex number z = —2 — 2./3i in trigonometric form. 


Solution 


The absolute value of z is 
r=|-2-2V3i| = J(-2? + (-2V3) = V6 =4 
and the reference angle 0’ is given by 


b -2/3 


tan 0’ = —-— = = /3. 
a 


Because tan(7/3) = /3 and because z = —2 — 2/3 ilies in Quadrant II, you 
choose 6 to be 6 = 7+ 7/3 = 4277/3. So, the trigonometric form is 


z= r(cos 6 + isin 6) 
( 47s, =) 
= 4 cos + isin . 
3 3 


See Figure 4.8. 


cueckroint 


Now try Exercise 13. 
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Schilltem Writing a Complex Number in Trigonometric Form 


Write the complex number in trigonometric form. 
Z=6+ 2i 
Solution 


The absolute value of z is 


r= |6 + 2i | 
= JE+2 
= 40 
= 2/10 
and the angle 6 is 
b 2 1 
tan@=-=-=-> 
Imaginary a 6 3 
a Because z = 6 + 27 is in Quadrant I, you can conclude that 
4—- 
1 
gal 6 = arctan = ~ 0.32175 radian ~ 18.4°. 
: 3 
Z=6+2i 
ail Ree So, the trigonometric form of z is 
{jab ee i ace 
ano777 Yarotan 3 = 18.4° ae z = r(cos 6 + isin 0) 
eeee~ aaa ! 
=f =2 10|cos{ arctan ;) =F isin( arctan s)| 
3 3 
Balk [cz] =2./10 
= 2./10(cos 18.4° + isin 18.4°). 
FIGURE 4.9 This result is illustrated graphically in Figure 4.9. 


woweckronT Now try Exercise 19. 


Seluiyc-wew Writing a Complex Number in Standard Form 


Write the complex number in standard form a + bi. 


v= Aho) -2) 


Solution 
Because cos(— 77/3) = 5 and sin(— 7/3) = — /3/2, you can write 


rae 2) sa) 


A graphing utility can be used 
to convert a complex number 


in trigonometric (or polar) form = wa = 4) 
to standard form. For specific 2 2 
keystrokes, see the user’s manual = /2- J/6i. 


for your graphing utility. 


cueckroint Now try Exercise 35. 
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Multiplication and Division of Complex Numbers 


The trigonometric form adapts nicely to multiplication and division of complex 
numbers. Suppose you are given two complex numbers 


z, = r,(cos 0, + isin 6,) and Z, = r,(cos 6, + isin 6). 
The product of z, and z, is given by 
ZZ) = r1r,(cos 0, + isin 6,)(cos 6, + isin ,) 
= r,rL(cos 6, cos 0, — sin 6, sin@,) + i(sin 6, cos @, + cos 6, sin @,)]. 


Using the sum and difference formulas for cosine and sine, you can rewrite this 
equation as 


ZZ = rro[cos(6, + 6,) + isin(6, + 4,)]. 


This establishes the first part of the following rule. The second part is left for you 
to verify (see Exercise 73). 


Product and Quotient of Two Complex Numbers 
Let z; = r,(cos 6, + isin 6,) and z, = r,(cos 6, + isin 0) be complex 
numbers. 


ZZ) = ryrLcos(@, + 8) + isin(@, + 4,)] Product 


a 


“Teos(6, — 6,) + isin(6, — 6,)], z, #0 Quotient 
ue 


£9 


Note that this rule says that to multiply two complex numbers you multiply 
moduli and add arguments, whereas to divide two complex numbers you divide 
moduli and subtract arguments. 


| Example 5 | Dividing Complex Numbers 


Find the quotient z,/z, of the complex numbers. 
z, = 24(cos 300° + isin 300°) =z, = 8(cos 75° + isin 75°) 


Solution 
z, _ 24(cos 300° + i sin 300°) 


Zo 8(cos 75° + isin 75°) 


Divide moduli and 
subtract arguments. 


24 
= “g Leos(300” — 75°) + isin(300° — 75°)] 
= 3(cos 225° + i sin 225°) 
aes a aes) 
2 2 

af2 Af d. 

- i 
2 2 


woueckronT = Now try Exercise 53. 
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Sete Multiplying Complex Numbers 


Find the product z,z, of the complex numbers. 


o 2m _ =) s( Lia — =) 
= 2| cos — sin — a s— in —— 
zy sat 5 Zy cos = isin 


Solution 


2 2 11 11 
Technology cata = (cos 2 + isin 2) « (cos “27 + isin *Z) 


Some graphing utilities can multiply 
and divide complex numbers in 27 lla _, (27 Ilr Multiply moduli 
16] cos + isin 


+ ° : and add arguments. 


3 6 3 6 


trigonometric form. If you have 
access to such a graphing utility, 
use it to find z,/z, and z,z, in 
Examples 5 and 6. 


16{ cos an + isin 7) 
2 2 


= 16{cos + isin z) 
2 2 


= 16[0 + i(1)] 
= 16i 
weweckrownr ~= Now try Exercise 47. 
You can check the result in Example 6 by first converting the complex 


numbers to the standard forms z,; = —1 + /3i and a= 4./3 — 4i and then 
multiplying algebraically, as in Section 4.1. 


21h. = (-1 + V3i)(4V3 ~ 4i) 
—4./3 + 4i + 121+ 4/3 
= 16i 


Wf airinc asour Wtatuemarics 


Multiplying Complex Numbers Graphically Discuss how you can graphically approxi- 
mate the product of the complex numbers. Then, approximate the values of the 
products and check your answers analytically. 


Imaginary Imaginary 
axis axis 
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WSleec 


VOCABULARY CHECK: Fill in the blanks. 


1. 


The of a complex number a + bi is the distance between the origin (0, 0) 
and the point (a, b). 

. The of a complex number z = a + bi is given by z = r(cos 6 + isin 9), 
where r is the of z and @ is the of z. 


. Let z, = r,(cos 6, + isin 0,) and z, = r,(cos 6, + isin 6,) be complex numbers, 


then the product z,z, = and the quotient z,/z, = (z, # 0). 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-6, plot the complex number and find its 27. 5 + 2i 28. 8 + 37 
absolute value. 29. -§ —5\/3i 30. —9 — 2./10i 
1. -7i Qo] 
ee 4.5 —12i In Exercises 31-40, represent the complex number 
, ; graphically, and find the standard form of the number. 
5. 6— Ti 6. —8 + 3i 
31. 3(cos 120° + i sin 120°) 
In Exercises 7-10, write the complex number in trigono- 32. 5(cos 135° + i sin 135°) 
metric form. 33. 3(cos 300° + i sin 300°) 
7. Imaginary 8. Imaginary 34, i(cos 225° + i sin 225°) 
axis axis Kg oe 
4 els 35. 3.15{ cos 7 + isin =z) 
3 L= 31 we a ee 
Real 5 5 
5 Sa eSeeR” axis 36. o{cos 27 + isin 7) 
1 6-4-2 | 2 12 12 
Real 
—_ = aaa 37 a(cos 7 + isin Z| 
: 2 2 
9. Imaginary 10. Imaginary 38. 1(cos 0 Aes ein 0) 
axis axiS 
) Real ac. 39. 3[cos(18° 45’) + i sin(18° 45’)] 
= — aa 
iP ots ee 2 a z=-l+ v3 fall 40. 6[cos(230° 30’) + i sin(230° 30’)] 
B= 31 Salk 
T : |_, Real acd In Exercises 41-44, use a graphing utility to represent the 
73 ey 5) 3] axis complex number in standard form. 
(| a 2 
In Exercises 11-30, represent the complex number 41. 5 os ae 
graphically, and find the trigonometric form of the number. 5 5 
vw ., 27 
11. 3 - 3i 12. 2 + 2i _ 10( cos = +o =) 
13. /3 + i 14, 4 — 4V3i 43. 3(cos 165.5° + isin 165.5°) 
: 5 ° 
15. —2(1 + /3i) 16. 3(/3 — i) 44. 9(cos 58° + i sin 58°) 
17. —Si 18. 47 
19. -7 4.4; 20.3 -i In Exercises 45 and 46, represent the powers z, z”, z?, and z* 
graphically. Describe the pattern. 
21. 7 22. 4 
23.3 + J/3i 24. 2/2 -i 45. c= Paty 
25,31 26. 1 + 37 


46. z = sl + \/3i) 


Section 4.3 


In Exercises 47-58, perform the operation and leave the 
result in trigonometric form. 


47. [2(c0s 7 + isin 2) 6(c0s = + isin =)| 
4 4 12 12 


—| cos — + isin —]} |} 4| cos — + i sin — 
4 3 3 4 4 


49. [3(cos 140° +i sin 140°)] [2(cos 60° +i sin 60°)| 
50. [0.5(cos 100° + i sin 100°)] - 
[0.8(cos 300° + i sin 300°)] 
51. [0.45(cos 310° +i sin 310°)] - 
[0.60(cos 200° + i sin 200°)] 
52. (cos 5° + isin 5°)(cos 20° + i sin 20°) 
cos 50° + i sin 50° 
cos 20° + i sin 20° 
2(cos 120° + i sin 120°) 
4(cos 40° + i sin 40°) 


48. 


ioe} 


53. 


54. 


Be cos(57/3) + i sin(57/3) 
° cos 7 + isin 7 
56. 5(cos 4.3 + i sin 4.3) 


A(cos 2.1 + isin 2.1) 
12(cos 52° + i sin 52°) 
3(cos 110° + isin 110°) 
5 6(cos 40° + i sin 40°) 
* 7(cos 100° + i sin 100°) 


57. 


In Exercises 59-66, (a) write the trigonometric forms of the 
complex numbers, (b) perform the indicated operation 
using the trigonometric forms, and (c) perform the 
indicated operation using the standard forms, and check 
your result with that of part (b). 


59, (2 + 2i)(1 — i) 60. (/3 + i(1 +3) 


61. —2i(1 + i) 62. 4(1 — /3i) 
‘de 
eae ge Lt 
1-— /3i 6 — 3i 
5 
5. 
aca Ie 
4i 
— 
ear? 


In Exercises 67-70, sketch the graph of all complex numbers 
zZ satisfying the given condition. 


67. |z| = 2 
68. |z| = 3 
69. O27 
70. q=22 
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Synthesis 
True or False? _\n Exercises 71 and 72, determine whether 
the statement is true or false. Justify your answer. 


71. Although the square of the complex number bi is given by 
(bi)? = —b?, the absolute value of the complex number 
z =a + biis defined as 


la + bil = Jat + Bb. 
72. The product of two complex numbers 
z, =1r,(cos 6, + isin 0,) 
and 
Z, =1,(cos 6, + isin 6). 


is zero only when r, = 0 and/or r, = 0. 


73. Given two complex numbers z, =7,(cos 6,+i sin 6,) and 
Z, =r,(cos 6, + isin 6,), z, # 0, show that 


41 _ 


il [cos(@, — 0) + isin(@, — 6,)]. 
if) 


:) 


74. Show that z = r[cos(—6) + isin(—6)] is the complex 
conjugate of z = r(cos 6 + isin 6). 


75. Use the trigonometric forms of z and Z in Exercise 74 to 
find (a) zz and (b) z/z, z # 0. 
76. Show that the negative of z=r(cos@+/isin 6) is 
z=r{[cos(@ + a) + isin(@ + w)]. 


Skills Review 


In Exercises 77-82, solve the right triangle shown in the 
figure. Round your answers to two decimal places. 


B 


a 


Cc A 


77. A=22°, a=8 
79. A = 30°, b= 112.6 
81. A = 42°15% c= 11.2 


78. B= 66°, a = 33.5 
80. B=6°, b=211.2 
82. B = 81°30", c= 68 


Harmonic Motion \n Exercises 83-86, for the simple 
harmonic motion described by the trigonometric function, 
find the maximum displacement and the least positive 
value of t for which d = 0. 


83. d = 16 cos me 84. d= 508s 127t 


1.5 _ lg 
85. d= 7¢ sing at 86. d= sin 607 
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What you should learn 


+ Use DeMoivre's Theorem 
to find powers of complex 
numbers. 

+ Find nth roots of complex 
numbers. 


Why you should learn it 


You can use the trigonometric 
form of a complex number 

to perform operations with 
complex numbers. For instance, 
in Exercises 45-60 on pages 
358 and 359, you can use the 
trigonometric forms of complex 
numbers to help you solve 
polynomial equations. 


"a ~DeMoivre’s Theorem 


Powers of Complex Numbers 


The trigonometric form of a complex number is used to raise a complex number 
to a power. To accomplish this, consider repeated use of the multiplication rule. 


z= r(cos 6 + isin 0) 
z? = r(cos 6 + isin @)r(cos 6 + isin 6) = r?(cos26 + isin26) 

2 = r-(cos 26 + isin 26)r(cos 6 + isin 6) = r3(cos 36 + isin 36) 
r*(cos 40 + isin 46) 


2 = P(cos56 + isin 56) 


N 
II 


This pattern leads to DeMoivre’s Theorem, which is named after the French 
mathematician Abraham DeMoivre (1667-1754). 


DeMoivre’s Theorem 


If z = r(cos 6 + isin 6) is acomplex number and n is a positive integer, then 


z’ = [r(cos 6 + isin 6)]" = r’(cos nO + isinn8é). 


Finding a Power of a Complex Number 


Use DeMoivre’s Theorem to find (- 1+ V3 le 


Solution 


First convert the complex number to trigonometric form using 


r= JCI? + (Vi = 2 and 6 = arctan “3 = >, 


So, the trigonometric form is 
2 2 
-1+ /3i= 2(cos + isin 22), 
3 3 
Then, by DeMoivre’s Theorem, you have 
2 ) 12 
(-1+ /3i)2= | 2(cos + isin 22) 
2 2 
= 24| cos(12) + isin(12) =| 


= 4096(cos 87 + isin 87) 
= 4096(1 + 0) = 4096. 


woueckrot = Now try Exercise 1. 


ys 
S 
2 
1) 
ao 
° 
U 
= 
co) 
ce)) 
(=, 
oO 
S 
UO 
vu 
te 
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Historical Note 

Abraham DeMoivre 
(1667-1754) is remembered for 
his work in probability theory 
and DeMoivre’s Theorem. His 
book The Doctrine of Chances 
(published in 1718) includes 
the theory of recurring series 
and the theory of partial 
fractions. 


Exploration 


The nth roots of a complex 
number are useful for solving 
some polynomial equations. For 
instance, explain how you can 
use DeMoivre’s Theorem to 
solve the polynomial equation 


x+16=0. 


[Hint: Write — 16 as 
16(cos a + isin 7). 
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Roots of Complex Numbers 


Recall that a consequence of the Fundamental Theorem of Algebra is that a 
polynomial equation of degree n has n solutions in the complex number system. 
So, the equation x° = 1 has six solutions, and in this particular case you can find 
the six solutions by factoring and using the Quadratic Formula. 


x®©— 1 = (3 - 1)(3 + 1) 
=(*-)@2?+x+Dae+ DO2?-x+1)=0 


Consequently, the solutions are 


-1+ /3i 


x=1, x = —, and 
2 


ee ct 
=a 


Each of these numbers is a sixth root of 1. In general, the nth root of a complex 
number is defined as follows. 


Definition of an nth Root of a Complex Number 


The complex number u = a + bi is an nth root of the complex number z if 


z=u"=(a+t bi)". 


To find a formula for an nth root of a complex number, let u be an nth root 
of z, where 


u = s(cos B + isin B) 

and 
z=r(cos 6 + isin 6). 

By DeMoivre’s Theorem and the fact that u” = z, you have 
s"(cos nB + isinnB) = r(cos 6 + isin 6). 


Taking the absolute value of each side of this equation, it follows that s” = r. 
Substituting back into the previous equation and dividing by r, you get 


cos nB + isinnB = cos 6+ isin 6. 
So, it follows that 

cos nB = cos 0 
and 

sin nB = sin 0. 


Because both sine and cosine have a period of 277, these last two equations have 
solutions if and only if the angles differ by a multiple of 27. Consequently, there 
must exist an integer k such that 


nB = 0+ 27k 


By substituting this value of 8 into the trigonometric form of u, you get the result 
stated on the following page. 


Complex Numbers 


Real 
> 
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Imaginary 
axis 
A 
FIGURE 4.10 
Imaginary 


axis 


axis 


FIGURE 4.11 


Finding nth Roots of a Complex Number 


For a positive integer n, the complex number z = r(cos @ + isin @) has 
exactly n distinct nth roots given by 


( O+2mk ee 
“/7r\ COS + isin 
n n 


where k = 0,1,2,...,n— 1. 


When k exceeds n — 1, the roots begin to repeat. For instance, if k = n, the 
angle 

06+ 2m7n 90 

——— =- +20 

n n 
is coterminal with 6/n, which is also obtained when k = 0. 

The formula for the nth roots of a complex number z has a nice geometric 
interpretation, as shown in Figure 4.10. Note that because the nth roots of z all 
have the same magnitude °/7, they all lie on a circle of radius ¥/r with center at 
the origin. Furthermore, because successive nth roots have arguments that differ 
by 27/n, the n roots are equally spaced around the circle. 

You have already found the sixth roots of | by factoring and by using the 
Quadratic Formula. Example 2 shows how you can solve the same problem with 
the formula for nth roots. 


| Example 2 | Finding the nth Roots of a Real Number 


Find all the sixth roots of 1. 


Solution 


First write 1 in the trigonometric form 1 = (cos 0 + isin 0). Then, by the nth 
root formula, with n = 6 and r = 1, the roots have the form 


0 + 2ak 0 + 2k k kK 
€/1( cos 928 + isin 7) a 2 


= cos + isin 
3 3 
So, for k = 0, 1, 2, 3, 4, and 5, the sixth roots are as follows. (See Figure 4.11.) 


cos0 + isinO = 1 


1 3 
Cs # isin — = race inineitg== 22 = 2 
3 3 2 2 n 6 3 
2 2 
og TU eeaptt ha wes 
3 3 2 
cos 7 + isin 7 = —1 
4 ., 4 1 3. 
cos — + isin-— = —-=—--—i 
3 2 2 
a a ae 
cos —— + ism — = > — -=1 
3 3 2 2 


woneckronntT ~=— Now try Exercise 37. 
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In Figure 4.11, notice that the roots obtained in Example 2 all have a 
magnitude of | and are equally spaced around the unit circle. Also notice that the 
complex roots occur in conjugate pairs, as discussed in Section 4.2. The n distinct 
nth roots of | are called the nth roots of unity. 


Sclupt-wewe Finding the nth Roots of a Complex Number 


Find the three cube roots of z = —2 + 2i. 


Solution 


Because z lies in Quadrant II, the trigonometric form of z is 
z= -24+2i 
= \/8 (cos 135° + isin 135°). 6 = arctan(2/—2) = 135° 
By the formula for mth roots, the cube roots have the form 
135° + 360° 135° + 360°k 
6/8 (cos —.—— + isin ee 


Finally, for k = 0, 1, and 2, you obtain the roots 


° + te} ° ag ° 
| (cos ie = (0) + isin pee ) = ./2(cos 45° + i sin 45°) 


3 
=14+i 
135° + (1 135° + e(1 
Imaginary | (cos oe) + isin Soe eo ‘) = ./2(cos 165° + i sin 165°) 
axis 3 2 
A 
a5 = — 1.3660 + 0.3660: 
ee es 135° + 360°(2) 135° + 360°(2) 
+i 

| (cos - + isin : )| = \/2(cos 285° + i sin 285°) 

; i Real 

=! 7 axis ~ 0.3660 — 1.3660i. 
See Figure 4.12 
_5 0.3660 — 1.3660; wowecxpowtT = Now try Exercise 43. 
FIGURE 4.12 

Wf airinc asour WtatHematics 

STUDY TIP A Famous Mathematical Formula The famous formula 

Note in Example 3 that the e7*% = er(cos b + isin b) 
absolute value of z is is called Euler’s Formula, after the Swiss mathematician Leonhard Euler 
r= |-2 + 2i (1707-1783). Although the interpretation of this formula is beyond the scope 
5 5 of this text, we decided to include it because it gives rise to one of the most 
a Ae? pare wonderful equations in mathematics. 
= 8 e?+1=0 


and the angle 0 is given by 


This elegant equation relates the five most famous numbers in mathematics—O, 1, 
9) 7, e, and i—in a single equation (e is called the natural base and is discussed in 


b 
tan 0 = a ms ail: Section 5.1). Show how Euler’s Formula can be used to derive this equation. 


=e 
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B]becs 


VOCABULARY CHECK: Fill in the blanks. 


1. The theorem states that if z = r(cos 6 + isin 6) is a complex number and n is a positive integer, 
then z” = r(cos n@ + isin n6), is called Theorem. 

2. The complex number u = a + biis an of the complex number z 
ifz =u" = (a + bi)". 

3. The n distinct nth roots of 1 are called the nth roots of 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-24, use DeMoivre’s Theorem to find the In Exercises 25-44, (a) use the theorem on page 356 to find 
indicated power of the complex number. Write the result in the indicated roots of the complex number, (b) represent 
standard form. each of the roots graphically, and (c) write each of the roots 

(+9 in standard form. 

2. (2 + 216 25. Square roots of 5(cos 120° + isin 120°) 

3. (-1 +) 26. Square roots of 16(cos 60° + i sin 60°) 

_9; p 2, 

4. (3 2 5 27. Cube roots of a(cos = + isin =") 

5. 2(/3 + i) 

6. 4(1 = J3i) 28. Cube roots of 64( cos 2 + isin 2) 

7. [5S(cos 20° + isin 20°)} 

8. [3(cos 150° + isin 150°)|* 29. Fifth roots of 24 (cos Z + isin 2) 


ae 5 5 
a (cos 4 7am 2) 30. Fifth roots of 32(c0s a + isin 2) 
8 
10. [2(cos 2 + isin 4] 31. Square roots of — 257 
11. [5(cos 3.2 in 3.2)} 32. Square roots of —36i 
. a2 So j 
i jeg, 33. Fourth roots of 81i 


12. (cos 0 + isin 0)? 
13. (3 — 21) 34. Fourth roots of 625i 
(2 + 51) 35. Cube roots of — (1 + V3i) 
5 + Si 
36. Cube roots of —4./2(1 — i) 
15. (/5 — 4i)’ 


37. Fourth roots of 16 
16. (V3 + 2i)° 


38. Fourth roots of i 
17. [3(cos 15° + isin 15°)}* 


18. [2 10° + isin 10°) 8 39. Fifth roots of 1 
aaa a 40. Cube roots of 1000 
19. [5(cos 95° + i sin 95°)P 


41. Cube roots of — 125 
20. |4 110° + isin 110°)|* 
ECs ta )I 42. Fourth roots of —4 


7 a\/ 
21. [2(c0s — + isin =] 43. Fifth roots of 128(—1 + i) 


- . 44, Sixth roots of 647 
22. |2(c0s 2 — + isin 4] 
. In Exercises 45-60, use the theorem on page 356 to find all 
23. | 3(cos 2 A a hie 22)? the solutions of the equation and represent the solutions 
3 graphically. 
5 
24. | (cos % + isin 7] 45. x*+i=0 46. 7° -—i=0 


47. x*©+1=0 48. xP +1=0 


49, x° + 243 =0 
50. x3 + 125 =0 
51. x — 32 =0 
52. x3 — 27 =0 
53. x+ + 161 = 0 
54. 3+ 271 =0 
55. x4 — 161i =0 
56. x° + 641 = 0 
57. x38-(1-i) =0 
58. x -(-i)=0 
59. x° +(1 +i) =0 
60. x4 +(1 +i) =0 


Synthesis 


True or False? _\n Exercises 61 and 62, determine whether 
the statement is true or false. Justify your answer. 


61. Geometrically, the nth roots of any complex number z are 
all equally spaced around the unit circle centered at the 
origin. 

62. By DeMoivre’s Theorem, 


(4 Jei)" = cos(32) 4 isin(8 /6). 


63. Show that —5(1 + J/3i) is a sixth root of 1. 
64. Show that 2~'/4(1 — ’) is a fourth root of —2. 


Graphical Reasoning \n Exercises 65 and 66, use the 
graph of the roots of a complex number. 


(a) Write each of the roots in trigonometric form. 
(b) Identify the complex number whose roots are given. 


(c) Use a graphing utility to verify the results of part (b). 


65. Imaginary 
axis 
A 
50g 
30 Real 
axis 
66. Imaginary 
axis 
A 
45° 
° 
Ee Real 
axis 
°, 
45 45 fe} 
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Skills Review 


In Exercises 67-70, find the slope and the y-intercept (if 
possible) of the equation of the line. Then sketch the line. 


68. 7x + by = —8 
70. y-9=0 


67. x—-4y=-1 
69% x +5=0 


In Exercises 71-74, determine whether the function has an 
inverse function. If it does, find its inverse function. 


71. f(x) =5x-1 
73. h(x) = /4x + 3 


2 
72. g(x) = = 


74, f(x) = (« - 3)? 


In Exercises 75-84, use the figure and trigonometric identi- 
ties to find the exact value of the trigonometric function. 


3 
4 
3 
a 
5 
75. cos(a + B) 76. sin(a + B) 
77. sin(a — B) 78. cos(B — a) 
79. tan(a + B) 80. tan(B — a) 
81. tan 2a 82. sin 2B 
83. sin 84. cos 5 


In Exercises 85-88, find a unit vector in the direction of the 
given vector. 


85. u = (10, 0) 
87. v = 121 — 5j 


86. v = (—3,7) 
88. w = 8j 


In Exercises 89-96, use the dot product to find the magni- 
tude of u. 

89. u = (-3, 4) 

90. u = (—5,7) 

91. u = (—9, 40) 

92. u = (—5, —12) 

93. u = 221i + 3j 

94. u = 161 + 4j 

95. u = 131 + 6j 

96. u = 241i + 16j 
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Chapter Summary | 


What did you learn? 


Section 4.1 Review Exercises 
U1 Use the imaginary unit i to write complex numbers (p. 332). 1-4 
1 Add, subtract, and multiply complex numbers (p. 333). 5-10 
LC Use complex conjugates to write the quotient of two complex 11-14 
numbers in standard form (p. 335). 
C1 Find complex solutions of quadratic equations (p. 336). 15-18 
Section 4.2 
LC Determine the numbers of solutions of polynomial equations (p. 339). 19-26 
U Find solutions of polynomial equations (p. 347). 27-36 
L) Find zeros of polynomial functions and find polynomial functions 
given the zeros of the functions (p. 342). 37-60 
Section 4.3 
C1 Plot complex numbers in the complex plane and find absolute values 61-64 
of complex numbers (p. 347). 
LC Write the trigonometric forms of complex numbers (p. 348). 65-68 
1 Multiply and divide complex numbers written in trigonometric form (p. 350). 69,70 
Section 4.4 
LC Use DeMoivre'’s Theorem to find powers of complex numbers (p. 354). 71-74 


CL Find nth roots of complex numbers (p. 355). 75-80 


Review Exercises 361 


4.1 | In Exercises 1-4, write the complex number in 
standard form. 


1.6+ /-4 


3. i? + 3i 


2. 3 — »/-25 

4. -5i+ i? 

In Exercises 5-10, perform the operation and write the 
result in standard form. 


5. (7 + 5i) + (-—4 + 21 


6 >) ca >) 


7. 5i(13 — 8i) 
9. (10 — 8i)(2 — 3i) 


8. (1 + 6i)(5 — 2i) 
10. i(6 + (3 — 21) 


In Exercises 11 and 12, write the quotient in standard form. 


ag + 2i 
os 2s 
4-i 5 i 


11. 


In Exercises 13 and 14, perform the operation and write the 
result in standard form. 


4 2 1 5 


In Exercises 15-18, find all solutions of the equation. 


15. 3x7 +1=0 16. 24+ 8x = 
17. x2 — 2x + 10 =0 18. 6x2 + 3x + 27 =0 


vIn Exercises 19-22, determine the number of 
solutions of the equation in the complex number system. 
19, x5 — 2x4 + 3x7 --5=0 

20. —2x® + 7x3 + x? 
2. ox4 +548 -—x? +75 = 


22. 3x3 + 5x2 +5x+2= 


In Exercises 23-26, use the discriminant to determine the 
number of real solutions of the quadratic equation. 


23. 6x27 +x-2=0 
25. 0.13x? — 0.45x + 0.65 = 0 


24. 9x2? —- 12x +4=0 
26. 4x2 + fx +5= 

In Exercises 27-34, solve the equation. Write complex 
solutions in standard form. 


27. x2 — 2x =0 
29. x7 -— 3x +5=0 


28. 6x — x7 =0 
30. x? —4x +9 =0 


32.3 + 4x -—x2=0 
34. 4x2 -x + 10=0 


31. x7 + 8x + 10=0 
33. 2x7 + 3x +6=0 


35. Profit The demand equation for a DVD player is 
p = 140 — 0.0001x, where p is the unit price (in dollars) of 
the DVD player and x is the number of units produced and 
sold. The cost equation for the DVD player is 
C = 75x + 100,000, where C is the total cost (in dollars) 
and x is the number of units produced. The total profit 
obtained by producing and selling x units is 


P=xp —C. 


You work in the marketing department of the company that 
produces this DVD player and are asked to determine a 
price p that would yield a profit of 9 million dollars. Is this 
possible? Explain. 


36. Consumer Awareness The average prices p (in dollars) 
for a personal computer from 1997 to 2002 can be modeled 
by 


p = 16.527 — 436.0r + 3704, 7<t< 12 


where ¢ represents the year, with tf = 7 corresponding to 
1997. According to this model, will the average price of a 
personal computer drop to $800? Explain your reasoning. 
(Source: IDC; Consumer Electronics Association) 


In Exercises 37-42, find all the zeros of the function and 
write the polynomial as a product of linear factors. 


37. r(x) = 2x2, + 2x + 3 38. s(x) = 2x2 + 5x +4 


39, f(x) = 2x3 — 3x? + 50x — 75 
40. f(x) = 4x3 — x2 + 128x — 32 
41. f(x) = 4x4 + 3x7 — 10 

42. f(x) = 5x*+ + 126x? + 25 


In Exercises 43-50, use the given zero to find all the zeros of 
the function. Write the polynomial as a product of linear 
factors. 


Function Zero 
43. f(x) = x3 + 3x? — 24x + 28 2 
44. f(x) = 10x37 + 21x? —x-6 —2 
45. f(x) = x3 + 3x? — Sx + 25 =5 
46. g(x) = x — 8x2 + 29x — 52 4 
47. h(x) = 2x3 — 19x? + 58x + 34 5 + 3i 
48. f(x) = 5x3 — 4x? + 20x — 16 2i 
49. f(x) = x4 + 5x3 + 2x? — 50x — 84 3+ J5i 
50. g(x) = x4 — 6x3. + 18x2 - 26x +21 2+ V3i 
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In Exercises 51-58, find a polynomial function with real 
coefficients that has the given zeros. (There are many 
correct answers.) 


51. 1, 1,4, -3 52. —2, 2, 3,3 

53. 3,2 —- /3,2+ 3 54. 5,1 - /2,1+ /2 
55. 3,4, /3i, -V3i 56. 2, -3,1 — 2i,1 + 2i 
57. —/2i, /2i, —5i, 5i 58. —2i, 2i, —4i, 4i 


In Exercises 59 and 60, find a cubic polynomial function f 
with real coefficients that has the given zeros and the given 
function value. 


Zeros Function Value 
59. 5,1-i f() = -8 
60. 2,4 +i {B)=4 


In Exercises 61-64, plot the complex number and 
find its absolute value. 


61. 8i 62. —6i 
63. 5 + 3i 64. —10 — 47 


In Exercises 65-68, write the complex number in trigono- 
metric form. 


65. 5 — 5i 
67. —3/3 + 3i 


66. 5 + 12i 
68. —9 


In Exercises 69 and 70, (a) write the two complex numbers 
in trigonometric form, and (b) use the trigonometric form 
to find z,z, and z,/z,,z, # 0. 

69. z, = 2V3 - 2i, z, = -10i 

70. 2, = —3(11 +i, z =2°AV34+d 


4.4 | In Exercises 71-74, use DeMoivre’s Theorem to find 
the indicated power of the complex number. Write the 
result in standard form. 


4 
71. [(c0s at + isin =)| 
12 12 


4a. . 4n\fP 
72. | 2| cos — + isin — 
15 15 


73. (2 + 3i) 
74. (1 — i)8 


In Exercises 75 and 76, (a) use the theorem on page 356 to 
find the indicated roots of the complex number, (b) repre- 
sent each of the roots graphically, and (c) write each of the 
roots in standard form. 


75. Sixth roots of —729i 
76. Fourth roots of 256 


In Exercises 77-80, use the theorem on page 356 to find all 
solutions of the equation and represent the solutions 
graphically. 

77. x++ 81=0 

78. x° — 32 =0 

79. x3 + 81 =0 

80. 3 — IG? + 1) =0 


Synthesis 


True or False? \n Exercises 81-83, determine whether the 
statement is true or false. Justify your answer. 

81. /—18/—2 = /(—18)(-2) 

82. The equation 325x? — 717x + 398 = 0 has no solution. 


83. A fourth-degree polynomial with real coefficients can have 
—5, 128i, 47, and 5 as its zeros. 


84. Write quadratic equations that have (a) two distinct real 
solutions, (b) two complex solutions, and (c) no real 
solution. 


Graphical Reasoning \n Exercises 85 and 86, use the 
graph of the roots of a complex number. 


(a) Write each of the roots in trigonometric form. 
(b) Identify the complex number whose roots are given. 


ae (c) Use a graphing utility to verify the results of part (b). 


85. Imaginary 86. Imaginary 
axis axis 


Real 
axis 


87. The figure shows z, and z,. Describe z,z, and z,/z). 


Imaginary Imaginary 
axis axis 
A ry 


FIGURE FOR 88 


FIGURE FOR 87 


88. One of the fourth roots of a complex number z is shown in 
the figure. 


(a) How many roots are not shown? 


(b) Describe the other roots. 
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Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 


1. Write the complex number —3 + /—81 in standard form. 


In Exercises 2-4, perform the operations and write the result in standard form. 


2. 101 — (3 + /—25) 3. (2 + 61 4, (2+ /3i)(2 - V3:) 


5. Write the quotient in standard form: aa 


6. Use the Quadratic Formula to solve the equation 2x? — 2x + 3 = 0. 


In Exercises 7 and 8, determine the number of solutions of the equation in the 
complex number system. 


7x 4+x3-x+1=0 8. x4 — 3x3 + 2x2 —- 4x -5=0 


In Exercises 9 and 10, find all the zeros of the function. 
9. f(x) = x3 — 6x? + 5x — 30 10. f(x) = x4 — 2x? — 24 


In Exercises 11 and 12, use the given zero(s) to find all the zeros of the function. Write 
the polynomial as a product of linear factors. 


Function Zero(Ss) 
V1. A(x) = x* — 2x? — 8 =2,2 
12. 9(v) = 2v3 — 11v? + 22v — 15 3 


In Exercises 13 and 14, find a polynomial function with real coefficients that has the 
given zeros. (There are many correct answers.) 


13. 0,3,3 +743 -i 14.14 /6i,1 — /6i, 3,3 


15. Is it possible for a polynomial function with integer coefficients to have exactly one 
complex zero? Explain. 


16. Write the complex number z = 5 — 5j in trigonometric form. 


17. Write the complex number z = 6(cos 120° + isin 120°) in standard form. 


In Exercises 18 and 19, use DeMoivre’s Theorem to find the indicated power of the 
complex number. Write the result in standard form. 


7 8 
18. [3{cos 2” + isin 7m) | 19. (3 — 3i)® 
6 6 

20. Find the fourth roots of 256(1 + J3 i). 

21. Find all solutions of the equation x37 — 27i=0 and represent the solutions 
graphically. 

22. A projectile is fired upward from ground level with an initial velocity of 88 feet per 
second. The height h (in feet) of the projectile is given by 
h=—16? + 88, 0<t< 55 


where f is the time (in seconds). You are told that the projectile reaches a height of 
125 feet. Is ths possible? Explain. 


Proofs in Mathematics 


The Linear Factorization Theorem is closely related to the Fundamental Theorem 
of Algebra. The Fundamental Theorem of Algebra has a long and interesting 
history. In the early work with polynomial equations, The Fundamental Theorem 
of Algebra was thought to have been not true, because imaginary solutions were 
not considered. In fact, in the very early work by mathematicians such as 
Abu al-Khwarizmi (c. 800 A.D.), negative solutions were also not considered. 

Once imaginary numbers were accepted, several mathematicians attempted 
to give a general proof of the Fundamental Theorem of Algebra. These mathe- 
maticians included Gottfried von Leibniz (1702), Jean D’Alembert (1746), 
Leonhard Euler (1749), Joseph-Louis Lagrange (1772), and Pierre Simon 
Laplace (1795). The mathematician usually credited with the first correct proof 
of the Fundamental Theorem of Algebra is Carl Friedrich Gauss, who published 
the proof in his doctoral thesis in 1799. 


Linear Factorization Theorem = (p. 339) 


If f(x) is a polynomial of degree n, where n > 0, then f has precisely n 
linear factors 


F(x) = a,(% — e\)(e — &)- + + (& — e,) 


where c,,C,,. . ., Cc, are complex numbers. 


Proof 


Using the Fundamental Theorem of Algebra, you know that f must have at least 
one zero, c,. Consequently, (x — c,) is a factor of f(x), and you have 


fa) =@- cy)f,(x). 


If the degree of f,(x) is greater than zero, you again apply the Fundamental 
Theorem to conclude that f, must have a zero c,, which implies that 


F(x) = & — ey) — &,)f@). 


It is clear that the degree of f,(x) ism — 1, that the degree of f,(x) is n — 2, and 
that you can repeatedly apply the Fundamental Theorem z times until you obtain 


F(z) = a,(% — e,)(e — ¢2)- - + & — ¢,) 


where a,, is the leading coefficient of the polynomial f(x). 
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AS. 


Problem Solving 


This collection of thought-provoking and challenging exercises further explores 


and expands upon concepts learned in this chapter. 
1. (a) The complex numbers 


—2 + 2V3i 2 = 28 


224 and 


are represented graphically (see figure). Evaluate the 
expression z* for each complex number. What do you 


observe? 
Imaginary 
axis 
A 
, ©1T 
2) DIB 
Cg a 
2 x 
Nalin — 
ee Ne 
=j—2=i J] i 2g BAP 
¥ 
== DBI tb 
pe Sais 5 
Q agdl 


(b) 


The complex numbers 


=3 4 33 -3 -3/3i 
5 , and z= 5 


Z=3,z= 


are represented graphically (see figure). Evaluate the 
expression z> for each complex number. What do you 


observe? 
Imaginary 
axis 
A 
_-34+3V3i . 4+ 
2 a Wh a 
“a z=3 Real 
(onion Ia sated arte 
=f 9) Eh 
4 
-3-3/3i e 
4= 7 8 
2) eee 


(c) Use your results from parts (a) and (b) to generalize 
your findings. 


2. The multiplicative inverse of z is a complex number z,,, such 


m 
that z-z,, = 1. Find the multiplicative inverse of each 


complex number. 


(a) z=1+i 
(b) z=3-i 
(c) z= —2+ 8 


2 z 2 4. 


Ge «. 


3. Show that the product of a complex number a + bi and its 


conjugate is a real number. 
Let 


bi, w =c + di, and W = c — di. 


Prove each statement. 


(a) 7FwW=Z2+W 
©) Z=0 =2—= 
(c) W=Z:Ww 
(d) z/w = z/w 
(ae = 2 

(f) z=z 


(g) Z = zif zis real. 


. Find the values of k such that the equation 


se — Wise oe [kk = (0) 


has (a) two real solutions and (b) two complex solutions. 
Use a graphing utility to graph the function given by 

f@) =x*— 4x? +k 

for different values of k. Find values of k such that the zeros 


of f satisfy the specified characteristics. (Some parts do not 
have unique answers.) 


(a) Four real zeros 
(b) Two real zeros and two complex zeros 


(c) Four complex zeros 


. Will the answers to Exercise 6 change for the function g? 


@) ae) =e — 2) 
(b) g(x) = f (2x) 


. A third-degree polynomial function f has real zeros — 2, 5s 


and 3, and its leading coefficient is negative. 
(a) Write an equation for f. 
(b) Sketch the graph of f. 


(c) How many different polynomial functions are possible 
for f? 
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9. The graph of one of the following functions is shown 
below. Identify the function shown in the graph. Explain 
why each of the others is not the correct function. Use a 
graphing utility to verify your result. 


(Gy iG3) = ACs <E Die = 35) 

(O) G3) = (Ge ar 212 = aks) 

(©) (G3) = (Ge te DYCe = SSN Ge= aE i) 
(d) k(x) = (x + L(x + 2)(x — 3.5) 


10. Use the information in the table to answer each question. 


Interval Value of f(x) 
(—co, —2) Positive 
(-2, 1) Negative 
(1, 4) Negative 
(4, 00) Positive 


(a) What are the three real zeros of the polynomial 
function f? 


(b) What can be said about the behavior of the graph of f 
Blige = ITY 

(c) What is the least possible degree of f? Explain. Can 
the degree of f ever be odd? Explain. 

(d) Is the leading coefficient of f positive or negative? 
Explain. 

(e) Write an equation for f. 


(f) Sketch a graph of the function you wrote in 
part (e). 

11. A fractal is a geometric figure that consists of a pattern that 
is repeated infinitely on a smaller and smaller scale. The 
most famous fractal is called the Mandelbrot Set, named 
after the Polish-born mathematician Benoit Mandelbrot. To 
draw the Mandelbrot Set, consider the following sequence 
of numbers. 


CC + @, (E+ eF 


ce, [(e2 +c)?2+cPt+e,... 


The behavior of this sequence depends on the value of the 
complex number c. If the sequence is bounded (the 


366 


12. 


13. 


14. 


15. 


absolute value of each number in the sequence, 
la + bi| = \/a? + Db’, is less than some fixed number N), 
the complex number c is in the Mandelbrot Set, and if the 
sequence is unbounded (the absolute value of the terms of 
the sequence become infinitely large), the complex number 
c is not in the Mandelbrot Set. Determine whether the 
complex number c is in the Mandelbrot Set. 


(a) c =i (b) c=1 +i (c) c= —2 
(a) Complete the table. 
Function Zeros Sum | Product 
of of 
Zeros Zeros 


f,@) = 2? — 5x + 6 


fox) = x9 — Tx + 6 


fy(x) = x4 + 2x7 + 2x? 
+ 8x — 12 


ful) = 2 — 3x4 — 9x3 
+ 25x? — 6x 


(b) Use the table to make a conjecture relating the sum of 
the zeros of a polynomial function to the coefficients of 
the polynomial function. 


(c) Use the table to make a conjecture relating the product 
of the zeros of a polynomial function to the coefficients 
of the polynomial function. 


Use the Quadratic Formula and, if necessary, DeMoivre’s 
Theorem to solve each equation with complex coefficients. 


(a) 2 — (44+ 2)x +24 41=0 
() 2 — (34+ 2)x+5+4+i1=0 

(c) 2x2 + (5 — 8)x — 13 -i1 =0 
(d) 3x2 — (11 + 14x + 1-91 =0 


Show that the solutions to 


z-l-e-1)=1 


are the points (x,y) in the complex plane such that 
(x — 1)? + y? = 1. Identify the graph of the solution set. Z 
is the conjugate of z. (Hint: Let z = x + yi.) 


Let z = a + bi and Zz = a — bi. Show that the equation 
ZaBe= 
has only real solutions, whereas the equation 
gare =O 


has complex solutions. 


Exponential Functions and Their Graphs 
5.2 Logarithmic Functions and Their Graphs 
5.3 Properties of Logarithms 

5.4 Exponential and Logarithmic Equations 
5.5 Exponential and Logarithmic Models 


Carbon dating is a method used to 
determine the ages of archeological 
artifacts up to 50,000 years old. For 
example, archeologists are using 
carbon dating to determine the ages 
of the great pyramids of Egypt. 


© Sylvain Grandadam/Getty Images 


SELECTED APPLICATIONS 


Exponential and logarithmic functions have many real-life applications. The applications listed below 
represent a small sample of the applications in this chapter. 


¢ Computer Virus, ¢ Galloping Speeds of Animals, ¢ IQ Scores, 

Exercise 65, page 377 Exercise 85, page 394 Exercise 47, page 416 
¢ Data Analysis: Meteorology, e Average Heights, ¢ Forensics, 

Exercise 70, page 378 Exercise 115, page 405 Exercise 63, page 418 
¢ Sound Intensity, ¢ Carbon Dating, ¢ Compound Interest, 

Exercise 90, page 388 Exercise 41, page 416 Exercise 135, page 423 


aenh ate? Ee Sate 


a 


uo He 
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yi ~=Exponential Functions and Their Graphs 


What you should learn 


+ Recognize and evaluate expo- 


Exponential Functions 


nential functions with base a. So far, this text has dealt mainly with algebraic functions, which include poly- 

* Graph exponential functions nomial functions and rational functions. In this chapter, you will study two types 
and use the One-to-One of nonalgebraic functions—exponential functions and logarithmic functions. 
Property. These functions are examples of transcendental functions. 


+ Recognize, evaluate, and graph 
exponential functions with ae Fi 
paoae Definition of Exponential Function 

* Use exponential functions to The exponential function f with base a is denoted by 


fla) = a" 


where a > 0, a # 1, and x is any real number. 


The base a = | is excluded because it yields f(x) = 1° = 1. This is a constant 
function, not an exponential function. 

You have evaluated a* for integer and rational values of x. For example, you 
know that 4° = 64 and 4!/2 = 2. However, to evaluate 4* for any real number x, 
you need to interpret forms with irrational exponents. For the purposes of this 
text, it is sufficient to think of 


av? (where /2 ~ 1.41421356) 


as the number that has the successively closer approximations 


L4l 71414 71.4142 7141421 
; na a euecs 


Ja a 


Sclh (eee Evaluating Exponential Functions 


Use a calculator to evaluate each function at the indicated value of x. 


Function Value 

a. f(x) = 2% x= -3.1 

b. f(x) = 27 7 

c. f(x) = 0.6 x=3 

© Comstock Images/Alamy Senmen 
Function Value Graphing Calculator Keystrokes Display 

a, f(—3.1)=2-%! 21°) ©1341 0.1166291 
be fa) = 2" 24 © a ENteR) 0.1133147 
e. f(s) = 0.6)” 63) 20) Enter) 0.4647580 


wonecerontT = Now try Exercise 1. 


The HM mathSpace® CD-ROM and Wh uati ‘al f ‘ ith ical b 
Eduspace® for this text contain en evaluating exponential functions with a calculator, remember to 


additional resources related to the enclose fractional exponents in parentheses. Because the calculator follows the 
concepts discussed in this chapter. order of operations, parentheses are crucial in order to obtain the correct result. 


Exploration 


Note that an exponential function 
f(x) = a* is a constant raised 

to a variable power, whereas a 
power function g(x) = x" isa 
variable raised to a constant 
power. Use a graphing utility 

to graph each pair of functions 

in the same viewing window. 
Describe any similarities and 
differences in the graphs. 


ay, = 2492 = 9? 


b. y, = 3%, = ¥° 


v[g@)=4 
A 


pe ee 


FIGURE 5.1 


G(x) =4* : 


Fo) = 2* NXE 


i 
T 
4) 3) Se Npyall I 2. 3S 4 


FIGURE 5.2 
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Graphs of Exponential Functions 


The graphs of all exponential functions have similar characteristics, as shown in 
Examples 2, 3, and 5. 


In the same coordinate plane, sketch the graph of each function. 
a. f(x) = 2" b. g(x) = 4 
Solution 


The table below lists some values for each function, and Figure 5.1 shows the 
graphs of the two functions. Note that both graphs are increasing. Moreover, the 
graph of g(x) = 4* is increasing more rapidly than the graph of f(x) = 2°. 


am) —3|—-2/-1)] 0 1 2 
ox 


Ble) Nie 
= 
A 


BiH] coin 
SiH] ale 


4* 


cueckpoint 


The table in Example 2 was evaluated by hand. You could, of course, use a 
graphing utility to construct tables with even more values. 


Sete §Graphs of y = a~* 


In the same coordinate plane, sketch the graph of each function. 


a. F(x) = 27 b. G(x) = 4-* 


Now try Exercise 11. 


Solution 

The table below lists some values for each function, and Figure 5.2 shows the 
graphs of the two functions. Note that both graphs are decreasing. Moreover, the 
graph of G(x) = 4~* is decreasing more rapidly than the graph of F(x) = 2~*. 


XG =2.) = )0 
as 4 2) 1 
4* | 16 4) 1 


at Od Lal 
Bl-| Ale} bo 
QlH| ci} wo 


oueckroinr 


Now try Exercise 13. 


In Example 3, note that by using one of the properties of exponents, the func- 
tions F(x) = 2~* and G(x) = 4~* can be rewritten with positive exponents. 


F(x) =2-* = - _ (3) reese 1-(1 
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STUDY TIP 


Notice that the range of an 
exponential function is (0, 00), 
which means that a* > 0 for all 
values of x. 


Comparing the functions in Examples 2 and 3, observe that 


F(x) = 2>* = f(—x) and G(x) = 4-* = g(—x). 


Consequently, the graph of F is a reflection (in the y-axis) of the graph of f: The 
graphs of G and g have the same relationship. The graphs in Figures 5.1 and 5.2 
are typical of the exponential functions y = a* and y = a~*. They have one 
y-intercept and one horizontal asymptote (the x-axis), and they are continuous. 
The basic characteristics of these exponential functions are summarized in 


Figures 5.3 and 5.4. 


FIGURE 5.3 


° Range: (0, oo) 
¢ Intercept: (0, 1) 


¢ Increasing 


¢ Continuous 


y Graph of y = a*,a > 1 


* Domain: (— 00, 00) 


* x-axis is a horizontal asymptote 
(a*— 0 as x — 00) 


‘ Graph ofy =a™~*,a> 1 


FIGURE 5.4 


* Range: (0, 00) 
* Intercept: (0, 1) 


¢ Decreasing 


¢ Continuous 


¢ Domain: (— oo, co) 


* x-axis is a horizontal asymptote 
(a-*—0 as x 00) 


From Figures 5.3 and 5.4, you can see that the graph of an exponential 
function is always increasing or always decreasing. As a result, the graphs pass 
the Horizontal Line Test, and therefore the functions are one-to-one functions. 
You can use the following One-to-One Property to solve simple exponential 


equations. 


Fora > Oanda # 1, a’ = @ if and only if x = y. 


>chilt-wm Using the One-to-One Property 


a 9 = 3xt! 
32 = 3xt1 
2=xt+1 
1l=x 


b. (3) =8=92-° = Box=-3 


wouecxpont += Now try Exercise 45. 


One to One Property 


Original equation 
9 = 3? 
One-to-One Property 


Solve for x. 
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In the following example, notice how the graph of y = a* can be used to 
sketch the graphs of functions of the form f(x) = b + a**°. 


| Example 5 Transformations of Graphs of Exponential Functions 


Each of the following graphs is a transformation of the graph of f(x) = 3*. 
a. Because g(x) = 3**! = f(x + 1), the graph of g can be obtained by shifting 
the graph of f one unit to the Jeff, as shown in Figure 5.5. 


b. Because h(x) = 3* — 2 = f(x) — 2, the graph of h can be obtained by 
shifting the graph of f downward two units, as shown in Figure 5.6. 


c. Because k(x) = —3* = —f(x), the graph of k can be obtained by reflecting 
the graph of f in the x-axis, as shown in Figure 5.7. 

d. Because j(x) = 3~* = f(—x), the graph of j can be obtained by reflecting the 
graph of f in the y-axis, as shown in Figure 5.8. 


y 


CLeae 


a 
VAN 
fQ@) = 3“ 
t {-—> x 
1 2 
k(x) = -3* 
FIGURE 5.7 Reflection in x-axis FIGURE 5.8 Reflection in y-axis 


woueckronnT Now try Exercise 17. 


Notice that the transformations in Figures 5.5, 5.7, and 5.8 keep the x-axis 
as a horizontal asymptote, but the transformation in Figure 5.6 yields a new 
horizontal asymptote of y = —2. Also, be sure to note how the y-intercept is 
affected by each transformation. 
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FIGURE 5.9 


y 
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Sy 
Use f(x) = 2e94* 
6 
5) 
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3 
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-4 -3 -2 -1 123s 
FIGURE 5.10 
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FIGURE 5.11 


The Natural Base e 


In many applications, the most convenient choice for a base is the irrational 
number 


e ~ 2.718281828 .... 


This number is called the natural base. The function given by f(x) = eis called 
the natural exponential function. Its graph is shown in Figure 5.9. Be sure 
you see that for the exponential function f(x) = e*, e is the constant 
2.718281828 . . ., whereas x is the variable. 


Explora tion 


Use a graphing utility to graph y, = (1 + 1/x)* and y, = e in the same 
viewing window. Using the trace feature, explain what happens to the graph 
of y, as x increases. 


Serta Evaluating the Natural Exponential Function 


Use a calculator to evaluate the function given by f(x) = e* at each indicated 
value of x. 


ax=-2 b. x = -1 ce. x = 0.25 d. x = —0.3 
Solution 

Function Value Graphing Calculator Keystrokes Display 
a. f(—2) =e? (e*} 2 0.1353353 
b. f(—1) =e"! e*) (©) 1 (ENTER) 0.3678794 
c. f(0.25) = €5 e*) 0.25 (ENTER) 1.2840254 
d. f(—0.3) = e- 3 e*) ((-)} 0.3 (ENTER) 0.7408 182 


execkroint Now try Exercise 27. 


Selul(wae Graphing Natural Exponential Functions 


Sketch the graph of each natural exponential function. 
a. f(x) = 26924 b. g(x) = Se 0-58 


Solution 


To sketch these two graphs, you can use a graphing utility to construct a table of 
values, as shown below. After constructing the table, plot the points and connect 
them with smooth curves, as shown in Figures 5.10 and 5.11. Note that the graph 
in Figure 5.10 is increasing, whereas the graph in Figure 5.11 is decreasing. 


f(x) | 0.974 | 1.238 | 1.573 | 2.000 | 2.542 | 3.232 | 4.109 
g(x) | 2.849 | 1.595 | 0.893 | 0.500 | 0.280 | 0.157 | 0.088 


woweckrot = Now try Exercise 35. 


Exploration 


Use the formula 


r \ret 
a=p(1+2) 


n 


to calculate the amount in an 
account when P = $3000, 

r = 6%, t = 10 years, and 
compounding is done (a) by the 
day, (b) by the hour, (c) by the 
minute, and (d) by the second. 
Does increasing the number of 
compoundings per year result in 
unlimited growth of the amount 
in the account? Explain. 


1 2 


10 2.59374246 

100 2.7048 13829 

1,000 2.716923932 

10,000 2.718145927 

100,000 2.718268237 

1,000,000 2.718280469 

10,000,000 2.71828 1693 
ao 
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Applications 


One of the most familiar examples of exponential growth is that of an investment 
earning continuously compounded interest. Using exponential functions, you can 
develop a formula for interest compounded n times per year and show how it 
leads to continuous compounding. 

Suppose a principal P is invested at an annual interest rate r, compounded 
once a year. If the interest is added to the principal at the end of the year, the new 
balance P, is 


P,=P + Pr 
=P(1+/r). 


This pattern of multiplying the previous principal by 1 + r is then repeated each 
successive year, as shown below. 


Year Balance After Each Compounding 
0 P=P 
1 P, =P +r) 
2 P,=P,0+rn=P0+rlt+r) =P +r? 
3 P;=P,1+n=P(1+rP?0 +7 =P +r) 


t P, = P(l +r) 


To accommodate more frequent (quarterly, monthly, or daily) compounding 
of interest, let n be the number of compoundings per year and let ¢ be the num- 
ber of years. Then the rate per compounding is r/n and the account balance after 
t years is 


r\ret 
a=p(i+2)" 
n 


If you let the number of compoundings n increase without bound, the process 
approaches what is called continuous compounding. In the formula for n 
compoundings per year, let m = n/r. This produces 


r\net 
a= (1 +) 
n 


Amount (balance) with n compoundings per year 


Amount with n compoundings per year 
Substitute mr for n. 
Simplify. 


1 m |rt 
= al(1 F *) | ‘ Property of exponents 

m 
As m increases without bound, the table at the left shows that [1 + (1/m)]"—>e 
as m—>oo. From this, you can conclude that the formula for continuous 
compounding is 


A = Pe". Substitute e for (1 + 1/m)”. 
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STUDY TIP Formulas for Compound Interest 
After ¢ years, the balance A in an account with principal P and annual 
Be sure you see that the annual interest rate r (in decimal form) is given by the following formulas. 


interest rate must be written in 
decimal form. For instance, 6% 1. For n compoundings per year: A = (1 + 
should be written as 0.06. 


2. For continuous compounding: A = Pe” 


Series Compound Interest 


A total of $12,000 is invested at an annual interest rate of 9%. Find the balance 
after 5 years if it is compounded 


a. quarterly. 


b. monthly. 
c. continuously. 
Solution 
a. For quarterly compounding, you have n = 4. So, in 5 years at 9%, the 
balance is 
r At 
A= (1 oF *) Formula for compound interest 
n 
0.09\40) 
= 12,000( 1 + aia) Substitute for P, r, n, and f. 
= $18,726.11. Use a calculator. 
b. For monthly compounding, you have n = 12. So, in 5 years at 9%, the 
balance is 
r vt 
A= (1 ate *) Formula for compound interest 
n 
0.09\ 120) 
= 12,000( 1 + —| Substitute for P, r, n, and f. 
aad $18,788.17. Use a calculator. 


c. For continuous compounding, the balance is 


A = Pe™ Formula for continuous compounding 
= 12,000e9-9° ) Substitute for P, r, and t. 
= $18,819.75. Use a calculator. 


woneckpoinr ~= Now try Exercise 53. 


In Example 8, note that continuous compounding yields more than quarterly 
or monthly compounding. This is typical of the two types of compounding. That 
is, for a given principal, interest rate, and time, continuous compounding will 
always yield a larger balance than compounding n times a year. 


Radioactive Decay 


P 
10 t 
ps ly 4 1)t/24,100 
@ oP = 10(3) 
Ss 8 a 
5 
a 75 
& 6 Ne 
= 5----& (24,100, 5) 
S 37> .100,000, 0.564) 
5 
a. a 
t 
50,000 100,000 
Years of decay 
FIGURE 5.12 
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Selly Radioactive Decay 


In 1986, a nuclear reactor accident occurred in Chernobyl] in what was then the 
Soviet Union. The explosion spread highly toxic radioactive chemicals, such as 
plutonium, over hundreds of square miles, and the government evacuated the city 
and the surrounding area. To see why the city is now uninhabited, consider the 
model 


1 \1/24,100 
P= 1o() 


which represents the amount of plutonium P that remains (from an initial amount 
of 10 pounds) after ¢ years. Sketch the graph of this function over the interval 
from t = 0 to f = 100,000, where t = 0 represents 1986. How much of the 10 
pounds will remain in the year 2010? How much of the 10 pounds will remain 
after 100,000 years? 


Solution 


The graph of this function is shown in Figure 5.12. Note from this graph that 
plutonium has a half-life of about 24,100 years. That is, after 24,100 years, half 
of the original amount will remain. After another 24,100 years, one-quarter of the 
original amount will remain, and so on. In the year 2010 (t = 24), there will still 
be 


1 \24/24-100 1 \0.0009959 
P= (3) = (3) =~ 9.993 pounds 


of plutonium remaining. After 100,000 years, there will still be 


1 \100.000/24,100 1\4-1494 
P= (3) ~ (3) =~ 0.564 pound 


of plutonium remaining. 


weweckpoinT = Now try Exercise 67. 


WY ririnc asour Mtatuemarics 


Identifying Exponential Functions Which of the following functions generated the 
two tables below? Discuss how you were able to decide. What do these functions 
have in common? Are any of them the same? If so, explain why. 


a. f,(x) = 203) b. f(x) = 3(3)° c. f(x) = (3) ” 
d. AO) = (Gy +7 e. f(x) = 7+ 2% f. f(x) = (8)2* 


2 


= 2 |3 aay |] 
g(x) | 7.5 11 | 15 h(x) | 32 | 16 


Create two different exponential functions of the forms y = a(b)* and y = c* + d 
with y-intercepts of (0, —3). 


376 Chapter 5 


Exponential and Logarithmic Functions 


The HM mathSpace® CD-ROM and Eduspace® for this text contain step-by-step solutions 


to all odd-numbered exercises. They also provide Tutorial Exercises for additional help. 


VOCABULARY CHECK: Fill in the blanks. 


1. Polynomials and rational functions are examples of 


2. Exponential and logarithmic functions are examples of nonalgebraic functions, also called 


3. The exponential function given by f(x) = e* is called the 


functions. 


functions. 


function, and the base e 


is called the base. 


4. To find the amount A in an account after ¢ years with principal P and an annual interest rate r compounded 


n times per year, you can use the formula 


5. To find the amount A in an account after t years with principal P and an annual interest rate r compounded 


continuously, you can use the formula 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-6, evaluate the function at the indicated acd In Exercises 11-16, use a graphing utility to construct a 


value of x. Round your result to three decimal places. 


Function Value 
1. f(x) = 3.4" x = 5.6 
2. f(x) = 2.3* =3 
3. fy = x=-7 
4. f(x) = 6)" x= 75 
5. g(x) = 5000(2*) x=-15 
6. f(x) = 200(1.2)!2* x=24 


In Exercises 7-10, match the exponential function with its 
graph. [The graphs are labeled (a), (b), (c), and (d).] 


(a) y (b) 


mS 


fon 
i 
T 


(c) y (d) 


table of values for the function. Then sketch the graph of 
the function. 

11. f(s) = () 
13. f(x) =6> 
15. f(x) = 277! 


12. f(x) = (3) * 
14. f(x) = & 
16. f(x) = 47-3 +3 


In Exercises 17-22, use the graph of f to describe the 
transformation that yields the graph of g. 
17. f(x) = 3%, g(x) = 37-4 
18. fx) =4, gi) =4 +1 
19. f(x) = —2*, g(x) =5 - 2* 
20. f(x) = 10*, g(x) = 10°**3 
ea —x+6 
a1. f(x) = (3), g@) = -G) 
22. f(x) = 0.3%, g(x) = —0.3* + 5 


In Exercises 23-26, use a graphing utility to graph the 
exponential function. 


23. y=2-° 
2. y=374+1 


24, y = 37h 
26. y=4t!-2 


In Exercises 27-32, evaluate the function at the indicated 
value of x. Round your result to three decimal places. 


8 f(x) =2°+1 
10. f(x) = 2"? 


Function Value 
27. h(x) =e x=? 
28. f(x) =e x = 3.2 
29. f(x) = 2e-* x= 10 
30. f(x) = 1.5e*?2 x = 240 
31. f(x) = 5000e°%* x=6 
32. f(x) = 250e°%* x = 20 
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acd In Exercises 33-38, use a graphing utility to construct a 


table of values for the function. Then sketch the graph of 
the function. 

33. f(x) =e 

35. f(x) = 3e**4 

37. f(x) = 2e*-7 +4 


34. f(x) =e~* 
36. f(x) = 2e°°* 
38. f(x) =2 + e*> 


In Exercises 39-44, use a graphing utility to graph the 
exponential function. 


39. y = 1.08 40. y = 1.08% 
41. s(t) = 22°!" 42. s(t) = 3e-° 
43. g(x) =1+e7 44, h(x) = e*~? 


In Exercise 45-52, use the One-to-One Property to solve the 
equation for x. 


45. 3*+! =27 46. 2.3 = 16 

1 1\et1 
47, 2*-2 = 32 48. (2) = 125 
49, ek +2 = @3 50. e2~-! = e4 
51. e 3 =e 52. ev 6 = eo 


Compound Interest \n Exercises 53-56, complete the 
table to determine the balance A for P dollars invested at 
rate r for t years and compounded n times per year. 


n|1{]2)|4 | 12 | 365 | Continuous 


A 


53. P = $2500, r = 2.5%, t = 10 years 
54. P = $1000, r = 4%, t = 10 years 
55. P = $2500, r = 3%, t = 20 years 
56. P = $1000, r = 6%, t = 40 years 


Compound Interest \n Exercises 57-60, complete the 
table to determine the balance A for $12,000 invested at 
rate r for t years, compounded continuously. 


t 10 | 20 | 30 | 40 | 50 


58. r = 6% 
60. 7 = 3.5% 


57. r=4% 
59. r = 6.5% 


61. Trust Fund On the day of a child’s birth, a deposit of 
$25,000 is made in a trust fund that pays 8.75% interest, 
compounded continuously. Determine the balance in this 
account on the child’s 25th birthday. 
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62. Trust Fund A deposit of $5000 is made in a trust fund 
that pays 7.5% interest, compounded continuously. It is 
specified that the balance will be given to the college from 
which the donor graduated after the money has earned 
interest for 50 years. How much will the college receive? 


63. Inflation {f the annual rate of inflation averages 4% over 
the next 10 years, the approximate costs C of goods or 
services during any year in that decade will be modeled by 
C(t) = P(1.04)', where t is the time in years and P is the 
present cost. The price of an oil change for your car is 
presently $23.95. Estimate the price 10 years from now. 


64. Demand The demand equation for a product is given by 


4 
p~ sooo 44+ son! 


where p is the price and x is the number of units. 


@e (a) Use a graphing utility to graph the demand function for 
x > Oandp > 0. 


(b) Find the price p for a demand of x = 500 units. 


By (c) Use the graph in part (a) to approximate the greatest 
price that will still yield a demand of at least 600 units. 


65. Computer Virus The number V of computers infected by 
a computer virus increases according to the model 
V(t) = 100e+%°%", where f is the time in hours. Find (a) V(1), 
(b) V(1.5), and (c) V(2). 

66. Population The population P (in millions) of Russia 
from 1996 to 2004 can be approximated by the model 
P = 152.26e~°-°3%, where ¢ represents the year, with t = 6 
corresponding to 1996. (Source: Census Bureau, 
International Data Base) 


(a) According to the model, is the population of Russia 
increasing or decreasing? Explain. 


(b) Find the population of Russia in 1998 and 2000. 


(c) Use the model to predict the population of Russia in 
2010. 


67. Radioactive Decay Let Q represent a mass of radioactive 
radium (7?°Ra) (in grams), whose half-life is 1599 years. 
The quantity of radium present after ¢ years is 


O= 25 (4) 

= 25(5 . 

(a) Determine the initial quantity (when t = 0). 

(b) Determine the quantity present after 1000 years. 


acd (c) Use a graphing utility to graph the function over the 
interval t = 0 to t = 5000. 


68. Radioactive Decay Let Q represent a mass of carbon 


14 (4C) (in grams), whose half-life is 5715 years. The quan- 


tity of carbon 14 present after ¢ years is Q = 10(8)/5745 


(a) Determine the initial quantity (when t = 0). 
(b) Determine the quantity present after 2000 years. 


(c) Sketch the graph of this function over the interval t = 0 
to t = 10,000. 
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69. Data Analysis: Biology To estimate the amount of 
defoliation caused by the gypsy moth during a given 
year, a forester counts the number x of egg masses on 
a of an acre (circle of radius 18.6 feet) in the fall. The 
percent of defoliation y the next spring is shown in the 
table. (Source: USDA, Forest Service) 


(aa 


0) Egg masses, x Percent of defoliation, y 


A model for the data is given by 


100 


y= 1 + Je~0.069x . 


ad (a) Use a graphing utility to create a scatter plot of the 
data and graph the model in the same viewing 
window. 


(b) Create a table that compares the model with the 
sample data. 


(c) Estimate the percent of defoliation if 36 egg masses 
are counted on i acre. 
ao (d) You observe that 3 of a forest is defoliated the 
following spring. Use the graph in part (a) to 
estimate the number of egg masses per jp acre. 


70. Data Analysis: Meteorology A meteorologist measures 
the atmospheric pressure P (in pascals) at altitude / (in 
kilometers). The data are shown in the table. 


Pressure, P 


101,293 
54,735 
23,294 
12,157 
5,069 


A model for the data is given by P = 107,428e ~0-150", 


(a) Sketch a scatter plot of the data and graph the model on 
the same set of axes. 


(b) Estimate the atmospheric pressure at a height of 
8 kilometers. 


Exponential and Logarithmic Functions 


Synthesis 


True or False? \n Exercises 71 and 72, determine whether 
the statement is true or false. Justify your answer. 


71. The line y = —2 is an asymptote for the graph of 
f() = 10* -— 2. 

_ 271,801 

99,990" 


72. e 


Think About It \n Exercises 73-76, use properties of expo- 
nents to determine which functions (if any) are the same. 


73. fi) = #2 74. f() =4° 4+ 12 
ga) =3°-9 g(a) = 26 
A(x) = 4(3°) h(x) = 64(4*) 

75. f(x) = 16(4~*) 16. f(x) =e* 43 
g@) = (G) g(x) = 
h(x) = 16(2-2*) h(x) = —e*-3 


77. Graph the functions given by y = 3* and y = 4* and use the 
graphs to solve each inequality. 


(a) 4° <3 (b) 4° > 3* 


78. Use a graphing utility to graph each function. Use the 
graph to find where the function is increasing and 
decreasing, and approximate any relative maximum or 
minimum values. 


(a) f(x) = x?e* (b) g(x) = x23 
79. Graphical Analysis Use a graphing utility to graph 


f@ = (: + “3 and g(x) = a 
x 


in the same viewing window. What is the relationship 
between f and g as x increases and decreases without 
bound? 


80. Think About It Which functions are exponential? 
(a) 3x (b) 3x? (c) 3*—— (dd) 2% 


Skills Review 


In Exercises 81 and 82, solve for y. 


81. x? + y? = 25 82. x — |y| = 2 


In Exercises 83 and 84, sketch the graph of the function. 


83. f(x) = co 84. f(xy) = V7 - x 


85. Make a Decision To work an extended application 
analyzing the population per square mile of the United 
States, visit this text’s website at college.hmco.com. (Data 
Source: U.S. Census Bureau) 
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2 Logarithmic Functions and Their Graphs 


What you should learn 

+ Recognize and evaluate loga- 
rithmic functions with base a. 

* Graph logarithmic functions. 


+ Recognize, evaluate, and graph 
natural logarithmic functions. 


WMIC TU 


x 


© Ariel Skelley/Corbis 


STUDY TIP 


Remember that a logarithm is 
an exponent. So, to evaluate the 
logarithmic expression log, x, 
you need to ask the question, 
“To what power must a be 
raised to obtain x?” 


Logarithmic Functions 


In Section P.10, you studied the concept of an inverse function. There, you learned 
that if a function is one-to-one—that is, if the function has the property that no 
horizontal line intersects the graph of the function more than once—the function 
must have an inverse function. By looking back at the graphs of the exponential 
functions introduced in Section 5.1, you will see that every function of the form 
f(x) = a* passes the Horizontal Line Test and therefore must have an inverse 
function. This inverse function is called the logarithmic function with base a. 


Definition of Logarithmic Function with Base a 


For x > 0, a > 0, anda # 1, 
y = log, x if and only if x = a’. 


The function given by 


f(x) = log,x Read as “log base a of x.” 


is called the logarithmic function with base a. 


The equations 
y = log, x and x=a’ 


are equivalent. The first equation is in logarithmic form and the second is in 
exponential form. For example, the logarithmic equation 2 = log,9 can be 
rewritten in exponential form as 9 = 37. The exponential equation 5? = 125 can 
be rewritten in logarithmic form as log; 125 = 3. 

When evaluating logarithms, remember that a logarithm is an exponent. 
This means that log,x is the exponent to which a must be raised to obtain x. For 
instance, log, 8 = 3 because 2 must be raised to the third power to get 8. 


Example 1 | Evaluating Logarithms 


Use the definition of logarithmic function to evaluate each logarithm at the indi- 
cated value of x. 


a. f(x) = log, x, x = 32 b. f(x) = log,x, x= 1 

G fags 2=2 d:. #@) = logy x: <= Te 

Solution 

a. f(32) = log, 32 = 5 because 2° = 32. 

b. f(1) = log, 1 = 0 because 3° = 1. 

c. f(2) = log,2 = 5 because 41/2 = /4 = 2, 
1 _ 

d. fla) = logig in = —2 because 107? = 7 = qi. 


weneceronnt = Now try Exercise 17. 
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Exploration 


Complete the table for 
iG) = 102, 


ae 


Compare the two tables. What 
is the relationship between 
f(x) = 10* and f(x) = log x? 


The logarithmic function with base 10 is called the common logarithmic 
function. It is denoted by log,, or simply by log. On most calculators, this 
function is denoted by (LOG). Example 2 shows how to use a calculator to evaluate 
common logarithmic functions. You will learn how to use a calculator to calculate 
logarithms to any base in the next section. 


| Example 2 | Evaluating Common Logarithms on a Calculator 


Use a calculator to evaluate the function given by f(x) = log x at each value of x. 


a. x = 10 bx =4 cx = 25 d. x= —-2 
Solution 

Function Value Graphing Calculator Keystrokes Display 
a. f(10) = log 10 10 1 
b. f(4) = log4 (06) (0 1 ©) 3 0 CENTER) ~0.4771213 
ce. f(2.5) = log 2.5 (LOG) 2.5 0.3979400 
d. f(—2) = log(—2) (LOG) (©) 2 (ENTER) ERROR 


Note that the calculator displays an error message (or a complex number) when 
you try to evaluate log(—2). The reason for this is that there is no real number 
power to which 10 can be raised to obtain — 2. 


woueckpoInT = Now try Exercise 23. 


The following properties follow directly from the definition of the logarith- 
mic function with base a. 


Properties of Logarithms 


1. log, 1 = 0 because a® = 1. 


2. log, a = 1 because a! = a. 


3. log, a* = x and al8.* = x Inverse Properties 


4. If log, x = log, y, then x = y. One-to-One Property 


Sclill(mem Using Properties of Logarithms 


a. Simplify: log, 1 b. Simplify: log 4 /7 c. Simplify: 6!°82° 


Solution 

a. Using Property 1, it follows that log, 1 = 0. 

b. Using Property 2, you can conclude that log wt = 1, 

c. Using the Inverse Property (Property 3), it follows that 6!°%?° = 20. 


wonecxponT ~=— Now try Exercise 27. 


You can use the One-to-One Property (Property 4) to solve simple logarithmic 
equations, as shown in Example 4. 


FIGURE 5.13 

y 

A 
5 : 
Adb Vertical asymptote: x = 0 
3 os 

fix) = log x 

& 


FIGURE 5.14 
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Sclilyteae Using the One-to-One Property 


a. log, x = log, 12 Original equation 
x= 12 One-to-One Property 
b. log(2x + 1) =logx => 2x+1=x => x=-1 
c. log,(x2 — 6) = log, 10 > 2-6 =10 > P= 16 > x= 44 


woweckpont — Now try Exercise 79. 


Graphs of Logarithmic Functions 


To sketch the graph of y = log, x, you can use the fact that the graphs of inverse 
functions are reflections of each other in the line y = x. 


| Example 5 | Graphs of Exponential and Logarithmic Functions 


In the same coordinate plane, sketch the graph of each function. 
a. f(x) = 2" b. g(x) = log, x 
Solution 


a. For f(x) = 2*, construct a table of values. By plotting these points and con- 
necting them with a smooth curve, you obtain the graph shown in Figure 5.13. 


a8 —2;}-1/ 0] 1) 243 


eo-> ERR ESeIEE: 


b. Because g(x) = log, x is the inverse function of f(x) = 2*, the graph of g is 
obtained by plotting the points (f(x), x) and connecting them with a smooth 
curve. The graph of g is a reflection of the graph of f in the line y = x, as 
shown in Figure 5.13. 


weveckpoint Now try Exercise 31. 


Sclulit-me Sketching the Graph of a Logarithmic Function 


Sketch the graph of the common logarithmic function f(x) = log x. Identify the 
vertical asymptote. 


Solution 


Begin by constructing a table of values. Note that some of the values can be 
obtained without a calculator by using the Inverse Property of Logarithms. Others 
require a calculator. Next, plot the points and connect them with a smooth curve, 
as shown in Figure 5.14. The vertical asymptote is x = 0 (y-axis). 


Without calculator With calculator 

1 1 

ae | a: |) 20 2 5 8 
f(x) =logx | —2 | -1] 0] 1 | 0.301 | 0.699 | 0.903 


weveckpoint Now try Exercise 37. 


x 
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STUDY TIP 


You can use your understanding 
of transformations to identify 
vertical asymptotes of logarith- 
mic functions. For instance, 

in Example 7(a) the graph of 
g(x) = f(x — 1) shifts the graph 
of f(x) one unit to the right. So, 
the vertical asymptote of g(x) is 
x = 1, one unit to the right of 
the vertical asymptote of the 
graph of f(x). 


Exponential and Logarithmic Functions 


The nature of the graph in Figure 5.14 is typical of functions of the form 
f(x) = log, x,a > 1. They have one x-intercept and one vertical asymptote. 
Notice how slowly the graph rises for x > 1. The basic characteristics of loga- 
rithmic graphs are summarized in Figure 5.15. 


y 
A 


1+ 


y=log,x 


> X 


FIGURE 5.15 


Graph of y = log, x,a > 1 


Domain: (0, oc) 


Range: (— co, co) 


x-intercept: (1, 0) 


Increasing 


One-to-one, therefore has an 
inverse function 


y-axis is a vertical asymptote 
(log, x > —oco asx 0%). 


Continuous 


Reflection of graph of y = a* 
about the line y = x 


The basic characteristics of the graph of f(x) = a* are shown below to illus- 
trate the inverse relation between f(x) = a* and g(x) = log, x. 


¢ Domain: (— 00, 00) 


° y-intercept: (0,1) 


¢ Range: (0, co) 


* x-axis is a horizontal asymptote (a*—> 0 as x — 00). 


In the next example, the graph of y = log, x is used to sketch the graphs of 
functions of the form f(x) = b + log,(x + c). Notice how a horizontal shift of 
the graph results in a horizontal shift of the vertical asymptote. 


Selita Shifting Graphs of Logarithmic Functions 


The graph of each of the functions is similar to the graph of f(x) = log x. 


a. Because g(x) = log(x 


1) = f@ 


1), the graph of g can be obtained by 


shifting the graph of f one unit to the right, as shown in Figure 5.16. 


b. Because h(x) = 2 + logx = 2 + f(x), the graph of h can be obtained by 
shifting the graph of f two units upward, as shown in Figure 5.17. 


(x) = log x 


g(x) = log(x — 1) 


FIGURE 5.16 


cueckpoint 


Now try Exercise 39. 


>< 


h(x) =2 + log x 


A 
i A 
1+ 1 ; 

A f(x) = log x 
MY 
A 
\_ = t x 
\ (1, 0) 2 

FIGURE 5.17 


>< 


fx) = e* 


YY 7 
a 
o 


any ca 


Yo 2] g@ = fa) = In x 


Reflection of graph of f(x) = e* about 


the line y = x 
FIGURE 5.18 
STUDY TIP 


Notice that as with every other 
logarithmic function, the domain 
of the natural logarithmic func- 
tion is the set of positive real 
numbers—be sure you see that 
In x is not defined for zero or for 
negative numbers. 
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The Natural Logarithmic Function 


By looking back at the graph of the natural exponential function introduced 
in Section 5.1 on page 372, you will see that f(x) = e* is one-to-one and so has 
an inverse function. This inverse function is called the natural logarithmic 
function and is denoted by the special symbol In x, read as “the natural log of x” 
or “el en of x.” Note that the natural logarithm is written without a base. The base 
is understood to be e. 


The Natural Logarithmic Function 
The function defined by 


f(x) =log,x =Inx, x >0 


is called the natural logarithmic function. 


The definition above implies that the natural logarithmic function and the 
natural exponential function are inverse functions of each other. So, every 
logarithmic equation can be written in an equivalent exponential form and every 
exponential equation can be written in logarithmic form. That is, y = In x and 
x = e” are equivalent equations. 

Because the functions given by f(x) = e* and g(x) = In x are inverse func- 
tions of each other, their graphs are reflections of each other in the line y = x. 
This reflective property is illustrated in Figure 5.18. 

On most calculators, the natural logarithm is denoted by (LN), as illustrated 
in Example 8. 


Selita Evaluating the Natural Logarithmic Function 


Use a calculator to evaluate the function given by f(x) = In x for each value of x. 


a x= 2 b. x = 0.3 a x=-1 dox=1+ /2 
Solution 

Function Value Graphing Calculator Keystrokes Display 
a. f(2) =In2 2 [ENTER] 0.6931472 
b. f(0.3) = 1n0.3 3 ~1.2039728 
ce. f(—1) = In(—1) 1 (ENTER) ERROR 


d. f(1+ V2) =in(1 + V2) OO O1 HW) 2ENTER) 0.8813736 
weueckpowr ~—- Now try Exercise 61. 


In Example 8, be sure you see that In(— 1) gives an error message on most 
calculators. (Some calculators may display a complex number.) This occurs 
because the domain of In x is the set of positive real numbers (see Figure 5.18). 
So, In(—1) is undefined. 

The four properties of logarithms listed on page 380 are also valid for 
natural logarithms. 
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Exponential and Logarithmic Functions 


Properties of Natural Logarithms 


1. In 1 = 0 because e® = 
2. Ine = 1 because e! = e. 


3. Ine* = xande™* =x Inverse Properties 


4. If Inx = Iny, then x = y. One-to-One Property 


Seliu(eeme Using Properties of Natural Logarithms 


Use the properties of natural logarithms to simplify each expression. 


1 In 1 
ain- be™ c= d.2Ine 
e 3 
Solution 
1 
a. In— = Ine~! = —1_ Inwerse Property b. ens = Inverse Property 
é 
In | 
c. = = 5 =0 Property 1 d. 2Ine = 2(1) = 2 Property 2 


weweckrownr += Now try Exercise 65. 


Seliylt-wekee Finding the Domains of Logarithmic Functions 


Find the domain of each function. 


a. f(x) = In — 2) b. g(x) = In(2 — x) c. h(x) = In x? 


Solution 


a. Because In(x — 2) is defined only if x — 2 > 0, it follows that the domain of 


f is (2, cc). The graph of f is shown in Figure 5.19. 


b. Because In(2 — x) is defined only if 2 — x > 0, it follows that the domain of 


g is (— 00, 2). The graph of g is shown in Figure 5.20. 


. Because In x? is defined only if x? > 0, it follows that the domain of / is all 
real numbers except x = 0. The graph of h is shown in Figure 5.21. 


y y y 
A | f(x) = In(x — 2) A ' h(x) = In x? 
2+ ! 1 
1 2+ ; 
I+ | g(x) = In(2 — x) 
f — 1 
ail 4 : 
=pee l | > xX 
2 
-3-+ ; 
aavdl 
FIGURE 5.19 FIGURE 5.20 FIGURE 5.21 


woueckpoint Now try Exercise 69. 
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6 Memory Model App li Cc ati on 
A 
70 Sch eee = Human Memory Model 


60+ ’ Vas Een 


2 

3 50-- TA) =75—-6In¢ +1] Students participating in a psychology experiment attended several lectures on a 
Di subject and were given an exam. Every month for a year after the exam, the 
3 30 -Seee eete students were retested to see how much of the material they remembered. The 
a9 Lee eee de eure average scores for the group are given by the human memory model 


~T | f(t) =75-—6In(t+ 1), O<t< 12 
——+—+—t >t 
So & eae where f is the time in months. The graph of f is shown in Figure 5.22. 
Time (in months) 
a. What was the average score on the original (t = 0) exam? 
FIGURE 5.22 


b. What was the average score at the end of tf = 2 months? 


c. What was the average score at the end of t = 6 months? 


Solution 
a. The original average score was 
f(0) = 75 — 6In(0 + 1) Substitute 0 for ¢. 
= 75 — 6In1 Simplify. 
= 75 — 6(0) Property of natural logarithms 
= 75. Solution 


b. After 2 months, the average score was 


f(2) = 75 — 6In(2 + 1) Substitute 2 for . 
= 75 — 61n3 Simplify. 
~ 75 — 6(1.0986) Use a calculator, 
= 68.4. Solution 


c. After 6 months, the average score was 


f(6) = 75 — 6In(6 + 1) Substitute 6 for r. 
= 75 —61n7 Simplify. 
= 75 — 6(1.9459) Use a calculator. 
= 63.3. Solution 


weweckrownr ~—- Now try Exercise 89. 


WY airinc asour Mtatuemarics 


Analyzing a Human Memory Model Use a graphing utility to determine the time in 


months when the average score in Example 11 was 60. Explain your method of 
solving the problem. Describe another way that you can use a graphing utility to 
determine the answer. 


le 
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Exponential and Logarithmic Functions 


VOCABULARY CHECK: Fill in the blanks. 


. The common logarithmic function has base 


. The logarithmic function given by f(x) = In x is called the 


a bk Bw NY = 


. The inverse function of the exponential function given by f(x) = a* is called the 


function with base a. 


logarithmic function and has base 


. The Inverse Property of logarithms and exponentials states that log ,a* = x and 


. The One-to-One Property of natural logarithms states that if In x = In y, then 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-8, write the logarithmic equation in 
exponential form. For example, the exponential form of 
log, 25 = 2is 5? = 25. 


1. log, 64 = 3 2. log; 81 = 4 
3. log, % = =2 4. log 7000 = =3 
5. log, 4 = 6. log; 8 = 3 
7. logy 6 = 8. log, 4 = 


In Exercises 9-16, write the exponential equation in 
logarithmic form. For example, the logarithmic form of 
23 = 8is log, 8 = 3. 


9, 53 = 125 10. 8° = 64 
11. 8114 =3 12. 93/2 = 27 
13. 62 = % 14.43=24 
15. 79 =1 16. 10-3 = 0.001 


In Exercises 17-22, evaluate the function at the indicated 
value of x without using a calculator. 


Function Value 
17. f(x) = log, x x = 16 
18. f(x) = log, x x=4 
19. f(x) = log, x x= 
20. f(x) = log x x= 10 
21. g(x) = log, x x=a 
22. g(x) = log, x x=b3 


In Exercises 23-26, use a calculator to evaluate f(x) = log x 
at the indicated value of x. Round your result to three 
decimal places. 


23. 2=% 
25..2= 105 


oe Oe tae 
26. x = 75.25 


In Exercises 27-30, use the properties of logarithms to 
simplify the expression. 


27. log, 3+ 
29. log, 7 


28. log, ; 1 
30. glee! 


In Exercises 31-38, find the domain, x-intercept, and 
vertical asymptote of the logarithmic function and sketch 
its graph. 

31. f(x) = log, x 

33. y = —log,;x + 2 
35. f(x) = —log,(x + 2) 


ss 
37. y= ioa(2) 


32. g(x) = log, x 
34. h(x) = log,(x — 3) 
36. y = log.(x — 1) + 4 


38. y = log(—x) 


In Exercises 39-44, use the graph of g(x) = log,x to 
match the given function with its graph. Then describe the 
relationship between the graphs of f and g. [The graphs 
are labeled (a), (b), (c), (d), (e), and (f).] 


(a) (b) y 


(c) (d) 


Section 5.2 


(e) y (f) y 
A 
ap 3 
oj 3 
1+ 
+> x ~x 
-1 1f/2 3 4 -1 
=e ae 
=o) dL ale 


39. f(x) = log,x + 2 
41. f(x) = —log,(x + 2) 
43. f(x) = log,(1 — x) 


40. f(x) = —log, x 
42. f(x) = log,(x — 1) 
44. f(x) = —log,(—x) 


In Exercises 45-52, write the logarithmic equation in expo- 
nential form. 


45. Ins = —0.693... 46. Int = —0.916... 
47. In4 = 1.386... 48. In 10 = 2.302... 
49, In 250 = 5.521... 50. In 679 = 6.520... 
51. Inl =0 52. Ine = 1 


In Exercises 53-60, write the exponential equation in loga- 
rithmic form. 

53. e3 = 20.0855... 

55. e!/2 = 1.6487... 
57. e °> = 0.6065... 
59. e =4 


54, e? = 7.3890... 
56. e!/3 = 1.3956... 
58. e+! = 0.0165... 
60. e* = 3 


In Exercises 61-64, use a calculator to evaluate the function 
at the indicated value of x. Round your result to three 
decimal places. 


Function Value 
61. f(x) = Inx x = 18.42 
62. f(x) =3Inx x = 0.32 
63. g(x) = 2Inx x = 0.75 
64. e(x) = —Inx x=5 


In Exercises 65-68, evaluate g(x) = Inx at the indicated 
value of x without using a calculator. 


65. x =e 66. x =e? 
67. x = e7 2/3 68. x = e5/? 


In Exercises 69-72, find the domain, x-intercept, and vertical 
asymptote of the logarithmic function and sketch its graph. 


69. f(x) = In(x — 1) 
71. g(x) = In(—x) 


70. h(x) = In + 1) 
72. f(x) =InGB — x) 
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n Exercises 73-78, use a graphing utility to graph the 
function. Be sure to use an appropriate viewing window. 


73. f(x) = log(x + 1) 
75. f(x) = In — 1) 
77. f(x) = Inx +2 


74. f(x) = log(x — 1) 
76. f(x) = In(x + 2) 
78. f(x) = 3Inx-1 


In Exercises 79-86, use the One-to-One Property to solve 


the equation for x. 

79. log,(x + 1) = log, 4 
81. log(2x + 1) = log15 
83. In(x + 2) = In6 

85. In(x? — 2) = In 23 


80. log,(x — 3) = log, 9 
82. log(5x + 3) = log12 
84. In(x — 4) = In2 
86. In(x* — x) = 1n6 


87. Monthly Payment The model 


t = 12.542 in x > 1000 


a) 
x — 1000/’ 
approximates the length of a home mortgage of 
$150,000 at 8% in terms of the monthly payment. In the 
model, ¢ is the length of the mortgage in years and x is 
the monthly payment in dollars (see figure). 


t 


Length of mortgage 
(in years) 


2,000 4,000 6,000 8,000 10,000 
Monthly payment (in dollars) 


Use the model to approximate the lengths of a 
$150,000 mortgage at 8% when the monthly pay- 
ment is $1100.65 and when the monthly payment is 
$1254.68. 


(b) Approximate the total amounts paid over the term 
of the mortgage with a monthly payment of 
$1100.65 and with a monthly payment of $1254.68. 

(c) Approximate the total interest charges for a 


monthly payment of $1100.65 and for a monthly 
payment of $1254.68. 


(d) What is the vertical asymptote for the model? 
Interpret its meaning in the context of the problem. 
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88. Compound Interest A principal P, invested at 93% and & 97. Graphical Analysis Use a graphing utility to graph f 


compounded continuously, increases to an amount K times 
the original principal after t years, where ¢ is given by 
t = (In K)/0.095. 


(a) Complete the table and interpret your results. 


10 


12 


(b) Sketch a graph of the function. 


89. Human Memory Model Students in a mathematics class 
were given an exam and then retested monthly with an 
equivalent exam. The average scores for the class are given 
by the human memory model f(‘) = 80 — 17 log(t + 1), 


0 < t < 12 where ¢ is the time in months. 


acd (a) Use a graphing utility to graph the model over the 
specified domain. 


(b) What was the average score on the original exam 
(t = 0)? 

(c) What was the average score after 4 months? 

(d) What was the average score after 10 months? 


90. Sound Intensity The relationship between the number of 


decibels £ and the intensity of a sound / in watts per square 
meter is 


I 
B = 10 loa( 4p). 


(a) Determine the number of decibels of a sound with an 
intensity of 1 watt per square meter. 


(b) Determine the number of decibels of a sound with an 
intensity of 10~? watt per square meter. 


(c) The intensity of the sound in part (a) is 100 times as 
great as that in part (b). Is the number of decibels 100 
times as great? Explain. 


Synthesis 


True or False? _\n Exercises 91 and 92, determine whether 
the statement is true or false. Justify your answer. 


91. You can determine the graph of f(x) = log,x by graphing 
g(x) = 6* and reflecting it about the x-axis. 


92. The graph of f(x) = log, x contains the point (27, 3). 


In Exercises 93-96, sketch the graph of f and g and describe 
the relationship between the graphs of f and g. What is the 
relationship between the functions f and g? 


93. f(x) = 3*, g(x) = log, x 


94. f(x) = 5°, g(x) = log, x 
95. f(x) =e, g(x) = Inx 
96. f(x) = 10%, g(x) = logx 


& 


and g in the same viewing window and determine which 
is increasing at the greater rate as x approaches +00. 
What can you conclude about the rate of growth of the 
natural logarithmic function? 


(a) f(x) =Inx, g(x) = Vx 
(b) f(%) =Inx, g(x) = Y= 


98. (a) Complete the table for the function given by 
Inx 
f(x) = 
ze 1| 5) 10 | 107 | 104 | 10° 
f@) 


(b) Use the table in part (a) to determine what value f(x) 
approaches as x increases without bound. 
(c) Use a graphing utility to confirm the result of part (b). 


Think About It The table of values was obtained by 
evaluating a function. Determine which of the statements 
may be true and which must be false. 


99. 


(a) y is an exponential function of x. 
(b) y is a logarithmic function of x. 
(c) x is an exponential function of y. 


(d) y is a linear function of x. 


100. Writing Explain why log,x is defined only for 


O<a<landa>l. 


In Exercises 101 and 102, (a) use a graphing utility to graph 
the function, (b) use the graph to determine the intervals in 
which the function is increasing and decreasing, and 
(c) approximate any relative maximum or minimum values 
of the function. 


101. f(x) = |Inx| 102. h(x) = In(x? + 1) 


Skills Review 


In Exercises 103-108, evaluate the function for 
f(x) = 3x + 2 and g(x) = x2 - 1. 


103. (f + g)(2) 104. (f — g)(-1) 
f 
105. (f2)(6) 106. (Eo 


107. (f°g)(7) 108. (g °f)(—3) 
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5] Properties of Logarithms 


What you should learn 


* Use the change-of-base 
formula to rewrite and evalu- 
ate logarithmic expressions. 

* Use properties of logarithms 
to evaluate or rewrite logarith- 
mic expressions. 


> 


ie Nets - 


AP Photo/Stephen Chernin 


Change of Base 


Most calculators have only two types of log keys, one for common logarithms 
(base 10) and one for natural logarithms (base e). Although common logs and 
natural logs are the most frequently used, you may occasionally need to evaluate 
logarithms to other bases. To do this, you can use the following change-of-base 
formula. 


Change-of-Base Formula 


Let a, b, and x be positive real numbers such that a # 1 and b # 1. Then 
log, x can be converted to a different base as follows. 


Base b Base 10 Base e 


log, x 
log, a 


log x 
loga 


ne 


log, x = log, x = log, x = 


~ Ina 


One way to look at the change-of-base formula is that logarithms to base a 
are simply constant multiples of logarithms to base b. The constant multiplier is 


ig (log, a). 


Changing Bases Using Common Logarithms 


—_ log 25 _ logx 
a. log, 25 = log 4 log, x aa 
1.39794 
i Use a calculator. 
0.60206 
= 2.3219 Simplify. 
log12 1.07918 
b. log, 12 = —2— = ~ 3.5850 


log2 0.30103 
cueckoint Now try Exercise 1(a). 


} Example 2 | Changing Bases Using Natural Logarithms 


a. log, 25 = a= log, x = 2 
3.21888 
= 1.38629 Use a calculator. 
= 2.3219 Simplify. 
be Tog ee E850 
In2 0.69315 


woweckponT ~—_ Now try Exercise 1(b). 
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STUDY TIP 


There is no general property 
that can be used to rewrite 
log (u + v). Specifically, 
log (u + v) is not equal to 
log u + log.v. 


The Granger Collection 


Historical Note 

John Napier, a Scottish 
mathematician, developed 
logarithms as a way to simplify 
some of the tedious calcula- 
tions of his day. Beginning in 
1594, Napier worked about 

20 years on the invention of 
logarithms. Napier was only 
partially successful in his quest 


to simplify tedious calculations. 


Nonetheless, the develooment 
of logarithms was a step for- 
ward and received immediate 
recognition. 


Properties of Logarithms 


You know from the preceding section that the logarithmic function with base a 
is the inverse function of the exponential function with base a. So, it makes sense 
that the properties of exponents should have corresponding properties involving 
logarithms. For instance, the exponential property a° = 1| has the corresponding 
logarithmic property log, 1 = 0. 


Properties of Logarithms 


Let a be a positive number such that a # 1, and let n be a real number. If u 
and v are positive real numbers, the following properties are true. 


Logarithm with Base a Natural Logarithm 


1. Product Property: log (uv) = log,u+log,v  In(wv) = Inu + Inv 


2. Quotient Property: log, “= log, u — log, v In— = Inw — Inv 
Vv Vv 


3. Power Property:  log,u” =nlog,u Inu" =ninu 


For proofs of the properties listed above, see Proofs in Mathematics on page 
426. 


Settee Using Properties of Logarithms 


Write each logarithm in terms of In 2 and In 3. 


2 
a. In6 b. In 
n n 7 
Solution 
a. Ino = In(2 : 3) Rewrite 6 as 2 - 3. 
=In2+1n3 Product Property 
2 
b. In757 = In2 — In 27 Quotient Property 
= In2 — In3? Rewrite 27 as 33. 
= In2 — 31n3 Power Property 


woueckpowr = Now try Exercise 17. 


Selul(weae Using Properties of Logarithms 


Find the exact value of each expression without using a calculator. 
a. log, 3/5 b. In e® — Ine? 


Solution 


a. log, 3/5 = log, 51/3 = } log, 5 = 5(1) = 4 


6 


b. Ine® — Ine 5 = Inet =4Ine = 4(1) = 4 


é€ 


woneckrointT ~=— Now try Exercise 23. 
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Rewriting Logarithmic Expressions 


The properties of logarithms are useful for rewriting logarithmic expressions in 
forms that simplify the operations of algebra. This is true because these proper- 
ties convert complicated products, quotients, and exponential forms into simpler 
sums, differences, and products, respectively. 


Sete Expanding Logarithmic Expressions 


Expand each logarithmic expression. 


Wak 9 
a. log, 5x3y b. In a 
Exploration Solution 
a. log, 5x¢y = log, 5 + log, x7 + logy y Product Property 
Use a graphing utility to graph 
the functions given by = log,5 + 3log,x + log,y Power Property 
/3y — — 5)1/2 
1 = ee — In(x 3) b. In a3 = (ln (3x 5) Rewrite using rational 
i i exponent. 
= In(3x = 5)i/ 2—|n7 Quotient Property 
1 
= > In(3x = 5) —In7 Power Property 
in the same viewing window. 
Does the graphing utility show -afcueckpoint Now try Exercise 47. 
the functions with the same ; ; a 
Glarrnetin® Ik? oe, Sheowilél In Example 5, the properties of logarithms were used to expand logarithmic 
Explain your reasoning. expressions. In Example 6, this procedure is reversed and the properties of loga- 


rithms are used to condense logarithmic expressions. 


SUC Condensing Logarithmic Expressions 


Condense each logarithmic expression. 


a. 5 logx + 3 log(x + 1) b. 2 In(x + 2) — Inx 
Cc. i[log, x + log,(x + 1)] 


Solution 
a. 5 log x + 3 log(x + 1) = log x/2 + log(x + 1) Power Property 

= log] Vx (x + 1) Product Property 
b. 2 In(x + 2) — Inx = In(x + 2)? — Inx Power Property 

= oa Quotient Property 
x 

c. 4[log, x + log,(x + 1)] = 3 {log,[x(x + 1)]} Product Property 

= log, [x(x + 1)]4 Power Property 

= log, /x(x + 1) Rewrite with a radical. 


woweckpoinr ~— Now try Exercise 69. 
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Planets Near the Sun 


y 
A 
30 ee Satara e 
a 
5 
O20 pene 
g Mercury 
Z Venus 
[nate Jupiter 
& Earth 
[oe Mars 
2 4 6 8 10 
Mean distance 
(in astronomical units) 
FIGURE 5.23 


FIGURE 5.24 


Application 


One method of determining how the x- and y-values for a set of nonlinear data are 
related is to take the natural logarithm of each of the x- and y-values. If the points 
are graphed and fall on a line, then you can determine that the x- and y-values are 
related by the equation 


Iny =mIlnx 


where m is the slope of the line. 


Selutcwas Finding a Mathematical Model 


The table shows the mean distance x and the period (the time it takes a planet to 
orbit the sun) y for each of the six planets that are closest to the sun. In the table, 
the mean distance is given in terms of astronomical units (where Earth’s mean 
distance is defined as 1.0), and the period is given in years. Find an equation that 
relates y and x. 


Planet Mean Period, y 
distance, x 
Mercury 0.387 0.241 
Venus 0.723 0.615 
Earth 1.000 1.000 
Mars 1.524 1.881 
Jupiter 5.203 11.863 
Saturn 9.537 29.447 


Solution 

The points in the table above are plotted in Figure 5.23. From this figure it is not 
clear how to find an equation that relates y and x. To solve this problem, take the 
natural logarithm of each of the x- and y-values in the table. This produces the 
following results. 


Planet | Mercury | Venus | Earth | Mars | Jupiter | Saturn 
In x —0.949 | —0.324 | 0.000 | 0.421 | 1.649 | 2.255 
Iny — 1.423 | —0.486 | 0.000 | 0.632 | 2.473 | 3.383 


Now, by plotting the points in the second table, you can see that all six of the 
points appear to lie in a line (see Figure 5.24). Choose any two points to 
determine the slope of the line. Using the two points (0.421, 0.632) and (0, 0), 
you can determine that the slope of the line is 


By the point-slope form, the equation of the line is Y = 2x, where Y = In y and 
X = In x. You can therefore conclude that In y = 31n x: 


woweckpoiInrT += Now try Exercise 85. 
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VOCABULARY CHECK: 

In Exercises 1 and 2, fill in the blanks. 

1. To evaluate a logarithm to any base, you can use the formula. 
2. The change-of-base formula for base e is given by log, x = 


In Exercises 3-5, match the property of logarithms with its name. 


3. log, (uv) = log, u + log, v (a) Power Property 

4. Inu” =nInu (b) Quotient Property 

5. log, = log, u — log, v (c) Product Property 
v 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-8, rewrite the logarithm as a ratio of (a) com- 32. 3 Inet 
mon logarithms and (b) natural logarithms. i 
33. In—= 
1. log; x 2. log; x Je 
3. log, /s x 4, log, /3 34. In Ve? 
5. log, 6. log, 3 35. Ine? + Ine& 
7. logy 6x 8. log, , x 36. 2Ine® — Ine? 
37. log; 75 — log; 3 
In Exercises 9-16, evaluate the logarithm using the 38. log, 2 + log, 32 


change-of-base formula. Round your result to three 


decimal places. In Exercises 39-60, use the properties of logarithms to 


9. log,7 10. log, 4 expand the expression as a sum, difference, and/or constant 
IL. log, 4 12. log, 45 multiple of logarithms. (Assume all variables are positive.) 
13. log, 0.4 14. log,, 0.125 39. log, 5x 40. log, 10z 
15. log,; 1250 16. log, 0.015 ee 42. logo 
In Exercises 17-22, use the properties of logarithms to 5 1 
rewrite and simplify the logarithmic expression. 43. logs = 44. loge a 
17. log, 8 18. log,(4? - 34) 45. In ./z 46. In</t 
19. log, 55 20. log 35 47. In xyz 48. log 4x7 y 

2-1 
21. In(5e%) 22. fa 49. Inez —-1)2,z2>1 50. in(* : ) x1 
e x 
JVa-1 6 
; , : . 51. log, ——_,, a> 1 52. In ———= 
In Exercises 23-38, find the exact value of the logarithmic 2 9 /y2 4] 
expression without using a calculator. (If this is not possi- & 2 
ble, state the reason.) 53. In ay 54. In. /— 
y y 
1 
23. log, 9 24. logs is xt Jy " J/xy4 
25. log, /8 26. log, 36 pee me NOE A 
1.2 = 0:2 
27. log, 16 28. log; 81 ee ae. oe at 
29. log,(—9) 30. log,(— 16) n NES y2z3 + CE 10 Fal 


31. In e*? 59. In (2 + 3) 60. In /x2(x + 2) 
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In Exercises 61-78, condense the expression to the 
logarithm of a single quantity. 


61. Inx + In3 
62. Iny + Int 
63. log,z — log, y 


64. log; 8 — log, t 

65. 2 log,(x + 4) 

66. 3 log,(z — 2) 

67. { log, 5x 

68. —4 log, 2x 

69. Inx — 3 In(x + 1) 

70. 21In8 + 5 In(z — 4) 

71. logx — 2 logy + 3 log z 

72. 3 log, x + 4 log, y — 4 log, z 

73. Inx — 4[In(x + 2) + In — 2)] 

74, 4[In z + In(z + 5)] — 2 In(z — 5) 

75. 3[2 In(x + 3) + Inx — In(x? — 1)] 

76. 2[3 Inx — In(x + 1) — In(x — 1)] 

77. [logs y + 2 logs(y + 4)] — log(y — 1) 
78. Ylog,(x + 1) + 2 log,(x — 1)] + 6 log, x 


In Exercises 79 and 80, compare the logarithmic quantities. 
If two are equal, explain why. 


log, 32 
log, 4’ 
80. log, /70, log, 35, 5 + log, /10 


79. 


32 
log, re log, 32 — log, 4 


Sound Intensity \n Exercises 81-83, use the following 
information. The relationship between the number of deci- 
bels B and the intensity of a sound / in watts per square 
meter is given by 


I 
B = 10 loa(=>3): 


81. Use the properties of logarithms to write the formula in 
simpler form, and determine the number of decibels of a 
sound with an intensity of 10~° watt per square meter. 


82. Find the difference in loudness between an average office 
with an intensity of 1.26 x 10~7 watt per square meter and 
a broadcast studio with an intensity of 3.16 x 10~> watt 
per square meter. 


83. You and your roommate are playing your stereos at the 
same time and at the same intensity. How much louder is 
the music when both stereos are playing compared with 
just one stereo playing? 


Exponential and Logarithmic Functions 


84. Human Memory Model Students participating in a 
psychology experiment attended several lectures and 
were given an exam. Every month for a year after the 
exam, the students were retested to see how much of 
the material they remembered. The average scores for 
the group can be modeled by the human memory model 


f(t) = 90 — IS log(t + 1), O<t< 12 


where f is the time in months. 


(a) Use the properties of logarithms to write the func- 
tion in another form. 


(b) What was the average score on the original exam 
(t = 0)? 
(c) What was the average score after 4 months? 


(d) What was the average score after 12 months? 


faz, (e) Use a graphing utility to graph the function over the 
specified domain. 


(f) Use the graph in part (e) to determine when the 
average score will decrease to 75. 


(g) Verify your answer to part (f) numerically. 


85. Galloping Speeds of Animals Four-legged animals run 
with two different types of motion: trotting and galloping. 
An animal that is trotting has at least one foot on the 
ground at all times, whereas an animal that is galloping has 
all four feet off the ground at some point in its stride. The 
number of strides per minute at which an animal breaks 
from a trot to a gallop depends on the weight of the animal. 
Use the table to find a logarithmic equation that relates an 
animal’s weight x (in pounds) and its lowest galloping 
speed y (in strides per minute). 


¥y 
om Weight, x 


Galloping Speed, y 


25 191.5 
35 182.7 
50 173.8 
75 164.2 
500 125.9 
1000 114.2 


acd 86. Comparing Models A cup of water at an initial tempera- 


ture of 78° C is placed in a room at a constant temperature 
of 21°C. The temperature of the water is measured every 
5 minutes during a half-hour period. The results are 
recorded as ordered pairs of the form (¢, 7), where ¢ is the 
time (in minutes) and T is the temperature (in degrees 
Celsius). 


(0, 78.0°), (5, 66.0°), (10, 57.5°), (15, 51.2°), (20, 46.3°), 
(25, 42.4°), (30, 39.6°) 


(a) The graph of the model for the data should be 
asymptotic with the graph of the temperature of the 
room. Subtract the room temperature from each of the 
temperatures in the ordered pairs. Use a graphing 
utility to plot the data points (t, T) and (t, T — 21). 

(b) An exponential model for the data (¢, T — 21) is given 

by 


T — 21 = 54.4(0.964)’. 


Solve for T and graph the model. Compare the result 
with the plot of the original data. 


(c 


YS 


Take the natural logarithms of the revised temperatures. 
Use a graphing utility to plot the points (¢, In(T — 21)) 
and observe that the points appear to be linear. Use the 
regression feature of the graphing utility to fit a line to 
these data. This resulting line has the form 


In(T — 21) = at + b. 


Use the properties of the logarithms to solve for T. 
Verify that the result is equivalent to the model in 
part (b). 


(d 


YS 


Fit a rational model to the data. Take the reciprocals of 
the y-coordinates of the revised data points to generate 
the points 


(73) 
°T -— 21) 


Use a graphing utility to graph these points and observe 
that they appear to be linear. Use the regression feature 
of a graphing utility to fit a line to these data. The 
resulting line has the form 


1 
=attb. 

TOI at + b 

Solve for T, and use a graphing utility to graph the 

rational function and the original data points. 
(e) Write a short paragraph explaining why the transforma- 
tions of the data were necessary to obtain each model. 
Why did taking the logarithms of the temperatures lead 
to a linear scatter plot? Why did taking the reciprocals 
of the temperature lead to a linear scatter plot? 


le 
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Synthesis 


True or False? \n Exercises 87-92, determine whether the 
statement is true or false given that f(x) = In x. Justify your 
answer. 


f(0) = 0 

flax) =f(@ +f), a>0,x>0 
f(« — 2) = f(x) — fQ), 
Vil) = af) 

If f(u) = 2f(v), then v = i. 
If f(x) < 0, then0 < x < 1. 


87. 
88. 
89. 
90. 
91. 
92. 


x>2 


93. Proof Prove that log, “= log, u — log, v. 
v 


94. Proof Prove that log, u” = n log, u. 


In Exercises 95-100, use the change-of-base formula to 
rewrite the logarithm as a ratio of logarithms. Then use a 
graphing utility to graph both functions in the same 
viewing window to verify that the functions are equivalent. 


95. f(x) = log, x 96. f(x) = log, x 
97. JQ) log; /» x 98. f(x) = log, 4x 
99. f(x) = logi, gx 100. f(x) = log, 4x 
101. Think About It Consider the functions below. 
1 
f) =n, g) = 775, hs) = nx ~ m2 


Which two functions should have identical graphs? Verify 
your answer by sketching the graphs of all three functions 
on the same set of coordinate axes. 


102. Exploration For how many integers between | and 20 


can the natural logarithms be approximated given that 
In 2 ~ 0.6931, In3 ~ 1.0986, and = In5 ~ 1.6094? 
Approximate these logarithms (do not use a calculator). 


Skills Review 

In Exercises 103-106, simplify the expression. 
2x2 =a 

104. (=) 
3y 


106. xy(x1 + yt)! 


24xy* 
16x-4y 
105. (18x3y4)-3(18x3y4)3 


103. 


In Exercises 107-110, solve the equation. 


108. 4.7 —5x+1=0 


2 xX 5 
3x +1 4 me 


107. 3x7 + 2x -1=0 


oe 


109. 
x-1 3 
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om Exponential and Logarithmic Equations 


What you should learn 


epee Introduction 
* Solve simple exponential 
and logarithmic equations. So far in this chapter, you have studied the definitions, graphs, and properties of 
* Solve more complicated exponential and logarithmic functions. In this section, you will study procedures 
exponential equations. for solving equations involving these exponential and logarithmic functions. 
+ Solve more complicated There are two basic strategies for solving exponential or logarithmic 


equations. The first is based on the One-to-One Properties and was used to solve 
simple exponential and logarithmic equations in Sections 5.1 and 5.2. The 
second is based on the Inverse Properties. For a > 0 and a # 1, the following 
properties are true for all x and y for which log, x and log, y are defined. 
One-to-One Properties 
a* = a’ if and only if x = y. 
log, x = log, y if and only if x = y. 


Inverse Properties 


q!Sa* =x 
log,a* =x 
Settee Solving Simple Equations 
Original Rewritten 
Equation Equation Solution Property 
a. 2* = 32 oe = "25 = 5 One-to-One 
b. Inx — In3 = Inx = In3 x=3 One-to-One 
c. (;)° = 3 = 3? x=-2 One-to-One 
d. ex = Ine* = In7 x=I1n7 Inverse 
© James Marshall/Corbis 
e. Inx = —-3 etx = e3 x=e3 Inverse 
f. logx = —1 10!e* = 1071 x=10'=} Inverse 


wenecxponnT = Now try Exercise 13. 


The strategies used in Example | are summarized as follows. 


Strategies for Solving Exponential and Logarithmic 
Equations 


1. Rewrite the original equation in a form that allows the use of the 
One-to-One Properties of exponential or logarithmic functions. 


. Rewrite an exponential equation in logarithmic form and apply the 
Inverse Property of logarithmic functions. 


. Rewrite a logarithmic equation in exponential form and apply the Inverse 
Property of exponential functions. 


STUDY TIP 


Remember that the natural loga- 
rithmic function has a base of e. 


Section 5.4 
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Solving Exponential Equations 


| Example 2 | Solving Exponential Equations 


Solve each equation and approximate the result to three decimal places if 


necessary. 
a. e* = e 3x4 b. 3(2*) = 42 
Solution 
a. er = e73x-4 
—x2 = —3x-—4 


x—-—3x-4=0 

(x + 1) -— 4) =0 
(«+1 =0>x=-1 
(x-4)=0=>x=4 


Write original equation. 
One-to-One Property 
Write in general form. 
Factor. 

Set Ist factor equal to 0. 


Set 2nd factor equal to 0. 


The solutions are x = — 1 and x = 4. Check these in the original equation. 
b. 3(2*) = 42 Write original equation. 
2*= 14 Divide each side by 3. 
log, 2* = log, 14 Take log (base 2) of each side. 
= log, 14 Inverse Property 
In 14 
= = 3.807 Change-of-base formula 
In 2 


The solution is x = log, 14 ~ 3.807. Check this in the original equation. 


Now try Exercise 25. 


In Example 2(b), the exact solution is x = log, 14 and the approximate 
solution is x ~ 3.807. An exact answer is preferred when the solution is an 
intermediate step in a larger problem. For a final answer, an approximate solution 


is easier to comprehend. 


Example 3 Solving an Exponential Equation 


Solve e* + 5 = 60 and approximate the result to three decimal places. 


Solution 
ex + 5 = 60 
ex = 55 
In e* = 1n55 


x = In 55 ~ 4.007 


Write original equation. 
Subtract 5 from each side. 
Take natural log of each side. 


Inverse Property 


The solution is x = In 55 ~ 4.007. Check this in the original equation. 


wfeneckomnT 


Now try Exercise 51. 
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Sert-ww Solving an Exponential Equation 


Solve 2(37'~°) — 4 = 11 and approximate the result to three decimal places. 


Solution 
2(37~>) —-4=11 Write original equation. 
2(37->) = 15 Add 4 to each side. 
37-3 = 2 Divide each side by 2. 
2t—-3 — 15 H 
log, 3 = log, 2 Take log (base 3) of each side. 
STUDY TIP 15 
2t-5= log, 2 Inverse Property 
Remember that to evaluate a 
logarithm such as log, 7.5, you 2t = 5 + log, 7.5 Add 5 to each side. 
need to use the change-of-base 
Pee 
formula. t= 3 an 3 log, 7.5 Divide each side by 2. 
ines) 
log; 75 = — = 1.834 t ~ 3.417 Use a calculator. 


The solution is t = 3 + } log, 7.5 ~ 3.417. Check this in the original equation. 


cueckpoint Now try Exercise 53. 


When an equation involves two or more exponential expressions, you can 
still use a procedure similar to that demonstrated in Examples 2, 3, and 4. 
However, the algebra is a bit more complicated. 


| Example 5 | Solving an Exponential Equation of Quadratic Type 


Solve e** — 3e*+2=0. 


Algebraic Solution Graphical Solution 
e* — 3eX°+2=0 Write original equation. Use a graphing utility to graph y = e?* — 3e* + 2. Use the 
or t feature or the and ft. features of the 
(e*)? — 3e7° +2=0 Write in quadratic form. ae . ste? : inne e. : 
graphing utility to approximate the values of x for which 
(ex — 2)(e* -— 1) =0 Factor. y = 0. In Figure 5.25, you can see that the zeros occur at 
: x = 0 and at x ~ 0.693. So, the solutions are x = 0 and 
ex—-2=0 Set 1st factor equal to 0. 
x =~ 0.693. 
x=1n2 Solution 
ex~-—1=0 Set 2nd factor equal to 0. 
x=0 Solution 


The solutions are x = In2 ~ 0.693 and x = 0. Check 
these in the original equation. 


FIGURE 5.25 


weneckroint Now try Exercise 67. 


STUDY TIP 


Remember to check your solu- 
tions in the original equation 
when solving equations to verify 
that the answer is correct and to 
make sure that the answer lies 
in the domain of the original 
equation. 


Section 5.4 


Exponential and Logarithmic Equations 


Solving Logarithmic Equations 


To solve a logarithmic equation, you can write it in exponential form. 


Inx =3 
elnx = @3 
cS? 


Logarithmic form 
Exponentiate each side. 


Exponential form 


This procedure is called exponentiating each side of an equation. 


Example 6 Solving Logarithmic Equations 


a. Inx =2 
pig 3 
x =e? 
b. log,(5x — 1) = log,(x + 7) 
Sx -1l=x+7 
4x = 8 
x=2 


c. log.(3x + 14) — log.5 = log, 2x 


+ 14 
loz, =4) = log, 2x 
+ 14 
SA yy 
3x + 14 = 10x 
—7x=—-14 
x=2 


Now try Exercise 77. 


Original equation 


Exponentiate each side. 


Inverse Property 
Original equation 


One-to-One Property 
Add — x and | to each side. 
Divide each side by 4. 


Original equation 


Quotient Property of Logarithms 


One-to-One Property 


Cross multiply. 
Isolate x. 


Divide each side by —7. 


Example 7 Solving a Logarithmic Equation 


Solve 5 + 2 Inx = 4 and approximate the result to three decimal places. 


Solution 
5+2Inx=4 
2Inx=-1 
1 
Inx = -= 
2 
piace p12 
x=e 1/2 
x = 0.607 


weweckrowr ~—- Now try Exercise 85. 


Write original equation. 


Subtract 5 from each side. 


Divide each side by 2. 


Exponentiate each side. 
Inverse Property 


Use a calculator. 
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SeTill(eeme Solving a Logarithmic Equation 


STUDY TIP 


Notice in Example 9 that the 
logarithmic part of the equation 
is condensed into a single loga- 
rithm before exponentiating 
each side of the equation. 


Solve 2 log; 3x = 4. 


Solution 
2 logs 3x = 4 
log, 3x = 2 
5 logs i 52 
3x = 25 
_ 25 
os 


Write original equation. 
Divide each side by 2. 
Exponentiate each side (base 5). 


Inverse Property 


Divide each side by 3. 


The solution is x = 25 Check this in the original equation. 


weneckponnT ~— Now try Exercise 87. 


Because the domain of a logarithmic function generally does not include all 
real numbers, you should be sure to check for extraneous solutions of logarithmic 


equations. 


Seluyteem Checking for Extraneous Solutions 


Solve log 5x + log(x — 1) = 2. 


Algebraic Solution 
log 5x + log(x — 1) =2 
log[5x(x — 1)] = 2 
1Q8(5x7-5x) = 102 
5x? — 5x = 100 
x7 —x—-20=0 
(x — 5)(x + 4) =0 


Write original equation. 

Product Property of Logarithms 
Exponentiate each side (base 10). 
Inverse Property 

Write in general form. 


Factor. 


x= 5 =0 Set 1st factor equal to 0. 
x=5 Solution 
x+4=0 Set 2nd factor equal to 0. 
x= -4 Solution 
The solutions appear to be x = 5 and x = —4. However, when 


you check these in the original equation, you can see that x = 5 


is the only solution. 


cuecxpont Now try Exercise 99. 


Graphical Solution 

Use a graphing utility to graph 
y, = log 5x + log(x — 1) and y, = 2 in the same 
viewing window. From the graph shown in Figure 
5.26, it appears that the graphs intersect at one point. 
Use the intersect feature or the zoom and trace 
features to determine that the graphs intersect at 
approximately (5,2). So, the solution is x = 5. 
Verify that 5 is an exact solution algebraically. 


5 


y, = log 5x + log(x — 1) 


+1 


FIGURE 5.26 


In Example 9, the domain of log 5x is x > 0 and the domain of log(x — 1) is 
x > 1, so the domain of the original equation is x > 1. Because the domain is all 
real numbers greater than 1, the solution x = —4 is extraneous. The graph in 
Figure 5.26 verifies this concept. 


Exploration 


The effective yield of a savings 
plan is the percent increase in 
the balance after 1 year. Find 
the effective yield for each 
savings plan when $1000 is 
deposited in a savings account. 


a. 7% annual interest rate, 
compounded annually 


. 7% annual interest rate, 
compounded continuously 


. 7% annual interest rate, 
compounded quarterly 


. 7.25% annual interest rate, 
compounded quarterly 


Which savings plan has the 
greatest effective yield? Which 
savings plan will have the 
highest balance after 5 years? 
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Applications 


ScrwkeMe = Doubling an Investment @ 


You have deposited $500 in an account that pays 6.75% interest, compounded 
continuously. How long will it take your money to double? 


Solution 


Using the formula for continuous compounding, you can find that the balance in 
the account is 


A = Pe" 
A = 500e%08?>*, 


To find the time required for the balance to double, let A = 1000 and solve the 
resulting equation for f. 


500¢°°°75" = 1000 Let A = 1000. 
EOI Divide each side by 500. 
In €9-9675" = In 2 Take natural log of each side. 
0.0675t = In 2 Inverse Property 
In 2 
t= Divide each side by 0.0675. 
0.0675 


t ~ 10.27 Use a calculator. 


The balance in the account will double after approximately 10.27 years. This 
result is demonstrated graphically in Figure 5.27. 


A Doubling an Investment 


Account balance (in dollars) 


Time (in years) 


FIGURE 5.27 


weueckpoinrT = Now try Exercise 107. 


In Example 10, an approximate answer of 10.27 years is given. Within the 
context of the problem, the exact solution, (In 2)/0.0675 years, does not make 
sense as an answer. 
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Endangered Animal Species Sete ~=Endangered Animals @ 


Number of species 
ww 
So 
oO 


The number y of endangered animal species in the United States from 1990 to 
2002 can be modeled by 


y=-—119+ 164In¢t, 10st 22 


where f represents the year, with f = 10 corresponding to 1990 (see Figure 5.28). 
During which year did the number of endangered animal species reach 357? 
(Source: U.S. Fish and Wildlife Service) 


Solution 
200 —119 + 164Int = y Write original equation. 
oe _i_it_; as —119 + 164 Int = 357 Substitute 357 for y. 
10 12 14 16 18 20 22 
Year (10 < 1990) 164 Int = 476 Add 119 to each side. 
FIGURE 5.28 476 
Int = 164 Divide each side by 164. 


elnt = @476/164 Exponentiate each side. 


zz @476/164 Inverse Property 
t~ 18 Use a calculator. 


The solution is t ~ 18. Because t = 10 represents 1990, it follows that the 
number of endangered animals reached 357 in 1998, 


afcueckpoint Now try Exercise 113. 


Wririne asout WHtATHEMATICS 


Comparing Mathematical Models The table shows the U.S. a. Create a scatter plot of the data. Find a linear model for 
Postal Service rates y for sending an express mail package the data, and add its graph to your scatter plot. According 
for selected years from 1985 through 2002, where x = 5 to this model, when will the rate for sending an express 


represents 1985. 


(Source: U.S. Postal Service) mail package reach $19.00? 

. Create a new table showing values for In x and In y and 
create a scatter plot of these transformed data. Use the 
method illustrated in Example 7 in Section 5.3 to find a 
model for the transformed data, and add its graph to 
your scatter plot. According to this model, when will the 
rate for sending an express mail package reach $19.00? 


. Solve the model in part (b) for y, and add its graph to 
your scatter plot in part (a). Which model better fits the 
original data? Which model will better predict future 
rates? Explain. 
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Bi] eecs 


VOCABULARY CHECK: Fill in the blanks. 


1. 
2. 


3. 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In 


solution (or an approximate solution) of the equation. 


1. 


To an equation in x means to find all values of x for which the equation is true. 
To solve exponential and logarithmic equations, you can use the following One-to-One and Inverse Properties. 


(a) a 


@ if and only if 

(b) log, x = log, y if and only if 
(c) al%a* = 

(d) log, a* 
An 


solution does not satisfy the original equation. 


Exercises 1-8, determine whether each x-value is a In Exercises 9-20, solve for x. 


9. 4° = 16 10. 3* = 243 
r= tA 2, 26") = 32 ui. (4) = 32 12. (1) = 64 
(a) x=5 (aj x=—l 13. Inx —In2 =0 14. Inx —In5 =0 
es ) a= 2 15. ¢* = 16. e =4 
eee 17. Inx =-1 18. Inx = —7 
(@@) x= —2 +e 19. log, x =3 20. log; x = —3 
(b) x = —2 + In25 
(c) x = 1.219 In Exercises 21-24, approximate the point of intersection 
| eSkt2 = 12 of the graphs of f and g. Then solve the equation 
(a) x= 1-2 +n6) f(x) = g(x) algebraically to verify your approximation. 
in6 21. f(x) = 2" 22. f(x) = 27° 
) = sind gx) = 8 go) = 9 
(c) x ~ —0.0416 i 
. logy(3x) = 3 
(a) x = 21.333 
(b) x = —4 
(c) x= e 
. log,(x + 3) = 10 So Se a 
(a) x = 1021 _— 
(b) x = 17 23. f(x) = log, x 
(c) x= 10? -3 g(x) = 2 g(x) = 0 
. In(2x + 3) = 5.8 : 
(a) x = 3(-3 + In 5.8) A 2+ 
(b) x = 3(-3 + 8) + g 87 
(c) x ~ 163.650 ay a | | mal f 
. Ine — 1) = 3.8 See wey * Tg : 
(a) x=1+ 28 ami 1) 
(b) x ~ 45.701 
(c) x= 1+4+1n3.8 
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In Exercises 25-66, solve the exponential equation 
algebraically. Approximate the result to three decimal 
places. 


25. eX = er? 26. e = er 8 
27. eX 3 =e? 28. e* =e -% 
29. 4(3*) = 20 30. 2(5*) = 32 
31. 2e* = 10 32. 4e* = 91 
33. eX —9 = 19 34. 6* + 10 = 47 
35. 37% = 80 36. 6>* = 3000 
37. 5-2 = 0.20 38. 4-*° = 0.10 
39, 3*-! = 27 40. 2*~3 = 32 
41. 23-* = 565 42. 8 ?-* = 431 
43. 8(10%*) = 12 44, 5(10*-°) =7 
45. 3(5*-') = 21 46. 8(3°-*) = 40 
47. e* = 12 48. e* = 50 
49, 500e~* = 300 50. 1000e-* = 75 
51. 7 -—2e°=5 52. —14 + 3e*= 11 
53. 6(23-!) -7 =9 54, 8(45-2) + 13 = 41 
55. e* — de*-—5 =0 56. e* — 5e°+6=0 
57. e* — 3e°-4=0 58. ec + 9e* + 36 =0 
59, ae = 20 60. = on = 350 
3000 119 
61. = = 2 2. 4g =7 
ca (14298) gga (420) 
365 40 
0.10\!7" 0.878 \*" 
65. (1 ae rH =2 66. (16 = nar = 30 


In Exercises 67-74, use a graphing utility to graph and 
solve the equation. Approximate the result to three 
decimal places. Verify your result algebraically. 


67. 6e!~* = 25 68. —4e7-! +15 =0 
69. 3e/2 = 962 70. 8e°23 = 11 

71, 290% = 3 72. —e!8¥ +7 =0 
73. ¢9-1251_- § =0 74, e2-724x = 29 


In Exercises 75-102, solve the logarithmic equation alge- 
braically. Approximate the result to three decimal places. 


75. Inx = —3 76. Inx = 2 

77. In 2x = 2.4 78. In4x = 1 

79. logx = 6 80. log 3z = 2 

81. 31n 5x = 10 82. 2Inx =7 

83. Invx+2=1 84. Inv/x —8 =5 
85. 74+ 3Inx =5 86. 2 — 6Inx = 10 
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87. 6 log,(0.5x) = 11 
89. Inx — Ine + 1) =2 
91. Inx + In@v — 2) = 1 


88. 5 log, (x — 2) = 11 
90. Inx + Inv +1) =1 


92. Inx + In(x + 3) = 1 
93. In(x + 5) = In(x — 1) — Inf + 1) 
94, In(x + 1) — In(x — 2) = Inx 


95. log,(2x — 3) = log,(x + 4) 

96. log(x — 6) = log(2x + 1) 

97. log(x + 4) log(x + 2) 

log,(x + 2) = log,(x + 6) 
99. log, x — log,(x — 1) =4 

100. log, x + log,(x — 8) =2 

101. log 8x — log(1 + Vx) =2 

102. log 4x — log(12 + /x) =2 


log x 


98. log, x 


In Exercises 103-106, use a graphing utility to graph and 
solve the equation. Approximate the result to three 
decimal places. Verify your result algebraically. 

103. 7 = 2* 104. 500 = 1500e~*/? 

105. 3 —Inx =0 106. 10 — 4In(x — 2) =0 


Compound Interest \n Exercises 107 and 108, $2500 is 
invested in an account at interest rate r, compounded 
continuously. Find the time required for the amount to 
(a) double and (b) triple. 


107. r = 0.085 108. r = 0.12 


109. Demand The demand equation for a microwave oven is 
given by 


p = 500 — 0.5(e°-94*), 
Find the demand x for a price of (a) p = $350 and 
(b) p = $300. 


110. Demand The demand equation for a hand-held elec- 
tronic organizer is 


p= 5000( “ae sw) 


Find the demand x for a price of (a) p = $600 and 
(b) p = $400. 

111. Forest Yield The yield V (in millions of cubic feet per 
acre) for a forest at age t years is given by 


V = 6.7e481/, 


a (a) Use a graphing utility to graph the function. 
(b) Determine the horizontal asymptote of the function. 
Interpret its meaning in the context of the problem. 


(c) Find the time necessary to obtain a yield of 1.3 million 
cubic feet. 


112. 


113. 


114. 


115. 


116. 
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Trees per Acre The number N of trees of a given 
species per acre is approximated by the model 
N = 68(10~°°**), 5 < x < 40 where x is the average 
diameter of the trees (in inches) 3 feet above the ground. 
Use the model to approximate the average diameter of the 
trees in a test plot when N = 21. 


Medicine The number y of hospitals in the United 
States from 1995 to 2002 can be modeled by 


y = 7312 — 630.0Int, 5 <t< 12 


where f¢ represents the year, with t = 5 corresponding to 
1995. During which year did the number of hospitals 
reach 5800? (Source: Health Forum) 


Sports The number y of daily fee golf facilities in the 
United States from 1995 to 2003 can be modeled by 
y = 4381 + 1883.6 Int, 5 < t < 13 where f¢ represents 
the year, with t = 5 corresponding to 1995. During which 
year did the number of daily fee golf facilities reach 
9000? (Source: National Golf Foundation) 


Average Heights The percent m of American males 
between the ages of 18 and 24 who are no more than 
x inches tall is modeled by 


100 


1 e961 14(x— 69.71) 


m(x) 


and the percent f of American females between the ages of 
18 and 24 who are no more than x inches tall is modeled 
by 


100 
f(x) = 1 + e70-66607(x— 64.51)" 


(Source: U.S. National Center for Health Statistics) 


(a) Use the graph to determine any horizontal asymptotes 
of the graphs of the functions. Interpret the meaning 
in the context of the problem. 


A 
100 Bete eee eee. 


Percent of 
population 


iS) SS nH o 
oO oO o oO 
i i if i 


3D 60 65 70 75 
Height (in inches) 


(b) What is the average height of each sex? 


Learning Curve Ina group project in learning theory, a 
mathematical model for the proportion P of correct 
responses after n trials was found to be 


0.83 
a T+ e70.2n , 


Exponential and Logarithmic Equations 


ass (a) Use a graphing utility to graph the function. 


405 


ay (b) Use the graph to determine any horizontal asymptotes 


of the graph of the function. Interpret the meaning of 


the upper asymptote in the context of this problem. 


(c) After how many trials will 60% of the responses be 
correct? 


117. Automobiles Automobiles are designed with crum- 
ple zones that help protect their occupants in crashes. 
The crumple zones allow the occupants to move short 
distances when the automobiles come to abrupt stops. 
The greater the distance moved, the fewer g’s the crash 
victims experience. (One g is equal to the acceleration 
due to gravity. For very short periods of time, humans 
have withstood as much as 40 g’s.) In crash tests with 
vehicles moving at 90 kilometers per hour, analysts 
measured the numbers of g’s experienced during 
deceleration by crash dummies that were permitted to 
move x meters during impact. The data are shown in 
the table. 


A model for the data is given by 


94 
y = —3.00 + 11.88 Inx + s07 
x 


where y is the number of g’s. 


(a) Complete the table using the model. 


x | 0.2 |04 | 0.6 | 0.8 


y 


aw (b) Use a graphing utility to graph the data points and 
the model in the same viewing window. How do 
they compare? 


(c) Use the model to estimate the distance traveled 
during impact if the passenger deceleration must 
not exceed 30 g’s. 


(d) Do you think it is practical to lower the number of 
g’s experienced during impact to fewer than 23? 
Explain your reasoning. 
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118. Data Analysis An object at a temperature of 160°C was 
removed from a furnace and placed in a room at 20°C. 
The temperature T of the object was measured each hour 
h and recorded in the table. A model for the data is given 
by T= 20[1 + 7(2~")]. The graph of this model is 
shown in the figure. 


Hour, Temperature, T 


0 160° 
1 90° 
2 56° 
3 38° 
4 29° 
5 24° 


(a) Use the graph to identify the horizontal asymptote of 
the model and interpret the asymptote in the context 
of the problem. 


(b) Use the model to approximate the time when the 
temperature of the object was 100°C. 


160 


Temperature 
(in degrees Celsius) 
S 


Synthesis 


True or False? _\n Exercises 119-122, rewrite each verbal 
statement as an equation. Then decide whether the 
statement is true or false. Justify your answer. 


119. The logarithm of the product of two numbers is equal to 
the sum of the logarithms of the numbers. 


120. The logarithm of the sum of two numbers is equal to the 
product of the logarithms of the numbers. 


121. The logarithm of the difference of two numbers is equal 
to the difference of the logarithms of the numbers. 


Exponential and Logarithmic Functions 


122. The logarithm of the quotient of two numbers is equal to 
the difference of the logarithms of the numbers. 


123. Think About It _\s it possible for a logarithmic equation 
to have more than one extraneous solution? Explain. 


124. Finance You are investing P dollars at an annual 
interest rate of r, compounded continuously, for ¢ years. 
Which of the following would result in the highest value 
of the investment? Explain your reasoning. 


(a) Double the amount you invest. 
(b) Double your interest rate. 
(c) Double the number of years. 


125. Think About It Are the times required for the invest- 
ments in Exercises 107 and 108 to quadruple twice as 
long as the times for them to double? Give a reason for 
your answer and verify your answer algebraically. 


126. Writing Write two or three sentences stating the general 
guidelines that you follow when solving (a) exponential 
equations and (b) logarithmic equations. 


Skills Review 


In Exercises 127-130, simplify the expression. 


127. /48x7y> 

128. 32 — 2/25 

129, 3/25 15 
3 


130. ———— 
/10 — 2 


In Exercises 131-134, sketch a graph of the function. 


131. f(x) = |x| + 9 
132. f(x) = |x + 2] -8 


2x, x<0 
133. 9(x) = ies +4 x20 
x-3, xsl 
134. 9(x) = ce cs ae | 


In Exercises 135-138, evaluate the logarithm using the 
change-of-base formula. Approximate your result to three 
decimal places. 

135. log, 9 

136. log, 4 

137. log3)4 5 

138. log, 22 
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What you should learn 


adie Introduction 
* Recognize the five most com- 
mon types of models involving The five most common types of mathematical models involving exponential 
exponential and logarithmic functions and logarithmic functions are as follows. 
functions. 
- Use exponential growth and 1. Exponential growth model: = y = ae”*, b> 0 
decay functions to model and 2. Exponential decay model: y=ae™*, b>0 
solve real-life problems. % ‘Ganesian model: y = ae7@- He 
+ Use Gaussian functions to 
model and solve real-life 4. Logistic growth model: y= —— 
problems. 1+ be™ 
( 5. Logarithmic models: y=atbinx, y=a+t blogx 


The basic shapes of the graphs of these functions are shown in Figure 5.29. 


yqe" 


| t > xX 


GAUSSIAN MODEL 


2+7|y=1+logx 


-1— =a 
LOGISTIC GROWTH MODEL NATURAL LOGARITHMIC MODEL = COMMON LOGARITHMIC MODEL 
FIGURE 5.29 
Ainniperker/Getty Inanes You can often gain quite a bit of insight into a situation modeled by an 


exponential or logarithmic function by identifying and interpreting the function’s 
asymptotes. Use the graphs in Figure 5.29 to identify the asymptotes of the graph 
of each function. 
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Digital Television 
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FIGURE 5.31 


Technology 


Some graphing utilities have an 
exponential regression feature that 
can be used to find exponential 
models that represent data. If you 


have such a graphing utility, try 
using it to find an exponential 
model for the data given in 
Example 1. How does your model 
compare with the model given in 
Example 1? 


Exponential Growth and Decay 


Selita Digital Television 


Estimates of the numbers (in millions) of U.S. households with digital television 
from 2003 through 2007 are shown in the table. The scatter plot of the data is 
shown in Figure 5.30. (Source: eMarketer) 


|. 


—=4~ Year Households 


2003 44.2 
2004 49.0 
2005 59.35 
2006 62.5 
2007 70.3 


An exponential growth model that approximates these data is given by 
D=30920""". Sats 7 


where D is the number of households (in millions) and t = 3 represents 2003. 
Compare the values given by the model with the estimates shown in the table. 
According to this model, when will the number of U.S. households with digital 
television reach 100 million? 


Solution 


The following table compares the two sets of figures. The graph of the model and 
the original data are shown in Figure 5.31. 


Year 2003 | 2004 | 2005 | 2006 | 2007 
Households | 44.2 | 49.0 | 55.5 | 62.5 | 70.3 
Model 43.9 | 49.4 | 55.5 | 62.4 | 70.2 


To find when the number of U.S. households with digital television will reach 
100 million, let D = 100 in the model and solve for tf. 


30.9229 1171" = D Write original model. 
30.92¢e9 1171" = 100 Let D = 100. 
eOlIT = 3.9349 Divide each side by 30.92. 
In e171 = In 3.2342 Take natural log of each side. 
O.1171t ~ 1.1738 Inverse Property 
t ~ 10.0 Divide each side by 0.1171. 


According to the model, the number of U.S. households with digital television 
will reach 100 million in 2010. 


weneckponr ~=— Now try Exercise 35. 


Fruit Flies 
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FIGURE 5.32 
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Time (in days) 
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In Example 1, you were given the exponential growth model. But suppose 
this model were not given; how could you find such a model? One technique for 
doing this is demonstrated in Example 2. 


| Example 2 | Modeling Population Growth 


In a research experiment, a population of fruit flies is increasing according to the 
law of exponential growth. After 2 days there are 100 flies, and after 4 days there 
are 300 flies. How many flies will there be after 5 days? 


Solution 


Let y be the number of flies at time ¢. From the given information, you know that 
y = 100 when t = 2 and y = 300 when tr = 4. Substituting this information into 
the model y = ae?’ produces 


100 = ae?’ and 300 = ae*?. 
To solve for b, solve for a in the first equation. 


100 
100 = ae?’ > a= gab Solve for a in the first equation. 


Then substitute the result into the second equation. 


300 = ae*’ Write second equation. 
100 
300 = (‘ et? Substitute 100/e?? for a. 
e 
300, . 
100 —e Divide each side by 100. 
In3 = 2b Take natural log of each side. 
1 
2 In3 =b Solve for b. 


Using b = ; In 3 and the equation you found for a, you can determine that 


100 


a= eAd/2in 3] Substitute : In 3 for b. 


100 


= ing Simplify. 

100 
= 37 Inverse Property 
= 33.33. Simplify. 


So, with a ~ 33.33 and b = +In 3 ~ 0.5493, the exponential growth model is 
y = 33.33¢0-5493 

as shown in Figure 5.32. This implies that, after 5 days, the population will be 
y = 33.33¢954936) = 520 flies. 


weueckpowr = Now try Exercise 37. 
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Carbon Dating 


—_1 4-13223 
a= 102“ 


i 

T 
15,000 
Time (in years) 


FIGURE 5.33 


STUDY TIP 


The carbon dating model in 
Example 3 assumed that the 
carbon 14 to carbon 12 ratio was 
one part in 10,000,000,000,000. 
Suppose an error in measurement 
occurred and the actual ratio was 
one part in 8,000,000,000,000. 
The fossil age corresponding to 
the actual ratio would then be 
approximately 17,000 years. Try 
checking this result. 


Exponential and Logarithmic Functions 


In living organic material, the ratio of the number of radioactive carbon 
isotopes (carbon 14) to the number of nonradioactive carbon isotopes (carbon 12) 
is about | to 10!?. When organic material dies, its carbon 12 content remains 
fixed, whereas its radioactive carbon 14 begins to decay with a half-life of about 
5700 years. To estimate the age of dead organic material, scientists use the 
following formula, which denotes the ratio of carbon 14 to carbon 12 present at 
any time ¢ (in years). 


1 
et /8223 


10!2 


Carbon dating model 


The graph of R is shown in Figure 5.33. Note that R decreases as f¢ increases. 


Setutwewe Carbon Dating 


Estimate the age of a newly discovered fossil in which the ratio of carbon 14 to 
carbon 12 is 

ol 

Sai 


R 


Solution 


In the carbon dating model, substitute the given value of R to obtain the 
following. 


1 


ae =R Write original model. 
eo! [8223 j 1 
102108 eee 
1 
e 1/8223 = 10 Multiply each side by 101. 
1 
In e7 1/8223 = In 10 Take natural log of each side. 
t 
8223 = —2.3026 Inverse Property 
t ~ 18,934 Multiply each side by — 8223. 


So, to the nearest thousand years, the age of the fossil is about 19,000 years. 


ocueckroint 


The value of b in the exponential decay model y = ae~” determines the 
decay of radioactive isotopes. For instance, to find how much of an initial 
10 grams of ??6Ra isotope with a half-life of 1599 years is left after 500 years, 
substitute this information into the model y = ae~”. 


=> = .- 


Using the value of b found above and a = 10, the amount left is 


y = 10e~[-!n/2)/1599\(500) ~ 8.05 grams. 


Now try Exercise 41. 


1 
In 5 


~ 1599 


1 1 
a = 10e-(1599) = 
5 (10) 10e In; 1599b 
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Gaussian Models 


As mentioned at the beginning of this section, Gaussian models are of the form 


y = ae~@ He, 


This type of model is commonly used in probability and statistics to represent 
populations that are normally distributed. The graph of a Gaussian model is 
called a bell-shaped curve. Try graphing the normal distribution with a graph- 
ing utility. Can you see why it is called a bell-shaped curve? 

For standard normal distributions, the model takes the form 


eo /2 


1 
a J27 
The average value for a population can be found from the bell-shaped curve 
by observing where the maximum y-value of the function occurs. The x-value 


corresponding to the maximum y-value of the function represents the average 
value of the independent variable—in this case, x. 


Serica SAT Scores 


In 2004, the Scholastic Aptitude Test (SAT) math scores for college-bound seniors 
roughly followed the normal distribution given by 


y = 0.0035e~ &—518)7/25,992, 200 < x < 800 


where x is the SAT score for mathematics. Sketch the graph of this function. 
From the graph, estimate the average SAT score. (Source: College Board) 


Solution 


The graph of the function is shown in Figure 5.34. On this bell-shaped curve, the 
maximum value of the curve represents the average score. From the graph, you 
can estimate that the average mathematics score for college-bound seniors in 
2004 was 518. 


SAT Scores 


50% of 
population 


Distribution 
S 
[=] 
o 
ive) 
i 
T 


FIGURE 5.34 


fcueckoint Now try Exercise 47. 
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i Logistic Growth Models 


Some populations initially have rapid growth, followed by a declining rate of 
growth, as indicated by the graph in Figure 5.35. One model for describing this 
type of growth pattern is the logistic curve given by the function 


Decreasing 
rate of 
growth 


a 


- = 1 + be7™ 


Increasing 
rate of 
growth 


where y is the population size and x is the time. An example is a bacteria culture 

that is initially allowed to grow under ideal conditions, and then under less 

favorable conditions that inhibit growth. A logistic growth curve is also called a 
>x sigmoidal curve. 


FIGURE 5.35 
Ea Spread of a Virus @ 


On a college campus of 5000 students, one student returns from vacation with a 
contagious and long-lasting flu virus. The spread of the virus is modeled by 
_ 5000 

1 + 4999e~98"’ 


y t20 


where y is the total number of students infected after t days. The college will 
cancel classes when 40% or more of the students are infected. 


a. How many students are infected after 5 days? 
b. After how many days will the college cancel classes? 


Solution 
a. After 5 days, the number of students infected is 
5000 5000 _ 
YT + 4999e-°80) ~ 1 + 499904 


b. Classes are canceled when the number infected is (0.40)(5000) = 2000. 
5000 

1 + 4999e~ 98 

1 + 4999e~ 9-8" = 2.5 


2000 = 


ree 
Fi Flu Virus 4999 
1.5 
In e~°*! = In 
3 4999 
Ro 1.5 
5 —0.8r = In-— 
2 ™ 4999 
5 
E ~_1, 15° 
ve 0.8 4999 
ay 8 10 12 14 ‘ t~ 10.1 
Time (in days) So, after about 10 days, at least 40% of the students will be infected, and the 
FIGURE 5.36 college will cancel classes. The graph of the function is shown in Figure 5.36. 


ofcueckpoint Now try Exercise 49. 
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Logarithmic Models 


SeliyCe §=Magnitudes of Earthquakes @ 


On the Richter scale, the magnitude R of an earthquake of intensity J is given by 


R=1 : 
= loo— 
ei, 


_——-_ 


BAY ISMOYO/AFP/Getty Images 


A =\e where J) = | is the minimum intensity used for comparison. Find the intensities 


On December 26, 2004, an seh per unit of area for each earthquake. (Intensity is a measure of the wave energy 
quake of magnitude 9.0 struck of an earthquake.) 
northern Sumatra and many other a. Northern Sumatra in 2004: R = 9.0 


Asian countries. This earthquake 
caused a deadly tsunami and was 
the fourth largest earthquake in the Solution 
world since 1900. 


b. Southeastern Alaska in 2004: R = 6.8 


a. Because J, = 1 and R = 9.0, you have 


I 
9.0 = log T Substitute 1 for Jj and 9.0 for R. 
10°° = 10!es/ Exponentiate each side. 
I= 10°° = 100,000,000. Inverse Property 
b. For R = 6.8, you have 
I 
6.8 = log T Substitute 1 for Jy and 6.8 for R. 
10°8 = 10s! Exponentiate each side. 
T= 10°8 = 6,310,000. Inverse Property 


Note that an increase of 2.2 units on the Richter scale (from 6.8 to 9.0) represents 
an increase in intensity by a factor of 
1,000,000,000 __ 
6,310,000 


; In other words, the intensity of the earthquake in Sumatra was about 158 times 
Population, P greater than that of the earthquake in Alaska. 


1 | 1910 92.23 weweckrowr = Now try Exercise 51. 

2 1920 106.02 

3 1930 123.20 

4 | 1940 132.16 WU eirine asout Watuemarics 

5 1950 151.33 Comparing Population Models The populations P (in millions) of the United States 

6 1960 179.32 for the census years from 1910 to 2000 are shown in the table at the left. Least 

qd 1970 203.30 squares regression analysis gives the best quadratic model for these data as 

8 1980 226.54 P = 1.0328t? + 9.607t + 81.82, and the best exponential model for these data 

9 1990 248.72 as P = 82.677e°'4t, Which model better fits the data? Describe how you reached 
10 2000 281.42 your conclusion. (Source: U.S. Census Bureau) 
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VOCABULARY CHECK: Fill in the blanks. 
. An exponential growth model has the form 


. A logarithmic model has the form or 


. The graph of a Gaussian model is 


a bk Ww NY = 


. A logistic curve is also called a curve. 


. Gaussian models are commonly used in probability and statistics to represent populations that are 


shaped, where the 


and an exponential decay model has the form 


is the maximum y-value of the graph. 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-6, match the function with its graph. [The 
graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(a) y (b) y 
A in 


1 =) Je Dp fh 
Li <6 Syl 
1. y = 2e*/4 2. y = 6e>/4 
3. y= 6 + log(x + 2) 4, y = 3e- 275 
4 
5. y = In(x + 1) CS eee aes 


Compound Interest _\n Exercises 7-14, complete the table 
for a savings account in which interest is compounded 
continuously. 


Initial Annual Time to Amount After 
Investment % Rate Double 10 Years 

7. $1000 3.5% 

8. $750 103% 

9. $750 Th yr 
10. $10,000 12 yr 
11. $500 $1505.00 
12. $600 $19,205.00 
13. 4.5% $10,000.00 
14. 2% $2000.00 


Compound Interest \n Exercises 15 and 16, determine the 
principal P that must be invested at rate r, compounded 
monthly, so that $500,000 will be available for retirement 
in t years. 


15. r = 75%, t = 20 16. r = 12%, t = 40 
Compound Interest \n Exercises 17 and 18, determine the 
time necessary for $1000 to double if it is invested at 
interest rate r compounded (a) annually, (b) monthly, 
(c) daily, and (d) continuously. 


17. r = 11% 18. r = 103% 

19. Compound Interest Complete the table for the time ¢ 
necessary for P dollars to triple if interest is compounded 
continuously at rate r. 


r | 2% | 4% | 6% | 8% | 10% | 12% 


20. Modeling Data Draw a scatter plot of the data in 
Exercise 19. Use the regression feature of a graphing 
utility to find a model for the data. 
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le 


21. Compound Interest Complete the table for the time ¢ 33. Palo | 4 34./. | 09] 3 
necessary for P dollars to triple if interest is compounded 
annually at rate r. y|5]1 y}l 


r | 2% | 4% | 6% | 8% | 10% | 12% 


22. Modeling Data Draw a scatter plot of the data in 
Exercise 21. Use the regression feature of a graphing utili- 
ty to find a model for the data. 


23. Comparing Models If $1 is invested in an account over a 
10-year period, the amount in the account, where ¢ repre- 
sents the time in years, is given by A = 1 + 0.075[¢] or 
A = e°°7 depending on whether the account pays simple 
interest at 5% or continuous compound interest at 7%. 
Graph each function on the same set of axes. Which grows 
at a higher rate? (Remember that [7] is the greatest integer 
function discussed in Section P.7.) 


24. Comparing Models If $1 is invested in an account over a 
10-year period, the amount in the account, where f¢ repre- 
sents the time in years, is given by 


[3657] 
A=1+0.06[¢] or A= (1 + oo | 


365 


depending on whether the account pays simple interest at 
6% or compound interest at 53% compounded daily. Use a 
graphing utility to graph each function in the same viewing 
window. Which grows at a higher rate? 


Radioactive Decay _\n Exercises 25-30, complete the table 
for the radioactive isotope. 


Half-life Initial Amount After 
Isotope (years) Quantity 1000 Years 
25. 7?Ra 1599 10g 
26. ??6Ra 1599 15g 
27. MC 5715 2g 
28. 4C 3715 3g 
29, ?3°Pu 24,100 2.1¢g 
30. 73°Pu 24,100 0.4 g 


In Exercises 31-34, find the exponential model y = ae™ 
that fits the points shown in the graph or table. 


31. 32. y 
(Ba0) 


35. Population The population P (in thousands) of 


Pittsburgh, Pennsylvania from 2000 through 2003 can be 
modeled by P = 2430e~°.?%, where f represents the year, 
with t = O corresponding to 2000. (Source: U.S. Census 
Bureau) 


(a) According to the model, was the population of 
Pittsburgh increasing or decreasing from 2000 to 2003? 
Explain your reasoning. 


(b) What were the populations of Pittsburgh in 2000 and 
2003? 


(c) According to the model, when will the population be 
approximately 2.3 million? 


36. Population The table shows the populations (in 
millions) of five countries in 2000 and the projected 
populations (in millions) for the year 2010. (Source: 
U.S. Census Bureau) 


i if Country 2000 2010 


Bulgaria 7.8 71 
Canada 31.3 34.3 
China 1268.9 1347.6 
United Kingdom 59:5 61.2 
United States 282.3 309.2 


(a) Find the exponential growth or decay model 
y = ae” or y = ae~” for the population of each 
country by letting t = 0 correspond to 2000. Use 
the model to predict the population of each country 
in 2030. 


You can see that the populations of the United 
States and the United Kingdom are growing at 
different rates. What constant in the equation 
y = ae”! is determined by these different growth 
rates? Discuss the relationship between the different 
growth rates and the magnitude of the constant. 


You can see that the population of China is 
increasing while the population of Bulgaria is 
decreasing. What constant in the equation y = ae”! 
reflects this difference? Explain. 
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38. 


39. 


40. 


41. 


42. 


43. 
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Website Growth The number y of hits a new search- 
engine website receives each month can be modeled by 


y = 4080e 


where ¢ represents the number of months the website has 
been operating. In the website’s third month, there were 
10,000 hits. Find the value of k, and use this result to 
predict the number of hits the website will receive after 
24 months. 


Value of a Painting The value V (in millions of dollars) 
of a famous painting can be modeled by 


V = 10e* 


where f¢ represents the year, with t = 0 corresponding to 
1990. In 2004, the same painting was sold for $65 million. 
Find the value of k, and use this result to predict the value 
of the painting in 2010. 


Bacteria Growth The number N of bacteria in a culture 
is modeled by 


N = 100e" 


where ¢ is the time in hours. If N = 300 when t = 5, esti- 
mate the time required for the population to double in size. 


Bacteria Growth The number N of bacteria in a culture 
is modeled by 


N = 250e* 


where f¢ is the time in hours. If N = 280 when t = 10, 
estimate the time required for the population to double in 
size. 


Carbon Dating 


(a) The ratio of carbon 14 to carbon 12 in a piece of wood 
discovered in a cave is R = 1/8!*. Estimate the age of 
the piece of wood. 


(b) The ratio of carbon 14 to carbon 12 in a piece of paper 
buried in a tomb is R = 1/13!'. Estimate the age of the 
piece of paper. 

Radioactive Decay Carbon 14 dating assumes that the 

carbon dioxide on Earth today has the same radioactive 

content as it did centuries ago. If this is true, the amount of 
4C absorbed by a tree that grew several centuries ago 
should be the same as the amount of 'C absorbed by a tree 
growing today. A piece of ancient charcoal contains only 

15% as much radioactive carbon as a piece of modern 

charcoal. How long ago was the tree burned to make the 

ancient charcoal if the half-life of '4C is 5715 years? 


Depreciation A 2005 Jeep Wrangler that costs $30,788 
new has a book value of $18,000 after 2 years. 


(a) Find the linear model V = mt + b. 
(b) Find the exponential model V = ae**. 
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& 


44. 


—a 


45. 


46. 


ee 47. 


(c) Use a graphing utility to graph the two models in the 
same viewing window. Which model depreciates faster 
in the first 2 years? 


(d) Find the book values of the vehicle after 1 year and 
after 3 years using each model. 


(e) Explain the advantages and disadvantages of using 
each model to a buyer and a seller. 


Depreciation A Dell Inspiron 8600 laptop computer that 
costs $1150 new has a book value of $550 after 2 years. 


(a) Find the linear model V = mt + b. 
(b) Find the exponential model V = ae*. 


(c) Use a graphing utility to graph the two models in the 
same viewing window. Which model depreciates faster 
in the first 2 years? 


(d) Find the book values of the computer after 1 year and 
after 3 years using each model. 


(e) Explain the advantages and disadvantages to a buyer 
and a seller of using each model. 


Sales The sales S (in thousands of units) of a new CD 
burner after it has been on the market for f years are 
modeled by 


S(t) = 100(1 — e*). 

Fifteen thousand units of the new product were sold the 
first year. 

(a) Complete the model by solving for k. 

(b) Sketch the graph of the model. 


(c) Use the model to estimate the number of units sold 
after 5 years. 


Learning Curve The management at a plastics factory 
has found that the maximum number of units a worker can 
produce in a day is 30. The learning curve for the number 
N of units produced per day after a new employee has 
worked ¢ days is modeled by 


N = 30(1 — e*). 
After 20 days on the job, a new employee produces 19 
units. 


(a) Find the learning curve for this employee (first, find the 
value of k). 


(b) How many days should pass before this employee is 
producing 25 units per day? 


IQ Scores The IQ scores from a sample of a class of 
returning adult students at a small northeastern college 
roughly follow the normal distribution 


y = 0.0266e~~ 109)"/450, 79 < x < 115 


where x is the IQ score. 
(a) Use a graphing utility to graph the function. 


(b) From the graph in part (a), estimate the average IQ 
score of an adult student. 


acd 48. Education The time (in hours per week) a student 


utilizes a math-tutoring center roughly follows the normal 
distribution 


y = 0.7979e-& S405, AS x <7 


where x is the number of hours. 
(a) Use a graphing utility to graph the function. 


(b) From the graph in part (a), estimate the average num- 
ber of hours per week a student uses the tutor center. 


49. Population Growth A conservation organization releases 
100 animals of an endangered species into a game 
preserve. The organization believes that the preserve has a 
carrying capacity of 1000 animals and that the growth of 
the pack will be modeled by the logistic curve 


1000 


p(t) = 1+ Qe~ 0.16561 


where f is measured in years (see figure). 


Pp 


1200 ferret geercrnrscenrnct reer incti ctr cli rctieer ieee eerrieer river ivery igen ereer nes 


Endangered 
species population 


t—t—1—_ + 1 >t 


J i 

T T T 

2 4 6 8 10 12 14 16 18 
Time (in years) 


(a 
(b) After how many years will the population be 500? 


eS 


Estimate the population after 5 years. 


Be (c) Use a graphing utility to graph the function. Use the 
graph to determine the horizontal asymptotes, and 
interpret the meaning of the larger p-value in the 
context of the problem. 


50. Sales After discontinuing all advertising for a tool kit in 
2000, the manufacturer noted that sales began to drop 
according to the model 


_ 500,000 
1 + 0.6e* 


where S' represents the number of units sold and t = 0 
represents 2000. In 2004, the company sold 300,000 units. 
(a) Complete the model by solving for k. 


(b) Estimate sales in 2008. 
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Geology \n Exercises 51 and 52, use the Richter scale 


I 
R= log iy 
for measuring the magnitudes of earthquakes. 
51. Find the intensity 7 of an earthquake measuring R on the 
Richter scale (let J, = 1). 
(a) Centeral Alaska in 2002, R = 7.9 
(b) Hokkaido, Japan in 2003, R = 8.3 
(c) Illinois in 2004, R = 4.2 
52. Find the magnitude R of each earthquake of intensity / (let 
I, = 1. 
(a) I = 80,500,000 
(c) J = 251,200 


(b) I = 48,275,000 


Intensity of Sound \n Exercises 53-56, use the following 
information for determining sound intensity. The level of 
sound £, in decibels, with an intensity of /, is given by 


i] 
B = 10 log — 
I 


where |, is an intensity of 10~'2 watt per square meter, 
corresponding roughly to the faintest sound that can be 
heard by the human ear. In Exercises 53 and 54, find the 
level of sound p. 
53. (a) I = 107 !° watt per m? (quiet room) 

(b) 1 = 1075 watt per m? (busy street corner) 

(c) I = 10-8 watt per m? (quiet radio) 

(d) J = 10° watt per m? (threshold of pain) 
54. (a) J = 107!! watt per m? (rustle of leaves) 

(b) J = 10? watt per m? (jet at 30 meters) 

(c) I = 10~4 watt per m? (door slamming) 


(d) I = 10~? watt per m? (siren at 30 meters) 


55. Due to the installation of noise suppression materials, the 
noise level in an auditorium was reduced from 93 to 80 
decibels. Find the percent decrease in the intensity level of 
the noise as a result of the installation of these materials. 


56. Due to the installation of a muffler, the noise level of an 
engine was reduced from 88 to 72 decibels. Find the 
percent decrease in the intensity level of the noise as a 
result of the installation of the muffler. 


pH Levels \n Exercises 57-62, use the acidity model given 
by pH = —log[H*], where acidity (pH) is a measure of the 
hydrogen ion concentration [H*] (measured in moles of 
hydrogen per liter) of a solution. 


57. Find the pH if [H+] = 2.3 x 1079. 
58. Find the pH if [H+] = 11.3 x 10-°. 
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59. 
60. 
61. 


62. 


63. 


Compute [H* ] for a solution in which pH = 5.8. 
Compute [H* ] for a solution in which pH = 3.2. 


Apple juice has a pH of 2.9 and drinking water has a pH of 
8.0. The hydrogen ion concentration of the apple juice is 
how many times the concentration of drinking water? 


The pH of a solution is decreased by one unit. The 
hydrogen ion concentration is increased by what factor? 


Forensics At 8:30 A.M., a coroner was called to the home 
of a person who had died during the night. In order to 
estimate the time of death, the coroner took the person’s 
temperature twice. At 9:00 A.M. the temperature was 
85.7°F, and at 11:00 a.m. the temperature was 82.8°F. 
From these two temperatures, the coroner was able to 
determine that the time elapsed since death and the body 
temperature were related by the formula 


T= 70 
n 
98.6 — 70 


t 101 


where ¢ is the time in hours elapsed since the person died 
and T is the temperature (in degrees Fahrenheit) of the 
person’s body. Assume that the person had a normal body 
temperature of 98.6°F at death, and that the room 
temperature was a constant 70°F. (This formula is derived 
from a general cooling principle called Newton’s Law of 
Cooling.) Use the formula to estimate the time of death of 
the person. 


. Home Mortgage A $120,000 home mortgage for 35 


years at 15% has a monthly payment of $809.39. Part of the 
monthly payment is paid toward the interest charge on the 
unpaid balance, and the remainder of the payment is used 
to reduce the principal. The amount that is paid toward the 
interest is 


Pr r \12 
u=M (m )( 14 
12 12 


and the amount that is paid toward the reduction of the 
principal is 


Pr r \'4 
eee 
12 12 


In these formulas, P is the size of the mortgage, r is the 
interest rate, M is the monthly payment, and f is the time in 
years. 


(a) Use a graphing utility to graph each function in the 
same viewing window. (The viewing window should 
show all 35 years of mortgage payments.) 


(b) In the early years of the mortgage, is the larger part of 
the monthly payment paid toward the interest or the 
principal? Approximate the time when the monthly 
payment is evenly divided between interest and 
principal reduction. 
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(c) Repeat parts (a) and (b) for a repayment period of 
20 years (M = $966.71). What can you conclude? 


65. Home Mortgage The total interest u paid on a home 


mortgage of P dollars at interest rate r for t years is 


EL 
u=P 1}. 


1 12r 
1 =| —— 
(; + =) 


Consider a $120,000 home mortgage at %. 


faa (a) Use a graphing utility to graph the total interest 


function. 


(b) Approximate the length of the mortgage for which the 
total interest paid is the same as the size of the mort- 
gage. Is it possible that some people are paying twice 
as much in interest charges as the size of the mortgage? 


Ae 66. Data Analysis The table shows the time f (in seconds) 


required to attain a speed of s miles per hour from a 
standing start for a car. 


2 er Speed, s Time, ¢ 
30 3.4 
40 5.0 
50 7.0 
60 9.3 
70 12.0 
80 15.8 
90 20.0 


Two models for these data are as follows. 


0.556s 


t, = 40.757 15.817 Ins 


ty = 1.2259 + 0.00235? 


(a) Use the regression feature of a graphing utility to find a 
linear model ¢, and an exponential model f, for the data. 


(b) Use a graphing utility to graph the data and each model 
in the same viewing window. 


(c) Create a table comparing the data with estimates 
obtained from each model. 


(d) Use the results of part (c) to find the sum of the 
absolute values of the differences between the data and 
the estimated values given by each model. Based on 
the four sums, which model do you think better fits the 
data? Explain. 


Synthesis 


True or False? _\n Exercises 67-70, determine whether the 
statement is true or false. Justify your answer. 


67. The domain of a logistic growth function cannot be the set 
of real numbers. 

68. A logistic growth function will always have an x-intercept. 

69. The graph of 


4 


==—— + 
fG) = Tyg tS 


is the graph of 


4 


Bl) = Ty Ge 


shifted to the right five units. 


70. The graph of a Gaussian model will never have an 
x-intercept. 


71. Identify each model as linear, logarithmic, exponential, 
logistic, or none of the above. Explain your reasoning. 


(a) (b) 
A 
64+ 5 6 
5+ e 2 
4+ < 4 
e 
Bes 3) eee 
270 2 © 
lap 1 ° 
oe nto etoile? t o*———- 
Ligaase a3 a5 © 
(c) y (d) y 
A 
ste 6 4 
5 e 
6+ a C 
4+ ® 3 e 
2° a sd 
e ite 
— 2 oe 
lain | 2345.6 
(e) y (f) 
A A 
ee ai 
1o+ ealg : 
8+ zs ll 
6+ e e I e 
pie re A 
26 Se 2 
i i i i i i i S 
T ——1 11 eae + os ed 
LaAQ34 56 LUT 23se56 7 
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72. Writing Use your school’s library, the Internet, or some 
other reference source to write a paper describing John 
Napier’s work with logarithms. 


Skills Review 


In Exercises 73-78, (a) plot the points, (b) find the distance 
between the points, (c) find the midpoint of the line seg- 
ment joining the points, and (d) find the slope of the line 
passing through the points. 

73. (=1, 2), ©, 5) 

74. (4, —3), (—6, 1) 

75. (3, 3), (14, —2) 

76. (7, 0), (10, 4) 

77. (3, ~), (3. 0) 

78. (5, 4). (—3, -3) 


In Exercises 79-88, sketch the graph of the equation. 


P| 


79. y = 10 — 3x 
80. y = —4x - 1 
81. y = —2x7 — 3 
82. y = 2x7 — 7x — 30 
83. 3x2 — 4y = 0 
84. —x? — 8y = 0 


4 

eT = ae 
x2 

86. y= > 


87. x? + (y — 8)? = 25 
88. (x — 4? +(y +7) =4 


In Exercises 89-92, graph the exponential function. 
89. f(x) =2*-'4+5 

90. f(x) = —2-*"!-1 

91. f(x) =3*-4 

92. f(x) = -3*+4 


93. Make a Decision To work an extended application 
analyzing the net sales for Kohl’s Corporation from 1992 to 
2004, visit this text’s website at college.hmco.com. (Data 
Source: Kohl’s Illinois, Inc.) 
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Ea Chapter Summary 


What did you learn? 


Section 5.1 Review Exercises 
LC Recognize and evaluate exponential functions with base a (p. 368). 1-6 
CL Graph exponential functions and use the One-to-One Property (p. 369). 7-26 
LC Recognize, evaluate, and graph exponential functions with base e (p. 372). 27-34 
CL] Use exponential functions to model and solve real-life problems (p. 373). 35-40 


Section 5.2 


L) Recognize and evaluate logarithmic functions with base a (p. 379). 41-52 
UO Graph logarithmic functions (p. 387). 53-58 
CL Recognize, evaluate, and graph natural logarithmic functions (p. 383). 59-68 
U1 Use logarithmic functions to model and solve real-life problems (p. 385). 69,70 


Section 5.3 
CL Use the change-of-base formula to rewrite and evaluate logarithmic expressions (p. 389). 71-74 


CL Use properties of logarithms to evaluate or rewrite logarithmic expressions (p. 390). 75-78 
C1 Use properties of logarithms to expand or condense logarithmic expressions (p. 391). 79-94 
U1 Use logarithmic functions to model and solve real-life problems (p. 392). 95,96 


Section 5.4 


U1 Solve simple exponential and logarithmic equations (p. 396). 97-104 
CL Solve more complicated exponential equations (p. 397). 105-118 
UL Solve more complicated logarithmic equations (p. 399). 119-134 
CL Use exponential and logarithmic equations to model and solve 135, 136 


real-life problems (p. 407). 


Section 5.5 
LC Recognize the five most common types of models involving exponential 137-142 
and logarithmic functions (p. 407). 


CL Use exponential growth and decay functions to model and solve 143-148 
real-life problems (p. 408). 

CL Use Gaussian functions to model and solve real-life problems (p. 477). 149 

U1 Use logistic growth functions to model and solve real-life problems (p. 472). 150 


U1 Use logarithmic functions to model and solve real-life problems (p. 473). 151, 152 
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Review Exercises 


5.1 | In Exercises 1-6, evaluate the function at the indicated 
value of x. Round your result to three decimal places. 


Function Value 
1. f(x) = 6.1* x=24 
2. f(x) = 30° ofS 
3.. f(x) = 2-05 x= 
4. f(x) = 1278" x=1 
5. f(x) = 7(0.2*) x=-VI11 
6. f(x) = —14(5*) x= —0.8 


In Exercises 7-10, match the function with its graph. [The 
graphs are labeled (a), (b), (c), and (d).] 


(b) 


+++ 
=3=2) =I ik 2 


8. f(x) =4-* 
10. f@) = 4° +1 


In Exercises 11-14, use the graph of f to describe the 
transformation that yields the graph of g. 


11. f(x) = 5%, e(x) = 5*7! 

12. fy) =4, ex) = 4° -3 
13. f(x) = (3), g@) = - 6)" 
14. f(x) = 3)", g(x) = 8 — GY" 


In Exercises 15-22, use a graphing utility to construct a 


table of values for the function. Then sketch the graph of 


the function. 
15. f(x) =4-* +4 
17. f(x) = —2.65*+! 


16. f(x) = -4° —3 
18. f(x) = 2.65"! 


le 


19. f(x) =5*-2+4 
21. f(x) = (3) “+3 


20. f(x) = 27-6 — 5 
22. f(x) = (J? - 5 


In Exercises 23-26, use the One-to-One Property to solve 
the equation for x. 


1 
ee Oh es 
23. 3 9 


eox77 — eb 26. es 2x — eo? 


25. 
In Exercises 27-30, evaluate the function given by f(x) = e* 
at the indicated value of x. Round your result to three 
decimal places. 


27, x =8 28. x =3 
29. x = —1.7 30. x = 0.278 
In Exercises 31-34, use a graphing utility to construct a 


table of values for the function. Then sketch the graph of 
the function. 


31. h(x) = e-*/? 
33. f(x) = e**? 


32. h(x) = 2 — ev? 


34. s(t) = 4e-2/", t > 0 


Compound Interest \n Exercises 35 and 36, complete the 
table to determine the balance A for P dollars invested at 
rate r for t years and compounded n times per year. 


n 1 2 | 4 | 12 | 365 | Continuous 


A 


35. P = $3500, r = 6.5%, t = 10 years 


36. P = $2000, r = 5%, t = 30 years 
37. Waiting Times The average time between incoming calls 
at a switchboard is 3 minutes. The probability F of waiting 
less than t minutes until the next incoming call is approxi- 
mated by the model F(t) = 1 — e~'/3. A call has just come 


in. Find the probability that the next call will be within 
(b) 2 minutes. 


(a) 5 minute. (c) 5 minutes. 


38. Depreciation After t years, the value V of a car that 


originally cost $14,000 is given by V(t) = 14,000(3)'. 
ay (a) Use a graphing utility to graph the function. 
(b) Find the value of the car 2 years after it was purchased. 


(c) According to the model, when does the car depreciate 
most rapidly? Is this realistic? Explain. 


le 
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39. Trust Fund On the day a person is born, a deposit of 
$50,000 is made in a trust fund that pays 8.75% interest, 
compounded continuously. 


(a) Find the balance on the person’s 35th birthday. 


(b) How much longer would the person have to wait for 
the balance in the trust fund to double? 


40. Radioactive Decay Let Q represent a mass of plutonium 
241 (74'Pu) (in grams), whose half-life is 14.4 years. The 
quantity of plutonium 241 present after ¢ years is given by 


gs 100(2)"44 
(a) Determine the initial quantity (when t = 0). 
(b) Determine the quantity present after 10 years. 


(c) Sketch the graph of this function over the interval t = 0 
tot = 100. 


In Exercises 41-44, write the exponential equation in 
logarithmic form. 


41. 43 = 64 
43, 08 = 2.2255... 


42. 253/2 = 125 
44, &=1 


In Exercises 45-48, evaluate the function at the indicated 
value of x without using a calculator. 


Function Value 
45. f(x) = log x x = 1000 
46. g(x) = logyx x=3 
47. 9(x) = log, x x=§ 
48. f(x) = log, x x=j 


In Exercises 49-52, use the One-to-One Property to solve 
the equation for x. 


49. log, (x + 7) = log, 14 
51. Inv + 9) = In4 


50. log, (3x — 10) = log, 5 
52. In(2x — 1) = In 11 


In Exercises 53-58, find the domain, x-intercept, and vertical 
asymptote of the logarithmic function and sketch its graph. 


53. g(x) = log, x 54. 9(x) = logs x 


55. f(x) = toa(=) 56. f(x) = 6 + log x 


57. f(x) = 4 — log(x + 5) 58. f(x) = log(x — 3) + 1 
In Exercises 59-64, use a calculator to evaluate the function 
given by f(x) = Inx at the indicated value of x. Round your 
result to three decimal places if necessary. 


59. x = 22.6 60. x = 0.98 
61. x =e 2 62. x =e’ 
63. x= /74+5 ee 
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In Exercises 65-68, find the domain, x-intercept, and vertical 
asymptote of the logarithmic function and sketch its graph. 


66. f(x) = In(x — 3) 
68. f(x) = tn x 


65. f(x) = Inx + 3 
67. h(x) = In(x?) 


69. Antler Spread The antler spread a (in inches) and 
shoulder height / (in inches) of an adult male American elk 
are related by the model fh = 116 log(a + 40) — 176. 
Approximate the shoulder height of a male American elk 
with an antler spread of 55 inches. 


70. Snow Removal The number of miles s of roads cleared 
of snow is approximated by the model 
13 In(h/12) 


= 25 ; 
In3 


2<hs15 


where hi is the depth of the snow in inches. Use this model 
to find s when h = 10 inches. 


In Exercises 71-74, evaluate the logarithm using the 
change-of-base formula. Do each exercise twice, once with 
common logarithms and once with natural logarithms. 
Round your the results to three decimal places. 


72. log,, 200 
74. log, 0.28 


71. log, 9 
73. logy). 5 


In Exercises 75-78, use the properties of logarithms to 


rewrite and simplify the logarithmic expression. 


76. log, (4) 
78. In(3e~4) 


75. log 18 
77. In 20 


In Exercises 79-86, use the properties of logarithms to 
expand the expression as a sum, difference, and/or 
constant multiple of logarithms. (Assume all variables are 
positive.) 


79. logs 5x? 80. log 7x* 
6 Jx 
81. logs a 82. log, 
83. In x7y?z 84. In 3xy? 
_ 4\2 
85. Te is *) 86. in ‘) , yl 
x 4 . 


In Exercises 87-94, condense the expression to the 
logarithm of a single quantity. 
87. log, 5 + log, x 

89. Inx — jIny 

91. tlogs(x + 4) + 7loggy 92. 
93. 5 In(2x — 1) — 2In(x + 1) 
94. 5 In(x — 2) — In(x + 2) 


88. log, y — 2 log, z 
90. 3 Inx + 2 In(x + 1) 
5 log(x + 6) 


2 log x 


3 Inx 


95. Climb Rate The time ¢ (in minutes) for a small plane to 
climb to an altitude of h feet is modeled by 


18,000 
18,000 — h 


where 18,000 feet is the plane’s absolute ceiling. 


t = 50 log 


(a) Determine the domain of the function in the context 
of the problem. 
& (b) Use a graphing utility to graph the function and 
identify any asymptotes. 
(c) As the plane approaches its absolute ceiling, what can 
be said about the time required to increase its 
altitude? 


(d) Find the time for the plane to climb to an altitude of 
4000 feet. 


Human Memory Model Students in a learning theory 
study were given an exam and then retested monthly for 
6 months with an equivalent exam. The data obtained in 
the study are given as the ordered pairs (t, s), where f is 
the time in months after the initial exam and s is the 
average score for the class. Use these data to find a 
logarithmic equation that relates ¢ and s. 


(1, 84.2), (2, 78.4), (3, 72.1), 
(4, 68.5), (5, 67.1), (6, 65.3) 


96. 


by) In Exercises 97-104, solve for x. 

97, 8° = 512 98. 6° = 516 
99. e& = 3 100. e* = 

101. log, x = 2 102. log,x = -1 
103. Inx = 4 104. Inx = —3 


In Exercises 105-114, solve the exponential equation alge- 
braically. Approximate your result to three decimal places. 


105. e* = 12 106. e3* = 25 

107. e#* = er +3 108. 14e3**? = 560 
109. 2* + 13 = 35 110. 6* — 28 = —-8 
111. —4(5*) = —68 112. 2(12*) = 190 

113. e** — Je* + 10 = 0 114. e* — 6e° + 8 = 0 


In Exercises 115-118, use a graphing utility to graph and 
solve the equation. Approximate the result to three 
decimal places. 

116. 4-°?* + x =0 

118. 4e!?* =9 


115. 2° — 3x = 0 
117. 25¢e~°3* = 12 


In Exercises 119-130, solve the logarithmic equation alge- 
braically. Approximate the result to three decimal places. 


120. In 5x = 7.2 
122. 41n 3x = 15 


119. In 3x = 8.2 
121. 21n 4x = 15 


& 
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Review Exercises 


123. Inx — In3 = 2 124. InJ/x + 8 = 3 
125. InJ/x + 1 = 2 126. Inx —In5 =4 
127. log,(x — 1) = logg(x — 2) — logg(x + 2) 

128. log.(x + 2) — log, x = log,(x + 5) 

129. log(1 — x) = -1 

130. log(—x — 4) = 2 


In Exercises 131-134, use a graphing utility to graph and 
solve the equation. Approximate the result to three 
decimal places. 

131. 2 In(x + 3) + 3x = 8 
133. 4 In(x + 5) —x = 10 


132. 6 log(x? + 1) —-x =0 
134. x — 2log(x + 4) =0 


135. Compound Interest You deposit $7550 in an account 
that pays 7.25% interest, compounded continuously. How 
long will it take for the money to triple? 


136. Meteorology The speed of the wind S (in miles per 
hour) near the center of a tornado and the distance d (in 
miles) the tornado travels are related by the model 
S = 93 log d + 65. On March 18, 1925, a large tornado 
struck portions of Missouri, Illinois, and Indiana with a 
wind speed at the center of about 283 miles per hour. 
Approximate the distance traveled by this tornado. 


se) In Exercises 137-142, match the function with its 
graph. [The graphs are labeled (a), (b), (c), (d), (e), and (f).] 
(a) y (b) y 
A A 
8+ gt 
6 =e 


64 


(f) y 


Ue ah EB) (6) 
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137. y = 3e02*/3 138. y = 4e2/3 
139. y = In(x + 3) 140. y = 7 — log(x + 3) 
> 6 
= —(x+4)2/3 a ee 
141. y = 2e 142. y 1 + Qe 


In Exercises 143 and 144, find the exponential model 
y = ae that passes through the points. 


143. (0, 2), (4, 3) 144. (0,3), (5, 5) 


145. Population The population P of South Carolina (in 
thousands) from 1990 through 2003 can be modeled by 
P = 3499¢99!35", where f represents the year, with t = 0 
corresponding to 1990. According to this model, when 
will the population reach 4.5 million? (Source: U.S. 
Census Bureau) 


146. Radioactive Decay The half-life of radioactive uranium 
II (754U) is about 250,000 years. What percent of a present 
amount of radioactive uranium II will remain after 5000 
years? 

147. Compound Interest A deposit of $10,000 is made in a 
savings account for which the interest is compounded 
continuously. The balance will double in 5 years. 

(a) What is the annual interest rate for this account? 
(b) Find the balance after 1 year. 


148. Wildlife Population A species of bat is in danger of 
becoming extinct. Five years ago, the total population of 
the species was 2000. Two years ago, the total population 
of the species was 1400. What was the total population of 
the species one year ago? 


Ay 149. Test Scores The test scores for a biology test follow a 


normal distribution modeled by 
y = 0.0499e-&- 79718, 40 < x < 100 


where x is the test score. 
(a) Use a graphing utility to graph the equation. 


(b) From the graph in part (a), estimate the average test 
score. 


150. Typing Speed Ina typing class, the average number NV 
of words per minute typed after t weeks of lessons was 
found to be 


ee 
N= Ty 5 de 02 


Find the time necessary to type (a) 50 words per minute 
and (b) 75 words per minute. 
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151. Sound Intensity The relationship between the number 
of decibels 6 and the intensity of a sound / in watts per 
square centimeter is 


I 
B = 10 lon( 42). 


Determine the intensity of a sound in watts per square 
centimeter if the decibel level is 125. 


152. Geology On the Richter scale, the magnitude R of an 
earthquake of intensity J is given by 


R=1 : 

= log — 
g ly 

where J,= 1 is the minimum intensity used for 


comparison. Find the intensity per unit of area for each 
value of R. 


(a) R=84 (b) R=685 (c) R=9.1 


Synthesis 


True or False? \n Exercises 153 and 154, determine 
whether the equation is true or false. Justify your answer. 


153. log, b?* = 2x 
154, In(x + y) = Inx + Iny 


155. The graphs of y = e* are shown where k = a, b, c, and 
d. Which of the four values are negative? Which are 
positive? Explain your reasoning. 


(a) y (b) 


3+ 


2- 


(d) y 
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Exponential Growth 


(9, 11,277) 


FIGURE FOR 27 


Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 


In Exercises 1-4, evaluate the expression. Approximate your result to three decimal 
places. 


1. 12.4279 2, 437/2 3. e77/10 4, 3! 


In Exercises 5-7, construct a table of values. Then sketch the graph of the function. 


5. f(x) = 10 6. f(x) = —6*~? 7. f(x) =1—-e 
8. Evaluate (a) log, 7~°* and (b) 4.6 In e?. 


In Exercises 9-11, construct a table of values. Then sketch the graph of the function. 
Identify any asymptotes. 


9. f(x) = —logx — 6 10. f(x) = In(x — 4) 11. f(x) = 1 + In(x + 6) 


In Exercises 12-14, evaluate the logarithm using the change-of-base formula. Round 
your result to three decimal places. 


12. log, 44 13. log,,; 0.9 14. log,, 68 


In Exercises 15-17, use the properties of logarithms to expand the expression as a 
sum, difference, and/or constant multiple of logarithms. 


2 
2 vs 17. log Te 


15. log, 3a* 16. In = 


In Exercises 18-20, condense the expression to the logarithm of a single quantity. 


18. log, 13 + log, y 19. 4Inx — 4Iny 
20. 2 Inx + In(x — 5) — 3 Iny 


In Exercises 21-26, solve the equation algebraically. Approximate your result to 
three decimal places. 


1 


ee —Sx — 
21. 5 5 22. 3e 132 
1025 1 
23.35 oO 24. Inx = 5 
25. 18 + 4Inx =7 26. logx — log(8 — 5x) = 2 


27. Find an exponential growth model for the graph shown in the figure. 


28. The half-life of radioactive actinium (??7Ac) is 21.77 years. What percent of a present 
amount of radioactive actinium will remain after 19 years? 


29. A model that can be used for predicting the height H (in centimeters) of a child based 


on his or her age is H = 70.228 + 5.104x + 9.222 In x, i < x < 6, where x is the 


age of the child in years. (Source: Snapshots of Applications in Mathematics) 


(a) Construct a table of values. Then sketch the graph of the model. 


(b) Use the graph from part (a) to estimate the height of a four-year-old child. Then 
calculate the actual height using the model. 


Proofs in Mathematics 


Each of the following three properties of logarithms can be proved by using prop- 
erties of exponential functions. 


Slide Rules Properties of Logarithms (p. 390) 


Let a be a positive number such that a # 1, and let n be a real number. If u 


The slide rule was invented by and v are positive real numbers, the following properties are true. 


William Oughtred (1574-1660) 
in 1625. The slide rule is a Logarithm with Base a Natural Logarithm 
computational device with a 1. Product Property: log,(uv) = log,u + log,v = In(uv) = Inu + Inv 
sliding portion and a fixed 
portion. A slide rule enables 
you to perform multiplication 
by using the Product Property 3. Power Property: log,u" = nlog,u Inu" =nInu 
of Logarithms. There are other 
slide rules that allow for the 
calculation of roots and trigono- 
metric functions. Slide rules Proof 
were used by mathematicians et 
and engineers until the invention 

of the hand-held calculator in 

NV, The corresponding exponential forms of these two equations are 


u u 
2. Quotient Property: log, — = log,u — log, v In- = Inu — Inv 
Vv v 


x=log,u and y=log,v. 


a =u and a =v. 

To prove the Product Property, multiply u and v to obtain 
uv = aa =a**?. 

The corresponding logarithmic form of uv = a*t is log,(uv) = x + y. So, 
log (uv) = log, u + log, v. 

To prove the Quotient Property, divide u by v to obtain 


u a* a 
—-=—=H+aq"), 
v ay 


The corresponding logarithmic form of u/v = a*~» is log, (u/v) = x — y. So, 
u 
log, | = log, u — log, v. 


To prove the Power Property, substitute a* for u in the expression log, uv”, as 


follows. 
log, u" = log,(a*)" Substitute a* for u. 
= Wea Property of exponents 
= ies Inverse Property of Logarithms 
=nlog,u Substitute log, u for x. 


So, log, uv” = n log, u. 
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Problem Solving 


This collection of thought-provoking and challenging exercises further explores 
and expands upon concepts learned in this chapter. 


1. 


=, & 


Graph the exponential function given by y = a* fora = 0.5, 
1.2, and 2.0. Which of these curves intersects the line 
y = x? Determine all positive numbers a for which the 
curve y = a* intersects the line y = x. 


. Use a graphing utility to graph y, = e* and each of the 


functions y, = x2, y, = x°, y, = V/x, and y, = |x|. Which 
function increases at the greatest rate as x approaches +00? 


. Use the result of Exercise 2 to make a conjecture about the 


rate of growth of y, = e* and y = x”, where n is a natural 
number and x approaches +00. 


. Use the results of Exercises 2 and 3 to describe what is 


implied when it is stated that a quantity is growing 
exponentially. 


. Given the exponential function 


fa) =a" 
show that 

(a) flu + v) = flu) fr). 
(b) f(2x) = [fQ)P. 


. Given that 


Crea (A dag 
fx) = Sand ex) = —— 


2 


show that 


Le) P — [g(x)? = 1. 


. Use a graphing utility to compare the graph of 


the function given by y = e* with the graph of each given 
function. [n! (read “n factorial”) is defined as 
fl = ilo De Be o(a=— i> 


x 
Gre lt a 

ge ae 
Oo ait a on 

es? xe 
ei ay a 


. Identify the pattern of successive polynomials given in 


Exercise 7. Extend the pattern one more term and compare 
the graph of the resulting polynomial function with the 
graph of y = e*. What do you think this pattern implies? 


. Graph the function given by 


i) exam 


From the graph, the function appears to be one-to-one. 
Assuming that the function has an inverse function, find 


f-"@). 


10. 


11. 


12. 


13. 


Find a pattern for f~!(x) if 


GaP | 
oF = I 


F(x) = 


where a > 0,a # 1. 


By observation, identify the equation that corresponds to 
the graph. Explain your reasoning. 


(a) y = 6e-*/?2 

ee 

1+ e3/2 

(©) y = 61 — e72) 

You have two options for investing $500. The first earns 
7% compounded annually and the second earns 7% simple 


interest. The figure shows the growth of each investment 
over a 30-year period. 


(b) y= 


(a) Identify which graph represents each type of invest- 
ment. Explain your reasoning. 


A 
4000 +- 


3000 =- 
2000 =- 
1000 4 


Investment 
(in dollars) 


Year 


(b) Verify your answer in part (a) by finding the equations 
that model the investment growth and graphing the 
models. 


(c) Which option would you choose? Explain your 
reasoning. 


Two different samples of radioactive isotopes are decaying. 
The isotopes have initial amounts of c, and c,, as well as 
half-lives of k, and k,, respectively. Find the time required 
for the samples to decay to equal amounts. 
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14. A lab culture initially contains 500 bacteria. Two hours 
later, the number of bacteria has decreased to 200. Find the 
exponential decay model of the form 


B= Bva" 
that can be used to approximate the number of bacteria 
after ¢ hours. 


. The table shows the colonial population estimates of the 
American colonies from 1700 to 1780. (Source: U.S. 
Census Bureau) 


Population 


250,900 
1710 331,700 
1720 466,200 
1730 629,400 
1740 905,600 
1750 1,170,800 
1760 1,593,600 
1770 2,148,100 
1780 2,780,400 


In each of the following, let y represent the population in 
the year ¢, with t = 0 corresponding to 1700. 


(a) Use the regression feature of a graphing utility to find 
an exponential model for the data. 


(b) Use the regression feature of the graphing utility to 
find a quadratic model for the data. 


(c) Use the graphing utility to plot the data and the models 
from parts (a) and (b) in the same viewing window. 


(d) Which model is a better fit for the data? Would you use 
this model to predict the population of the United 
States in 2010? Explain your reasoning. 


Zax 1 
=i +1 : 
Og, b 


Show that us 
O8a/pX 


17. Solve (In x)? = In x?. 


. Use a graphing utility to compare the graph of 
the function given by y = In x with the graph of each given 


16. 


t=, 


function. 

@Q) wy =e Il 

Oa = We We 
OSG = se eee = yp 
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[J 19. Identify the pattern of successive polynomials given in 


Ag 


Exercise 18. Extend the pattern one more term and 
compare the graph of the resulting polynomial function 
with the graph of y = In x. What do you think the pattern 
implies? 


20. Using 


y = ab* and y = ax? 


take the natural logarithm of each side of each equation. 
What are the slope and y-intercept of the line relating x and 
In y for y = ab*? What are the slope and y-intercept of the 
line relating In x and In y for y = ax?? 


In Exercises 21 and 22, use the model 


y = 80.4—11Inx, 100 < x < 1500 


which approximates the minimum required ventilation 
rate in terms of the air space per child in a public school 
classroom. In the model, x is the air space per child in cubic 
feet and y is the ventilation rate per child in cubic feet 
per minute. 


21. Use a graphing utility to graph the model and approximate 
the required ventilation rate if there is 300 cubic feet of air 
space per child. 


22. A classroom is designed for 30 students. The air 
conditioning system in the room has the capacity of moving 


450 cubic feet of air per minute. 


(a) Determine the ventilation rate per child, assuming that 
the room is filled to capacity. 


(b) Estimate the air space required per child. 


(c) Determine the minimum number of square feet of floor 
space required for the room if the ceiling height is 30 
feet. 


In Exercises 23-26, (a) use a graphing utility to create a 
scatter plot of the data, (b) decide whether the data could 
best be modeled by a linear model, an exponential model, 
or a logarithmic model, (c) explain why you chose the 
model you did in part (b), (d) use the regression feature of a 
graphing utility to find the model you chose in part (b) for 
the data and graph the model with the scatter plot, and 
(e) determine how well the model you chose fits the data. 


23. (1, 2.0), (1.5, 3.5), (2, 4.0), (4, 5.8), (6, 7.0), (8, 7.8) 
24. (1, 4.4), (1.5, 4.7), (2, 5.5), (4, 9.9), (6, 18.1), (8, 33.0) 
25. (1, 7.5), (1.5, 7.0), (2, 6.8), (4, 5.0), (6, 3.5), (8, 2.0) 
26. (1, 5.0), (1.5, 6.0), (2, 6.4), (4, 7.8), (6, 8.6), (8, 9.0) 


The nine planets move about the 
sun in elliptical orbits. You can use 
the techniques presented in this 
chapter to determine the distances 
between the planets and the center 
of the sun. 


Kauko Helavuo/Getty Images 


APPLIC 


Analytic geometry concepts have many real-life applications. The applications listed below 
represent a small sample of the applications in this chapter. 


¢ Inclined Plane, e Satellite Orbit, ¢ Projectile Motion, 

Exercise 56, page 436 Exercise 60, page 454 Exercises 57 and 58, page 479 
e Revenue, e LORAN, ¢ Planetary Motion, 

Exercise 59, page 443 Exercise 42, page 463 Exercises 51-56, page 500 
e Architecture, ¢ Running Path, ¢ Locating an Explosion, 


Exercise 57, page 453 Exercise 44, page 464 Exercise 40, page 504 
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6.1 


What you should learn 


* Find the inclination of a line. Inclination of a Line 


+ Find the angle between two In Section P.4, you learned that the graph of the linear equation 
lines. _ 
+ Find the distance between a ee oe 
point and a line. is a nonvertical line with slope m and y-intercept (0, b). There, the slope of a line 


was described as the rate of change in y with respect to x. In this section, you will 
look at the slope of a line in terms of the angle of inclination of the line. 

Every nonhorizontal line must intersect the x-axis. The angle formed by 
such an intersection determines the inclination of the line, as specified in the 
following definition. 


Definition of Inclination 


The inclination of a nonhorizontal line is the positive angle 6 (less than 7) 
measured counterclockwise from the x-axis to the line. (See Figure 6.1.) 


y y y ¥. 
A A 


j<>) 
Il 
NIA 


0 
> XxX > xX ay > xX > xX 


Horizontal Line Vertical Line Acute Angle Obtuse Angle 
FIGURE 6.1 


AP/Wide World Photos 


The inclination of a line is related to its slope in the following manner. 


Inclination and Slope 


If a nonvertical line has inclination 6 and slope m, then 


m = tan@. 


The HM mathSpace® CD-ROM and 


Eduspace® for this text contain : to tad ge : 
adiditionalresourcos Related tothe For a proof of the relation between inclination and slope, see Proofs in 


concepts discussed in this chapter. Mathematics on page 510. 


6 = 146.3° 


> xX 


FIGURE 6.2 


FIGURE 6.3 
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Selita Finding the Inclination of a Line 


Find the inclination of the line 2x + 3y = 6. 


Solution 
The slope of this line is m = —%. So, its inclination is determined from the 
equation 
tan 0 : 
ang= —-. 
3 


From Figure 6.2, it follows that a < 0 < a. This means that 


2 
6=a7+ artan(— *) 


= w+ (—0.588) 
= 7 — 0.588 
=~ 2.554, 


The angle of inclination is about 2.554 radians or about 146.3°. 


weneckromnt Now try Exercise 19. 


The Angle Between Two Lines 


Two distinct lines in a plane are either parallel or intersecting. If they intersect 
and are nonperpendicular, their intersection forms two pairs of opposite angles. 
One pair is acute and the other pair is obtuse. The smaller of these angles is called 
the angle between the two lines. As shown in Figure 6.3, you can use the incli- 
nations of the two lines to find the angle between the two lines. If two lines have 
inclinations 6, and 0,, where 6, < 6, and 6, — 0, < 7/2, the angle between the 
two lines is 


0 = 6, — 6. 
You can use the formula for the tangent of the difference of two angles 
tan 0 = tan(@, — 0,) 
tan 0, — tan 0, 
1 + tan 6, tan 6, 


to obtain the formula for the angle between two lines. 


Angle Between Two Lines 


If two nonperpendicular lines have slopes m, and m,, the angle between the 
two lines is 


mM, — Mm, 


tan 6 = | 
1+ mm, 
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| Example 2 | Finding the Angle Between Two Lines 


Find the angle between the two lines. 


A Line 1: 2x -y-4=0 Line 2: 3x + 4y — 12 =0 
eat ty 12=0 Solution 
The two lines have slopes of m, = 2 and m, = -; respectively. So, the tangent 
of the angle between the two lines is 
i (—3/4) - 2 4 11 
tan 0 = = = =: 
1+ mm, 1 + (2)(—3/4) —2/4 2 
Finally, you can conclude that the angle is 
11 . 
6 = arctan = = 1.391 radians ~ 79.70° 
FIGURE 6.4 as shown in Figure 6.4. 
ofcueckeoint Now try Exercise 27. 
The Distance Between a Point and a Line 
y Finding the distance between a line and a point not on the line is an application 


of perpendicular lines. This distance is defined as the length of the perpendicular 
line segment joining the point and the line, as shown in Figure 6.5. 


Distance Between a Point and a Line 
The distance between the point (x,, y,) and the line Ax + By + C = Ois 


d= |Ax, + By, + C| 


JAP +B 


Remember that the values of A, B, and C in this distance formula correspond 
FIGURE 6.5 to the general equation of a line, Ax + By + C=0. For a proof of the distance 
between a point and a line, see Proofs in Mathematics on page 510. 


Selill(eem Finding the Distance Between a Point and a Line 


Find the distance between the point (4, 1) and the line y = 2x + 1. 


Solution 


The general form of the equation is 


~2x+y-1=0. 


5 So, the distance between the point and the line is 
|-2(4) +10) + (-DI_ 8 

JEP 5 

The line and the point are shown in Figure 6.6. 


FIGURE 6.6 ofcueckpoint Now try Exercise 39. 


d = 3.58 units. 
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7 elute An Application of Two Distance Formulas 


6 aks 
dL Figure 6.7 shows a triangle with vertices A(— 3, 0), B(O, 4), and C(5, 2). 
4 BO, 4) a. Find the altitude h from vertex B to side AC. 
b. Find the area of the triangle. 
Se Solution 
i a. To find the altitude, use the formula for the distance between line AC and the 
—_ {—}+—+—}—}- > x point (0, 4). The equation of line AC is obtained as follows. 
A (-3, 0) PP 2 3 4 5 

T 2-0 2A 

Ee Slope: m= 5 _ (—3) ~ 8 “4 
FIGURE 6.7 1 
Equation: y-0= ria + 3) Point-slope form 
4y=x+3 Multiply each side by 4. 
x—-4y+3=0 General form 


So, the distance between this line and the point (0, 4) is 
[1(0) + (—4)(4) +3] 13 
Altitude = h = = units. 
J/1?2 + (-4)2 V17 


b. Using the formula for the distance between two points, you can find the length 
of the base AC to be 


b= J/[5 — (-3)P + (2 -— 0) Distance Formula 
= /8? + 2? Simplify. 
= /68 Simplify. 
= 2/17 units. Simplify. 
Finally, the area of the triangle in Figure 6.7 is 
1 
A= Pha Formula for the area of a triangle 
1 13 
= a(2v iy (Fe) Substitute for b and h. 
= 13 square units. Simplify. 


Wairine asout WHtaTHEMATICS 


Inclination and the Angle Between Two Lines Discuss why the inclination of a line 
can be an angle that is larger than 77/2, but the angle between two lines cannot 
be larger than 77/2. Decide whether the following statement is true or false: “The 
inclination of a line is the angle between the line and the x-axis.” Explain. 
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The HM mathSpace® CD-ROM and Eduspace® for this text contain step-by-step solutions 


to all odd-numbered exercises. They also provide Tutorial Exercises for additional help. 


VOCABULARY CHECK: Fill in the blanks. 


1. The 
counterclockwise from the x-axis to the line. 


2. If a nonvertical line has inclination 6 and slope m, then m = 


of a nonhorizontal line is the positive angle 0 (less than 7) measured 


3. If two nonperpendicular lines have slopes m, and m,, the angle between the two lines is tan 6 = 


4. The distance between the point (x, y,) and the line Ax + By + C = Ois given by d = 
PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-8, find the slope of the line with inclination 0. 


5. = . radians 6. O= am radians 


6 


7. 6 = 1.27 radians 8. 6 = 2.88 radians 


In Exercises 9-14, find the inclination 6 (in radians and 
degrees) of the line with a slope of m. 


9, m= —-1 10. m = —2 
11. m=1 12. m=2 
13. m=} 14. m = -3 


In Exercises 15-18, find the inclination 6 (in radians and 
degrees) of the line passing through the points. 

15. (6, 1), (10, 8) 

16. (12, 8), (—4, -3) 

17. (—2, 20), (10, 0) 

18. (0, 100), (50, 0) 


In Exercises 19-22, find the inclination 0 (in radians and 
degrees) of the line. 

19. 6x —2y +8 =0 

20. 4x + 5y -9 =0 

21. 5x + 3y =0 

22. x -y -10=0 


In Exercises 23-32, find the angle 6 (in radians and degrees) 
between the lines. 


23. 3x t+y =3 24.x+3y= 2 
x-y=2 x-2y=-3 
y 
A 
Rab 
a+ 
6 
x 
Ou ell 1 
25. x- y= 0 26. 2x - y= 2 
3x —-2y=—-1 4x + 3y = 24 
y y 
4 
3} 
5 6 
1 
x 
1 2304 


27. x—2y=7 28. 5x + 2y = 16 
6x + 2y = 5 3x — 5y = —-1 
29. x + 2y =8 30. 3x —5y = 3 
x—2y=2 3x + Sy = 12 


31. 0.05x — 0.03y = 0.21 
0.07x + 0.02y = 0.16 

32. 0.02x — 0.05y = —0.19 
0.03x + 0.04y = 0.52 


Angle Measurement \|n Exercises 33-36, find the slope of 
each side of the triangle and use the slopes to find the 
measures of the interior angles. 


33. oy 34, j 
f A 
6+ (pele 
lk (4, 4) Ail 
a eo at) 
Dane) =i | 
[oye 
SS x A ee eee 
os 4 6 ak 
35. y 36. y 
A A 
al (3), 4) ni 
4+ ml 
ta Se 
a 2, SP D 
iol Too yn i) sr nie i t 7: * 
(-4, =) ap aoa 


In Exercises 37-44, find the distance between the point and 
the line. 


Point Line 
37. (0, 0) 4x + 3y = 
38. (0, 0) 2x-y= 
39. (2, 3) 4x + 3y = 10 
40. (—2, 1) x-y= 
41. (6,2) ete 
42. (10, 8) y-4= 
43. (0, 8) 6x —y= 
44, (4, 2) x—y=20 


In Exercises 45-48, the points represent the vertices of a 
triangle. (a) Draw triangle ABC in the coordinate plane, 
(b) find the altitude from vertex B of the triangle to side AC, 
and (c) find the area of the triangle. 

45. A = (0,0), B = (1,4), C = (4, 0) 

46. A = (0,0), B = (4,5), C = (5, —2) 

47. A =(-3,3), B =(2,3),C = (3,0) 

48. A = (—4, —5), B = (3, 10), C = (6, 12) 
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In Exercises 49 and 50, find the distance between the 
parallel lines. 


49..x+y=1 


50. 3x —4y = 1 
3x — 4y = 10 


51. Road Grade _ A straight road rises with an inclination of 
0.10 radian from the horizontal (see figure). Find the slope 
of the road and the change in elevation over a two-mile 
stretch of the road. 


52. Road Grade _ A straight road rises with an inclination of 
0.20 radian from the horizontal. Find the slope of the road 
and the change in elevation over a one-mile stretch of the 
road. 


53. Pitch of a Roof A roof has a rise of 3 feet for every 
horizontal change of 5 feet (see figure). Find the inclina- 
tion of the roof. 


5 ft 


ail 


Fie 


436 Chapter6 —_‘ Topics in Analytic Geometry 


54. Conveyor Design A moving conveyor is built so that it 
rises | meter for each 3 meters of horizontal travel. 


(a) Draw a diagram that gives a visual representation of 
the problem. 


(b) Find the inclination of the conveyor. 


(c) The conveyor runs between two floors in a factory. The 
distance between the floors is 5 meters. Find the length 
of the conveyor. 


55. Truss Find the angles a and B shown in the drawing of 
the roof truss. 


56. Inclined Plane The Johnstown Inclined Plane in 
Johnstown, Pennsylvania is an inclined railway that was 
designed to carry people to the hilltop community of 
Westmont. It also proved useful in carrying people and 
vehicles to safety during severe floods. The railway is 
896.5 feet long with a 70.9% uphill grade (see figure). 


(a) Find the inclination 6 of the railway. 


(b) Find the change in elevation from the base to the 
top of the railway. 


(c) Using the origin of a rectangular coordinate system 
as the base of the inclined plane, find the equation 
of the line that models the railway track. 


(d) Sketch a graph of the equation you found in part (c). 


Synthesis 
True or False? \n Exercises 57 and 58, determine whether 
the statement is true or false. Justify your answer. 


57. A line that has an inclination greater than 7/2 radians has 
a negative slope. 


58. To find the angle between two lines whose angles of 
inclination @, and 6, are known, substitute 0, and 6, for m, 
and m,, respectively, in the formula for the angle between 
two lines. 


59. Exploration Consider a line with slope m and y-intercept 
(0, 4). 


(a) Write the distance d between the origin and the line as 
a function of m. 


(b) Graph the function in part (a). 


(c) Find the slope that yields the maximum distance 
between the origin and the line. 


(d) Find the asymptote of the graph in part (b) and 
interpret its meaning in the context of the problem. 


60. Exploration Consider a line with slope m and y-intercept 
(0, 4). 


(a) Write the distance d between the point (3, 1) and the 
line as a function of m. 


(b) Graph the function in part (a). 


(c) Find the slope that yields the maximum distance 
between the point and the line. 


(d) Is it possible for the distance to be 0? If so, what is the 
slope of the line that yields a distance of 0? 


(e) Find the asymptote of the graph in part (b) and 
interpret its meaning in the context of the problem. 


Skills Review 


In Exercises 61-66, find all x-intercepts and y-intercepts of 
the graph of the quadratic function. 

61. f(x) = (x — 7) 

62. f(x) = (x + 9)? 

63. f(x) = (« — 5)? — 5 

64. f(x) = (« + 11) + 12 

65. f(x) =x? —7x-1 

66. f(x) =x? + 9x — 22 


In Exercises 67-72, write the quadratic function in standard 
form by completing the square. Identify the vertex of the 
function. 

67. f(x) = 3x? + 2x — 16 
69. f(x) = 5x? + 34x — 7 
71. f(x) = 6x? —x -— 12 

72. f(x) = —8x? — 34x - 21 


68. f(x) = 2x2 -—x—-21 
70. f(x) = —x? — 8x — 15 


In Exercises 73-76, graph the quadratic function. 


73. f(x) =(« — 4 +3 
75. g(x) = 2x7 — 3x +1 


74. f(x) =6 —(x + 1p 
76. e(x) = —x7 + 6x — 8 
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62) Introduction to Conics: Parabolas 


What you should learn 


+ Recognize a conic as the Conics 
intersection of a plane and Conic sections were discovered during the classical Greek period, 600 to 300 B.c. 
a double-napped cone. The early Greeks were concerned largely with the geometric properties of conics. 
* Write equations of Heck It was not until the 17th century that the broad applicability of conics became 


tandard fo ph 


apparent and played a prominent role in the early development of calculus. 

A conic section (or simply conic) is the intersection of a plane and a double- 
napped cone. Notice in Figure 6.8 that in the formation of the four basic 
conics, the intersecting plane does not pass through the vertex of the cone. When 
the plane does pass through the vertex, the resulting figure is a degenerate conic, 
as shown in Figure 6.9. 


mW 
AtA 


ww wNa 
{i Wiss S Circle Ellipse Parabola Hyperbola 
FIGURE 6.8 Basic Conics 


y 


Cosmo Condina/Getty Images 


N 


Point 


Two Intersecting 
FIGURE 6.9 Degenerate Conics Lines 


There are several ways to approach the study of conics. You could begin by 
defining conics in terms of the intersections of planes and cones, as the Greeks 
did, or you could define them algebraically, in terms of the general second- 
degree equation 


Ax? + Bxy + Cy? + Dx + Ey + F=0. 


However, you will study a third approach, in which each of the conics is defined 
as a locus (collection) of points satisfying a geometric property. For example, in 
Section P.3, you learned that a circle is defined as the collection of all points 
(x, y) that are equidistant from a fixed point (h, k). This leads to the standard form 
of the equation of a circle 


(x —h)?+(y-—k? =Pr?. Equation of circle 
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Parabolas 
In Section P.3, you learned that the graph of the quadratic function 
f(x) = ax? + bx +c 


is a parabola that opens upward or downward. The following definition of a 
parabola is more general in the sense that it is independent of the orientation of 
the parabola. 


Definition of Parabola 


A parabola is the set of all points (x, y) in a plane that are equidistant from 
a fixed line (directrix) and a fixed point (focus) not on the line. 


The midpoint between the focus and the directrix is called the vertex, and the 
line passing through the focus and the vertex is called the axis of the parabola. 
Note in Figure 6.10 that a parabola is symmetric with respect to its axis. Using the 
definition of a parabola, you can derive the following standard form of the equa- 
tion of a parabola whose directrix is parallel to the x-axis or to the y-axis. 


Standard Equation of a Parabola 


(h +p, k) 


Focus: 


Directri ¢ : : 
eae Ls The standard form of the equation of a parabola with vertex at (A, k) is as 
follows. 
(x on h)? = Ap(y = k), p#O0 Vertical axis, directrix: y = k — p 
6.10 Parabol 
pare age (y oar k)? = 4p(x and h), p#O0 Horizontal axis, directrix: x = h — p 
The focus lies on the axis p units (directed distance) from the vertex. If the 
vertex is at the origin (0, 0), the equation takes one of the following forms. 
x? = Apy Vertical axis 
y? = 4px Horizontal axis 
See Figure 6.11. 
For a proof of the standard form of the equation of a parabola, see Proofs in 
Mathematics on page 511. 
Axis: x =h Directrix: Directrix: x = h-p 
Sosisaseee ak were p<0 3 
Vertex: (h, k) po0 
p<o{ 
1 h+ S k : . 
Axis: ere eo ~~ Axis: 
\ Focus: yak iyok 


Vertex: 


(h,k +p) ' Vertex: (h, k) (h, k) 
(a) (x — h)? = 4p(y — k) (b) (x — h)? = 4p(y — k) (c) (y — k)? = 4p(x — h) (d) (y — k)? = 4p(x — h) 
Vertical axis: p > 0 Vertical axis: p < 0 Horizontal axis: p > 0 Horizontal axis: p < 0 


FIGURE 6.11 
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Technology Vertex at the Origin 


Use a graphing utility to confirm Find the standard equation of the parabola with vertex at the origin and focus 
the equation found in Example 1. (2, 0). 

In order to graph the equation, : 
you may have to use two separate Solution 

equations: The axis of the parabola is horizontal, passing through (0, 0) and (2, 0), as shown 
in Figure 6.12. 


y, = V8 Upper part 


and 


Yo = —V 8x. Lower part 


| > xX 
4 
STUDY TIP 
You may want to review the 
technique of completing the AGURE 6.12 
square found in Section P.2, 
which will be used to rewrite So, the standard form is y* = 4px, where h = 0, k = 0, and p = 2. So, the 
each of the conics in standard equation is y2 = 8x. 
form. 
cuecxpoint Now try Exercise 33. 
| Example 2 | Finding the Focus of a Parabola 
Find the focus of the parabola given by y = —}x? at te 5 
Solution 
To find the focus, convert to standard form by completing the square. 
: y= —$x? =. ar 5 Write original equation. 
-2y= x27 +2x-1 Multiply each side by —2. 
a+ 
Vertex (-1, 1) 1 — 2y = x? + 2x Add | to each side. 
1 
Focus (Ah a) 1 1+1-2y=x%74+2x4+1 Complete the square. 
2-2y=x7+2x+1 Combine like terms. 
> X 
—2(y - 1) = («+ 1)? Standard form 
Comparing this equation with 
(x — h)? = 4p(y — k) 
you can conclude that h = —1,k = 1, and p= —5. Because p is negative, 
FIGURE 6.13 the parabola opens downward, as shown in Figure 6.13. So, the focus of the 


parabola is (h, k + p) = (- 1, I: 


cueckpoint Now try Exercise 21. 
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8 Tl @— 2)? = 12y- 1) 


FIGURE 6.14 


Light source 
atiocus: f===sssoseseoseoss bs 


Parabolic reflector: 
Light is reflected 
in parallel rays. 


FIGURE 6.15 


FIGURE 6.16 


Selut-wewe Finding the Standard Equation of a Parabola 
Find the standard form of the equation of the parabola with vertex (2, 1) and 
focus (2, 4). 


Solution 


Because the axis of the parabola is vertical, passing through (2, 1) and (2, 4), 
consider the equation 


(x — h)? = 4p(y — k) 
where h = 2,k = 1, and p = 4 — | = 3. So, the standard form is 
(x — 2)? = 12(y — 1). 


You can obtain the more common quadratic form as follows. 


(x — 2)? = 12(y - 1) Write original equation. 
x? —4x+4= 12y — 12 Multiply. 
x? — 4x + 16 = 12y Add 12 to each side. 
Bae —4x+ 16) =y Divide each side by 12. 


12 
The graph of this parabola is shown in Figure 6.14. 
ofcueckpoint Now try Exercise 45. 


Application 


A line segment that passes through the focus of a parabola and has endpoints on 
the parabola is called a focal chord. The specific focal chord perpendicular to the 
axis of the parabola is called the latus rectum. 

Parabolas occur in a wide variety of applications. For instance, a parabolic 
reflector can be formed by revolving a parabola around its axis. The resulting 
surface has the property that all incoming rays parallel to the axis are reflected 
through the focus of the parabola. This is the principle behind the construction of 
the parabolic mirrors used in reflecting telescopes. Conversely, the light rays 
emanating from the focus of a parabolic reflector used in a flashlight are all 
parallel to one another, as shown in Figure 6.15. 

A line is tangent to a parabola at a point on the parabola if the line intersects, 
but does not cross, the parabola at the point. Tangent lines to parabolas have special 
properties related to the use of parabolas in constructing reflective surfaces. 


Reflective Property of a Parabola 


The tangent line to a parabola at a point P makes equal angles with the 
following two lines (see Figure 6.16). 


1. The line passing through P and the focus 


2. The axis of the parabola 


FIGURE 6.17 


Technology 


Use a graphing utility to confirm 
the result of Example 4. By 
graphing 


y, =x? and y,=2x-1 


in the same viewing window, you 
should be able to see that the line 
touches the parabola at the point 


(1, 1). 
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Selim Finding the Tangent Line at a Point on a Parabola 


Find the equation of the tangent line to the parabola given by y = x? at the point 


(1, 1). 
Solution 


For this parabola, p = i and the focus is (0, *), as shown in Figure 6.17. You can 
find the y-intercept (0, b) of the tangent line by equating the lengths of the two 
sides of the isosceles triangle shown in Figure 6.17: 


I 
roa 


and 


v= Joo [Ops 


Note that d, = 4 — b rather than b — j. The order of subtraction for the distance 
is important because the distance must be positive. Setting d, = d, produces 
1 5 


4°74 


b=-1. 


So, the slope of the tangent line is 


ee) 


=2 
1-0 


and the equation of the tangent line in slope-intercept form is 


y=2x-1. 


cnecpoint Now try Exercise 55. 


Wh ririne apout AHUATHEMATICS 


Television Antenna Dishes Cross sections of television antenna dishes are parabolic 
in shape. Use the figure shown to write a paragraph explaining why these dishes 
are parabolic. 
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VOCABULARY CHECK: Fill in the blanks. 


1A is the intersection of a plane and a double-napped cone. 

2. A collection of points satisfying a geometric property can also be referred to as a of points. 

3. A is defined as the set of all points (x, y) in a plane that are equidistant from a fixed line, 
called the , and a fixed point, called the , not on the line. 

4. The line that passes through the focus and vertex of a parabola is called the of the parabola. 

5. The of a parabola is the midpoint between the focus and the directrix. 


6. A line segment that passes through the focus of a parabola and has endpoints on the parabola is called 
a 


7. A line is to a parabola at a point on the parabola if the line intersects, but does not cross, the parabola at the point. 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-4, describe in words how a plane could (e) 
intersect with the double-napped cone shown to form the 
conic section. 


(f) 


7 i 11“ 
4 2 
5. y2 = —4x 6. x? = 2y 
N 7. x7 = —8y 8. y? = —12x 
9. (y — 1)? = 4x — 3) 10. (x + 3)? = —2(y — 1) 
1. Circle 2. Ellipse 
% Pashals 4. Hyperbola In Exercises 11-24, find the vertex, focus, and directrix of 
the parabola and sketch its graph. 
In Exercises 5-10, match the equation with its graph. [The ll. y= 5x2 12. y = —2x? 
graphs are labeled (a), (b), (c), (d), (e), and (f).] 13. y? = —6x 14. y2 = 3x 
(a) y (b) 15. x7 + 6y =0 16. x+y? = 
A 
+ 17. (x — 1)? + 8(y + 2) =0 
ie 18, (¢+5)+(y-1)2 =0 
=i 19. (+3) =4y—2) 20. (x +3) = Ay —1) 
eee x 21. y = 4x? — 2x + 5) 22. x = j(y? + 2y + 33) 
ae 6 
iL 23. y? + 6y + 8x +25 =0 
ae 24. y* — 4y — 4x =0 
(c) (d) : é ; . 
In Exercises 25-28, find the vertex, focus, and directrix of 
the parabola. Use a graphing utility to graph the parabola. 
> X 


25. x7 + 4x + 6y -2=0 
26. x7 — 2x + 8y +9 =0 
27. y?>+x+y=0 
28. y?-—4x -4=0 


In Exercises 29-40, find the standard form of the equation 
of the parabola with the given characteristic(s) and vertex 


Section 6.2 
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In Exercises 51 and 52, change the equation of the parabola 
so that its graph matches the description. 


at the origin. 


29. y 30. y 


51. (y — 3)? = 6(x + 1); upper half of parabola 
52. (y + 1)? = 2(x — 4); lower half of parabola 


Ae In Exercises 53 and 54, the equations of a parabola and a 
tangent line to the parabola are given. Use a graphing 
utility to graph both equations in the same viewing win- 

L dow. Determine the coordinates of the point of tangency. 


8 + Parabola Tangent Line 
: 53. y? — 8x =0 x-yt+2=0 
31. Focus: (0,~5) 54, 2 + 12y =0 xty—-3=0 


32. Focus: 3, 0) 

33. Focus: (—2, 0) 
34. Focus: (0, —2) 
35. Directrix: y = —1 


In Exercises 55-58, find an equation of the tangent line to 
the parabola at the given point, and find the x-intercept of 
the line. 
55. x? = 2y, (4, 8) 
Fo 9 
56. x7 = 2y, (-3, 3) 
57. y = —2x?, (—1, —2) 
58. y = —2x?, (2, —8) 


36. Directrix: y = 3 

37. Directrix: x = 2 

38. Directrix: x = —3 

39. Horizontal axis and passes through the point (4, 6) 
40. Vertical axis and passes through the point (~3, —3) Ae 59. Revenue The revenue R (in dollars) generated by the sale 


of x units of a patio furniture set is given by 
In Exercises 41-50, find the standard form of the equation 


of the parabola with the given characteristics. 

41. y 42. y 

A 

T2@% 4,0) 
(SW) 


Ge 166)? = -F(R — 14,045). 


Use a graphing utility to graph the function and approxi- 
mate the number of sales that will maximize revenue. 


Revenue The revenue R (in dollars) generated by the sale 
of x units of a digital camera is given by 


(x — 135)? = -2(R — 25,515). 


Use a graphing utility to graph the function and approxi- 


43. mate the number of sales that will maximize revenue. 


. Satellite Antenna The receiver in a parabolic television 
dish antenna is 4.5 feet from the vertex and is located at the 
focus (see figure). Write an equation for a cross section of 
the reflector. (Assume that the dish is directed upward and 
the vertex is at the origin.) 


45. Vertex: (5, 2); focus: (3, 2) 

46. Vertex: (—1, 2); focus: (—1, 0) 
47. Vertex: (0, 4); directrix: y = 2 
48. Vertex: (—2, 1); directrix: x = 1 
49. Focus: (2, 2); directrix: x 
50. Focus: (0, 0); directrix: y 


Receiver 


Il 
Se 
i) 
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62. Suspension Bridge Each cable of the Golden Gate 
Bridge is suspended (in the shape of a parabola) 
between two towers that are 1280 meters apart. The top 
of each tower is 152 meters above the roadway. The 
cables touch the roadway midway between the towers. 


(a) Draw a sketch of the bridge. Locate the origin of a 
rectangular coordinate system at the center of the 
roadway. Label the coordinates of the known points. 


(b) Write an equation that models the cables. 


(c) Complete the table by finding the height y of the 
suspension cables over the roadway at a distance of 
x meters from the center of the bridge. 


{ 
“ Distance, x Height, y 


63. Road Design Roads are often designed with parabolic 
surfaces to allow rain to drain off. A particular road that is 
32 feet wide is 0.4 foot higher in the center than it is on the 
sides (see figure). 


Cross section of road surface 


(a) Find an equation of the parabola that models the road 
surface. (Assume that the origin is at the center of the 
road.) 


(b) How far from the center of the road is the road surface 
0.1 foot lower than in the middle? 


64. Highway Design Highway engineers design a parabolic 
curve for an entrance ramp from a straight street to an 
interstate highway (see figure). Find an equation of the 
parabola. 


800 Interstate 


(1000, 800) 


400 


one 


i 
800 1200 1600 


—400 


(1000, —800) 
—800 


FIGURE FOR 64 


65. Satellite Orbit A satellite in a 100-mile-high circular 
orbit around Earth has a velocity of approximately 17,500 
miles per hour. If this velocity is multiplied by /2, the 
satellite will have the minimum velocity necessary to 
escape Earth’s gravity and it will follow a parabolic path 
with the center of Earth as the focus (see figure). 


Circular y 
Parabolic 


Not drawn to scale 


(a) Find the escape velocity of the satellite. 


(b) Find an equation of the parabolic path of the satellite 
(assume that the radius of Earth is 4000 miles). 


acs 66. Path of a Softball The path of a softball is modeled by 


12.5(y — 7.125) = (x — 6.25)? 


where the coordinates x and y are measured in feet, with 

x = 0 corresponding to the position from which the ball 

was thrown. 

(a) Use a graphing utility to graph the trajectory of the 
softball. 

(b) Use the trace feature of the graphing utility to approx- 
imate the highest point and the range of the trajectory. 


Projectile Motion \n Exercises 67 and 68, consider the 
path of a projectile projected horizontally with a velocity of 
v feet per second at a height of s feet, where the model for 
the path is 


v2 
r= ~ 76! —s). 


In this model (in which air resistance is disregarded), y is 
the height (in feet) of the projectile and x is the horizontal 
distance (in feet) the projectile travels. 
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67. A ball is thrown from the top of a 75-foot tower with a (a) Find the area when p = 2 and b = 4. 


i (b) Give a geometric explanation of why the area 


(a) Find the equation of the parabolic path. approaches 0 as p approaches 0. 
(b) How far does the ball travel horizontally before 73. Exploration Let (x,, y,) be the coordinates of a point on 
striking the ground? the parabola x? = 4py. The equation of the line tangent to 
68. A cargo plane is flying at an altitude of 30,000 feet and a the parabola at the point is 
speed of 540 miles per hour. A supply crate is dropped from : 
the plane. How many feet will the crate travel horizontally y-y= ap = 2). 


before it hits the ground? 
What is the slope of the tangent line? 
Sy: nthesis 74. Writing In your own words, state the reflective property 
of a parabola. 
True or False? _\n Exercises 69 and 70, determine whether 
the statement is true or false. Justify your answer. Skills Review 


69. It is possible for a parabola to intersect its directrix. . ; . : 
75. Find a polynomial with real coefficients that has the zeros 


70. If the vertex and focus of a parabola are on a horizontal 3.2+:and2—-i. 


line, then the directrix of the parabola is vertical. : 
76. Find all the zeros of 


Gs 71. Exploration Consider the parabola x = 4py. f(x) = 2x3 — 3x2 + 50x — 75 


(a) Use a graphing utility to graph the parabola for p = 1, 
p = 2, p =3, and p = 4. Describe the effect on the 
graph when p increases. 


: : 3 
if one of the zeros is x = 5. 


77. Find all the zeros of the function 


(b) Locate the focus for each parabola in part (a). g(x) = 6x4 + 7x3 — 29x? — 28x + 20 


(c) For each parabola in part (a), find the length of the 
chord passing through the focus and parallel to the 
directrix (see figure). How can the length of this chord ~~ 
be determined directly from the standard form of the h(x) = 2x4 + x3 — 19x? — 9x + 9, 
equation of the parabola? 


if two of the zeros are x = +2. 


78. Use a graphing utility to graph the function given by 


Use the graph to approximate the zeros of h. 


In Exercises 79-86, use the information to solve the 


Chord : : 
triangle. Round your answers to two decimal places. 
\ Focus MS 
sap 19. A=35°,a= 10,6 =7 
oe 80. B = 54°,b = 18,c = 11 


81. A = 40°,B = 51°,c =3 
82. B = 26°, C = 104°, a = 19 
83. a =7,b = 10,c = 16 
72. Geometry The area of the shaded region in the figure is 84. a = 58,6 = 28,¢ = 75 
8 85. A = 65°,b =5,c = 12 
A= 3p bi? 86. B = 71°,a =21,c = 29 


(d) Explain how the result of part (c) can be used as a 
sketching aid when graphing parabolas. 
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What you should learn 


+ Write equations of ellipses Introduction 
a standard form and graph The second type of conic is called an ellipse, and is defined as follows. 
ellipses. 
+ Use properties of ellipses ere 5 
to model and solve real-life Definition of Ellipse 
problems. An ellipse is the set of all points (x, y) in a plane, the sum of whose 
* Find eccentricities of ellipses. distances from two distinct fixed points (foci) is constant. See Figure 6.18. 


Why you should learn it 
be used to model 


Major axis 


d, + d, is constant. 
FIGURE 6.18 FIGURE 6.19 


The line through the foci intersects the ellipse at two points called vertices. 
The chord joining the vertices is the major axis, and its midpoint is the center 
of the ellipse. The chord perpendicular to the major axis at the center is the 
minor axis of the ellipse. See Figure 6.19. 

You can visualize the definition of an ellipse by imagining two thumbtacks 
placed at the foci, as shown in Figure 6.20. If the ends of a fixed length of string 
are fastened to the thumbtacks and the string is drawn taut with a pencil, the path 
traced by the pencil will be an ellipse. 


Harvard College Observatory/ 
SPL/Photo Researchers, Inc. 


FIGURE 6.20 


To derive the standard form of the equation of an ellipse, consider the ellipse 
in Figure 6.21 with the following points: center, (h, k); vertices, (h + a, k); foci, 
(h + c, k). Note that the center is the midpoint of the segment joining the foci. 


2V/b2 +e =2a 1: ¢ 


b? +c? =a? 


FIGURE 6.21 


STUDY TIP 


Consider the equation of the 
ellipse 


(ene es ole 
a + b2 
If you let a = b, then the equa- 
tion can be rewritten as 


(x AP + (y— WP =? 


= 1. 


which is the standard form of 
the equation of a circle with 
radius r = a (see Section P.3). 
Geometrically, when a = b for 
an ellipse, the major and minor 
axes are of equal length, and so 
the graph is a circle. 
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The sum of the distances from any point on the ellipse to the two foci is constant. 


Using a vertex point, this constant sum is 
(a+ c) + (a-c) =2a 


Length of major axis 


or simply the length of the major axis. Now, if you let (x, y) be any point on the 
ellipse, the sum of the distances between (x, y) and the two foci must also be 2a. 
That is, 


Vix -— (h - 2 + (Gy — #2 4+ Vix - (A+ 0)? + (Cy — 8)? = 2a. 


Finally, in Figure 6.21, you can see that b? = a* — c”, which implies that the 
equation of the ellipse is 


b*(x — h)? + a*(y — k)? = a?b? 


ah)? ah? 
a2 b2 


1. 


You would obtain a similar equation in the derivation by starting with a 
vertical major axis. Both results are summarized as follows. 


Standard Equation of an Ellipse 
The standard form of the equation of an ellipse, with center (h, k) and 
major and minor axes of lengths 2a and 2b, respectively, where 0 < b < a, is 
— p)2 BY? 
(r=? (y= WP 
2 b2 
— k)2 
Pe bet ae 


b? a’ 


1 Major axis is horizontal. 


(x — h)? 


NG Major axis is vertical. 


The foci lie on the major axis, c units from the center, with c? = a? — b?. 
If the center is at the origin (0, 0), the equation takes one of the following 
forms. 


x Major axis is 


x? Major axis is 
ria horizontal. b2 


vertical. 


2 2 
(x-hy ark 
a ens 52 =] b2 a2 


2a 


> XxX 


> X 


Major axis is horizontal. 
FIGURE 6.22 


Major axis is vertical. 
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(2, 
e 


b=V/5 
) 4) 


FIGURE 6.23 


> xX 


(x+3)? (y-1)? fa 
gy ge 


12 7 


FIGURE 6.24 
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Finding the Standard Equation of an Ellipse 


Find the standard form of the equation of the ellipse having foci at (0, 1) and 
(4, 1) and a major axis of length 6, as shown in Figure 6.23. 
Solution 


Because the foci occur at (0, 1) and (4, 1), the center of the ellipse is (2, 1) and 
the distance from the center to one of the foci is c = 2. Because 2a = 6, you 
know that a = 3. Now, from c? = a* — b?, you have 


b= JP — 72 = JP - P= SS. 
Because the major axis is horizontal, the standard equation is 


G2) Wad _ 


1. 
32 (V5)? 
This equation simplifies to 
ray ely 4 


9 5 


cneckpont Now try Exercise 49. 
| Example 2 | Sketching an Ellipse 


Sketch the ellipse given by x7 + 4y? + 6x — 8y + 9 = 0. 


Solution 


Begin by writing the original equation in standard form. In the fourth step, note 
that 9 and 4 are added to both sides of the equation when completing the squares. 


x? + 4y? + 6x — 8y +9 =0 — Write original equation. 
(x2 + 6x + ) + (4y2 — 8y + ) = —9 Group terms. 
(x? + 6x + ) + A(y? — 2y + ) = —9 Factor 4 out of y-terms. 
(x? + 6x + 9) + 4(y? — 2y + 1) = -9 +94 4(1) 
(x + 3)? + 4(y — 1)? =4 — Write incompleted square form. 


(+3? =D? 


= 1 _ Divide each side by 4. 


4 1 
+ 2. = 1 2 
& = ae 0 2 ) = 1 Write in standard form. 


From this standard form, it follows that the center is (h, k) = (—3, 1). Because 
the denominator of the x-term is a? = 27, the endpoints of the major axis lie two 
units to the right and left of the center. Similarly, because the denominator of the 
y-term is b? = 17, the endpoints of the minor axis lie one unit up and down from 
the center. Now, from c? = a? — b?, you have c = /2? — 1? = J/3. So, the 
foci of the ellipse are (- 3 - /3, 1) and (- 3+ /3, 1). The ellipse is shown in 
Figure 6.24. 


ofcueckroint Now try Exercise 25. 


G=1P G27 _ 


92 42 


1,2) 
(i= 2.73 )) 
t t | >xX 
a =) 4 
(ee) a —(, =6) 
Vertex 
FIGURE 6.25 
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Schilitwem Analyzing an Ellipse 
2 


Find the center, vertices, and foci of the ellipse 4x? + y 8x + 4y —-8 = 0. 


Solution 


By completing the square, you can write the original equation in standard form. 


4x? + y? 8x 4 4y 8 =0 Write original equation. 


(4x? — 8x + ) + (y? + 4y + ) = 8 Group terms. 


A(x? = 2st ) a (y? + 4y + ) = 8 Factor 4 out of x-terms. 
A(x? — 2x + 1) + (y2 + 4y + 4) =8 +41) +4 
A(x — 1)? + (y + 2)? = 16 Write in completed square form. 


= Vy? ty + 2)? 


= 1 _ Divide each side by 16. 


4 16 
= 1 2 + 2 2 
( ) + (y ) = 1 Write in standard form. 
22 42 
The major axis is vertical, where h = 1, k 2,a = 4,b = 2, and 


c= J? —- P= /16—4= J/12 = 23. 
So, you have the following. 
Center: (1, —2) Vertices: (1, —6) Foci: (1, =) = 2/3) 
(1, 2) (1, -2 + 23) 
The graph of the ellipse is shown in Figure 6.25. 
cueckpoint Now try Exercise 29. 


Technology 


You can use a graphing utility to graph an ellipse by graphing the upper and 
lower portions in the same viewing window. For instance, to graph the ellipse in 
Example 3, first solve for y to get 


= 2 = 2 
4/1 ua andy, 2-4./1 dea : 
4 4 


Use a viewing window in which —6 < x < 9and —7 < y < 3. You should obtain 
the graph shown below. 
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767,640 Moen 


km 


®— 768,800 
kn 
Perigee Apogee 
FIGURE 6.26 
STUDY TIP 


Note in Example 4 and Figure 
6.26 that Earth is not the center 
of the moon’s orbit. 


Application 


Ellipses have many practical and aesthetic uses. For instance, machine gears, 
supporting arches, and acoustic designs often involve elliptical shapes. The orbits 
of satellites and planets are also ellipses. Example 4 investigates the elliptical 
orbit of the moon about Earth. 


Sechilyt-wem An Application Involving an Elliptical Orbit 


The moon travels about Earth in an elliptical orbit with Earth at one focus, as 
shown in Figure 6.26. The major and minor axes of the orbit have lengths of 
768,800 kilometers and 767,640 kilometers, respectively. Find the greatest and 
smallest distances (the apogee and perigee), respectively from Earth’s center to 
the moon’s center. 


Solution 
Because 2a = 768,800 and 2b = 767,640, you have 


a = 384,400 and b = 383,820 
which implies that 
c = Ja? — b? 
= ./384,4002 — 383,8202 
= 21,108. 


So, the greatest distance between the center of Earth and the center of the moon 
is 


a+c = 384,400 + 21,108 = 405,508 kilometers 
and the smallest distance is 

a—c = 384,400 — 21,108 = 363,292 kilometers. 
cueckpoint Now try Exercise 59. 


Eccentricity 


One of the reasons it was difficult for early astronomers to detect that the orbits 
of the planets are ellipses is that the foci of the planetary orbits are relatively 
close to their centers, and so the orbits are nearly circular. To measure the 
ovalness of an ellipse, you can use the concept of eccentricity. 


Definition of Eccentricity 
The eccentricity e of an ellipse is given by the ratio 


Note that 0 < e < 1| for every ellipse. 


NASA 
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To see how this ratio is used to describe the shape of an ellipse, note that 
because the foci of an ellipse are located along the major axis between the vertices 
and the center, it follows that 


O<c<a. 


For an ellipse that is nearly circular, the foci are close to the center and the ratio 
c/a is small, as shown in Figure 6.27. On the other hand, for an elongated ellipse, 
the foci are close to the vertices, and the ratio c/a is close to 1, as shown in 
Figure 6.28. 


e is close to 1. 


FIGURE 6.27 FIGURE 6.28 


The orbit of the moon has an eccentricity of e ~ 0.0549, and the eccentricities 
of the nine planetary orbits are as follows. 


Mercury: e ~ 0.2056 Saturn: e ~ 0.0542 
Venus: e ~ 0.0068 Uranus: e ~ 0.0472 
Earth: e ~ 0.0167 Neptune: e ~ 0.0086 
Mars: e ~ 0.0934 Pluto: e ~ 0.2488 


Jupiter: e ~ 0.0484 


The time it takes Saturn to orbit the 
sun is equal to 29.4 Earth years. 2) 
Wririne ABOUT ATHEMATICS 


Ellipses and Circles 
a. Show that the equation of an ellipse can be written as 


(xh? (yk? _ 
a? " @(1 — e2) 


1 


b. For the equation in part (a), leta = 4,h = 1,andk = 2, and use a graphing 
utility to graph the ellipse for e = 0.95, e = 0.75,e = 0.5,e = 0.25, and 
e = 0.1. Discuss the changes in the shape of the ellipse as e approaches 0. 


. Make a conjecture about the shape of the graph in part (b) when e = 0. What 
is the equation of this ellipse? What is another name for an ellipse with an 
eccentricity of 0? 
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VOCABULARY CHECK: Fill in the blanks. 


1. An 
, iS constant. 


2. The chord joining the vertices of an ellipse is called the 


3. The chord perpendicular to the major axis at the center of the ellipse is called the 


4. The concept of 


is the set of all points (x, y) in a plane, the sum of whose distances from two distinct fixed points, called 


, and its midpoint is the of the ellipse. 


of the ellipse. 


is used to measure the ovalness of an ellipse. 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-6, match the equation with its graph. [The 


graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(a) y 
A 
a-- 
7 iL | i }»> x 
aL 2D) 4 
—4-+ 
(c) y 
A 
4+ 
fr fo x 
=A 4 
—-4-+ 
(e) y 
A 
a-+ 
hit ae 
6 2 
-6-+ 
eee ee 
“4 °° 9 
x2 y2 
3.—+2=1 
4 25 
— 2)2 
5, B23 (y+ 1)2=1 
6 (x + 2)? (y + 2)? 
“9 4 


(b) y 
A 
4+ 
14 fo x 
=i 4 
—-4-+ 
(d) y 
A 
6+ 
HHH HH x 
=k 4 6 
-6+ 
(f) y 
A 
4+ 
4 p> x 
ail 4 
—4-+ 
2 2: 
ee egy 
9 4 
2 2: 
4.24251 
4 4 


In Exercises 7-30, identify the conic as a circle or an ellipse. 
Then find the center, radius, vertices, foci, and eccentricity 
of the conic (if applicable), and sketch its graph. 


2 2 2 2 
7+ =1 8. +2 _=1 
25 16 81 144 
Py? eye 
9. 25 7 95 1 10. 9 9 1 
42 2 x2? 
11. —~+—=1 12. +—=1 
5 9 64 «28 
(et OF Uy = 5)? 4? , (y+ 3) 
13. 1 14. 1 
16 25 12 16 
x (y+ 1)? (x + 5)? 
15. ——— = 1 16. 1rp=1 
4/9 4/9 6 ofa FOOD 
ae a3? v= iP 
17. + 2)? + ~ =1 18. =1 
ee) 1/4 8. 05/4 25/4 
19. 9x? + 4y? + 36x — 24y + 36 =0 
20. 9x? + 4y? — 54x + 40y + 37 = 0 
21. x? + y? — 2x + 4y —- 31 =0 
22. x7 + 5y? — 8x — 30y — 39 = 0 
23. 3x2 + y? + 18x — 2y -8 =0 
24. 6x2 + 2y2 + 18x — 10y +2 =0 
25. x? + 4y? — 6x + 20y —-2 =0 
26. x7 + y? — 4x + 6y -3 =0 
27. 9x2 + Oy? + 18x — 18y + 14=0 
28. 16x? + 25y? — 32x + 50y + 16=0 
29. 9x? + 25y? — 36x — 50y + 60 = 0 
30. 16x? + l6y? — 64x + 32y + 55 =0 


In Exercises 31-34, use a graphing utility to graph the 
ellipse. Find the center, foci, and vertices. (Recall that it may 
be necessary to solve the equation for y and obtain two 
equations.) 

31. 5x? + 3y? = 15 
33. 12x? + 20y? 
34. 36x? + 9y? 4 


32. 3x2 + 4y? = 12 
37 =0 
72 =0 


12x 4 
48x 


40y 
36y 


In Exercises 35-42, find the standard form of the equation 
of the ellipse with the given characteristics and center at 
the origin. 


35. 


37. 
38. 
39. 
40. 
41. 
42. 


y 36. 
gt 4+ 
7, 4) + (0,5) 


(2, 0) (2, 0) (=2,,0) (2, 0) 
Eg oe eae. 


10, -4) 
-8-+ —-4-+ 


Vertices: (+6, 0); foci: (+2, 0) 

Vertices: (0, +8); foci: (0, +4) 

Foci: (+5, 0); major axis of length 12 

Foci: (+2, 0); major axis of length 8 

Vertices: (0, +5); passes through the point (4, 2) 


Major axis vertical; passes through the points (0, 4) and 
(2, 0) 


In Exercises 43-56, find the standard form of the equation 
of the ellipse with the given characteristics. 


43. 


45. 


47. 
48. 
49. 
50. 
51. 
52. 
53. 


y 44. y 
1,3 
als ) 0; 6) A 
5+ 
4+ 
3+ (B55) 
ral (2, 0) 
ll i Se : iL ae 
eens 
y 46. y 
A A 
(on 6 | : (Q, 0) 
yee 
| ___i_ eae (2, —2) / 
Pa a) > 4,-D 
(-2, 0)+ =a 


Vertices: (0, 4), (4, 4); minor axis of length 2 

Foci: (0, 0), (4, 0); major axis of length 8 

Foci: (0, 0), (0, 8); major axis of length 16 

Center: (2, — 1); vertex: (2, 5); minor axis of length 2 
Center: (0, 4); a = 2c; vertices: (—4, 4), (4, 4) 
Center: (3, 2); a = 3c; foci: (1, 2), (5, 2) 


Vertices: (0, 2), (4,2); endpoints of the minor axis: 
(2, 3), (2, 1) 


57. Architecture 


58. Architecture 
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54. Vertices: (5,0), (5,12); endpoints of the minor axis: 


(1, 6), (9, 6) 


55. Find an equation of the ellipse with vertices (+5, 0) and 


me 3 
eccentricity e = 5. 


56. Find an equation of the ellipse with vertices (0, +8) and 


ee 1 
eccentricity e = 5. 
A semielliptical arch over a tunnel for a 


one-way road through a mountain has a major axis of 
50 feet and a height at the center of 10 feet. 


(a) Draw a rectangular coordinate system on a sketch of 
the tunnel with the center of the road entering the 
tunnel at the origin. Identify the coordinates of the 
known points. 


(b) Find an equation of the semielliptical arch over the 
tunnel. 


(c) You are driving a moving truck that has a width of 
8 feet and a height of 9 feet. Will the moving truck 
clear the opening of the arch? 


A fireplace arch is to be constructed in the 
shape of a semiellipse. The opening is to have a height of 
2 feet at the center and a width of 6 feet along the base (see 
figure). The contractor draws the outline of the ellipse 
using tacks as described at the beginning of this section. 
Give the required positions of the tacks and the length of 
the string. 


59. Comet Orbit Halley’s comet has an elliptical orbit, 
with the sun at one focus. The eccentricity of the orbit 
is approximately 0.967. The length of the major axis of 
the orbit is approximately 35.88 astronomical units. 
(An astronomical unit is about 93 million miles.) 


(a) Find an equation of the orbit. Place the center of the 
orbit at the origin, and place the major axis on the 
x-axis. 


acd (b) Use a graphing utility to graph the equation of the 
orbit. 


(c) Find the greatest (aphelion) and smallest (perihelion) 
distances from the sun’s center to the comet’s center. 
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60. Satellite Orbit The first artificial satellite to orbit Earth 
was Sputnik I (launched by the former Soviet Union in 
1957). Its highest point above Earth’s surface was 
947 kilometers, and its lowest point was 228 kilometers 
(see figure). The center of Earth was the focus of the 
elliptical orbit, and the radius of Earth is 6378 kilometers. 
Find the eccentricity of the orbit. 


61. Motion ofa Pendulum The relation between the velocity 
y (in radians per second) of a pendulum and its angular 
displacement 6 from the vertical can be modeled by a 
semiellipse. A 12-centimeter pendulum crests (y = 0) 
when the angular displacement is —0.2 radian and 
0.2 radian. When the pendulum is at equilibrium (6 = 0), 
the velocity is — 1.6 radians per second. 


(a) Find an equation that models the motion of the 
pendulum. Place the center at the origin. 


(b) Graph the equation from part (a). 


(c) Which half of the ellipse models the motion of the 
pendulum? 


62. Geometry A line segment through a focus of an ellipse 
with endpoints on the ellipse and perpendicular to the 
major axis is called a latus rectum of the ellipse. 
Therefore, an ellipse has two latera recta. Knowing the 
length of the latera recta is helpful in sketching an ellipse 
because it yields other points on the curve (see figure). 
Show that the length of each latus rectum is 2b?/a. 

y 
A 
Latera recta 


> X 


In Exercises 63-66, sketch the graph of the ellipse, using 
latera recta (see Exercise 62). 


x2 y? x2 y? 
+21 4.—+-—=1 
weg. ae ae 


65. 5x? + 3y? = 15 66. 9x? + 4y2 = 36 


Synthesis 


True or False? \n Exercises 67 and 68, determine whether 
the statement is true or false. Justify your answer. 
67. The graph of x? + 4y* — 4 = 0 is an ellipse. 


68. It is easier to distinguish the graph of an ellipse from the 
graph of a circle if the eccentricity of the ellipse is large 
(close to 1). 


69. Exploration Consider the ellipse 


(a) The area of the ellipse is given by A = arab. Write the 
area of the ellipse as a function of a. 


(b) Find the equation of an ellipse with an area of 
264 square centimeters. 
(c) Complete the table using your equation from part (a), 


and make a conjecture about the shape of the ellipse 
with maximum area. 


a 8 9 | 10} 11 | 12 | 13 


A 


kad (d) Use a graphing utility to graph the area function and 
use the graph to support your conjecture in part (c). 

70. Think About It At the beginning of this section it was 
noted that an ellipse can be drawn using two thumbtacks, a 
string of fixed length (greater than the distance between the 
two tacks), and a pencil. If the ends of the string are 
fastened at the tacks and the string is drawn taut with a 
pencil, the path traced by the pencil is an ellipse. 


(a) What is the length of the string in terms of a? 
(b) Explain why the path is an ellipse. 


Skills Review 


In Exercises 71-74, evaluate the logarithm using the 
change-of-base formula. Round your result to three decimal 
places. 

71. log, 7.1 
73. logy. 22 


72. log,; 100 
74. logy/3 6 


In Exercises 75-78, use the properties of logarithms to 
rewrite and simplify the logarithmic expression. 


76. log 759 


4 
78. In-=z 
8 nas 


75. log, 135 


77. In(9e*) 


6.4 Bane 


What you should learn 

+ Write equations of hyperbolas 
in standard form. 

+ Find asymptotes of and graph 
hyperbolas. 

* Use properties of hyperbolas 
to solve real-life problems. 


* Classify conics from their 
general equations. 


AP/Wide World Photos 
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Introduction 


The third type of conic is called a hyperbola. The definition of a hyperbola is 
similar to that of an ellipse. The difference is that for an ellipse the sum of the 
distances between the foci and a point on the ellipse is fixed, whereas for a 
hyperbola the difference of the distances between the foci and a point on the 
hyperbola is fixed. 


Definition of Hyperbola 
A hyperbola is the set of all points (x, y) in a plane, the difference of whose 


distances from two distinct fixed points (foci) is a positive constant. See 
Figure 6.29. 


Transverse axis 


d,— d, is a positive constant. 


FIGURE 6.29 FIGURE 6.30 


The graph of a hyperbola has two disconnected branches. The line through 
the two foci intersects the hyperbola at its two vertices. The line segment 
connecting the vertices is the transverse axis, and the midpoint of the transverse 
axis is the center of the hyperbola. See Figure 6.30. The development of the 
standard form of the equation of a hyperbola is similar to that of an ellipse. Note 
in the definition below that a, b, and c are related differently for hyperbolas than 
for ellipses. 


Standard Equation of a Hyperbola 
The standard form of the equation of a hyperbola with center (/, k) is 
(x— A)? (y—k)? 
b2 
(x= hb)? _ 
b2 


1 Transverse axis is horizontal. 


1. Transverse axis is vertical. 


The vertices are a units from the center, and the foci are c units from the 
center. Moreover, c? = a? + b?. If the center of the hyperbola is at the 
origin (0, 0), the equation takes one of the following forms. 


Transverse axis Transverse axis 
= is vertical. 


is horizontal. 
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Figure 6.31 shows both the horizontal and vertical orientations for a 


hyperbola. 
(ah  O=K" 5 Gui Gone 4 
a2 b? a b? 
y 
A 
(h—c,k) (hk) [(h+c,k) 
4---4 e----{-e 
> xX > X 
Transverse axis is horizontal. Transverse axis is vertical. 
FIGURE 6.31 


Schuiltwen Finding the Standard Equation of a Hyperbola 
Find the standard form of the equation of the hyperbola with foci (— 1, 2) and 
STUDY TIP (5, 2) and vertices (0, 2) and (4, 2). 
When finding the standard form Solution 


of the equation of any conic, By the Midpoint Formula, the center of the hyperbola occurs at the point (2, 2). 


it is helpful to sketch a graph Furthermore, c = 5 — 2 = 3 anda = 4 — 2 = 2, and it follows that 
of the conic with the given _ 6 a 5 _ 
characteristics. b= Ve —a v3 2 V9-4= V5. 


So, the hyperbola has a horizontal transverse axis and the standard form of the 
equation is 


@@— 2?  (y- 2)? 
2 (VsP = 1. See Figure 6.32. 


This equation simplifies to 


@— 2? (Gy -2P _ 
4 5 


1. 


@=2) 27 _ 
y 2? (/5)? 


(0,2) (4, 2) 


(2.2) V5 5) 
(Ell, 2) : 


FIGURE 6.32 


cneckpont Now try Exercise 27. 


Conjugate @ 
. : Ore 
\. axis ae 
. ore 
SY, 


Sa RED) OR 
ess Ss@seesse/ 


i. 


(h—-a,k) (h+a,k) 


FIGURE 6.33 
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Asymptotes of a Hyperbola 


Each hyperbola has two asymptotes that intersect at the center of the hyperbola, 
as shown in Figure 6.33. The asymptotes pass through the vertices of a rectangle 
of dimensions 2a by 2b, with its center at (h, k). The line segment of length 2b 
joining (h, k + b) and (h, k — b) [or (h + b, k) and (h — b, k)] is the conjugate 
axis of the hyperbola. 


Asymptotes of a Hyperbola 


The equations of the asymptotes of a hyperbola are 


yH=kH —(x = h) Transverse axis is horizontal. 


a 
yH=kH re — h). Transverse axis is vertical. 


| Example 2 | Using Asymptotes to Sketch a Hyperbola 


Sketch the hyperbola whose equation is 4x” — y* = 16. 


Solution 


Divide each side of the original equation by 16, and rewrite the equation in 
standard form. 
xy ad 
2 _ p =1 Write in standard form. 
From this, you can conclude that a = 2, b = 4, and the transverse axis is hori- 
zontal. So, the vertices occur at (—2, 0) and (2,0), and the endpoints of the 
conjugate axis occur at (0, —4) and (0, 4). Using these four points, you are able 
to sketch the rectangle shown in Figure 6.34. Now, from c? = a* + b?, you have 
c= /2 +4 = /20 = 2/5. So, the foci of the hyperbola are (—2/5, 0) 
and (2/5, 0). Finally, by drawing the asymptotes through the corners of this 
rectangle, you can complete the sketch shown in Figure 6.35. Note that the 
asymptotes are y = 2x and y = —2kx. 


—< 
— 


8+ 
(0, 4) 
6+ 
©2210); Ke) 
t i—; e— jp» x 
6 -4 | G 
| Oe) 
—6-+ 
FIGURE 6.34 FIGURE 6.35 


weneckroint Now try Exercise 7. 
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Schit-wem Finding the Asymptotes of a Hyperbola 


Sketch the hyperbola given by 4x7 — 3y? + 8x + 16 = Oand find the equations 
of its asymptotes and the foci. 


Solution 
4x? — 3y? + 8x + 16=0 Write original equation. 
(4x2 + 8x) — 3y? = —16 Group terms. 
A(x? + 2x) — 3y? = -16 Factor 4 from x-terms. 
4(x? + 2x + 1) — 3y? = -164+ 4 Add 4 to each side. 
A(x + 1)? — 3y2? = -12 Write in completed square form. 
(x 5 Us + x = 1 Divide each side by — 12. 
yo Ge IP 
y 2 (BP = 1 Write in standard form. 


From this equation you can conclude that the hyperbola has a vertical transverse 
axis, centered at (— 1, 0), has vertices (— 1, 2) and (— 1, —2), and has a conjugate 
ves - Ty? (+1)? 2 axis with endpoints (-1 — /3, 0) and (- 1+ V3, 0). To sketch the hyperbola, 
Ci, OV Lt 22 (3)? draw a rectangle through these four points. The asymptotes are the lines passing 

a x through the corners of the rectangle. Using a = 2 and b = /3, you can 


conclude that the equations of the asymptotes are 


2 2 
ear a 1) and y= “Re 1). 
Finally, you can determine the foci by using the equation c? = a? + b?. So, you 
have c= J/2 + (3) = /7, and the foci are (-1, =2.> <7) and 
FIGURE 6.36 (= 1, =2.+ V7). The hyperbola is shown in Figure 6.36. 


cueckpoint Now try Exercise 13. 


Technology 


You can use a graphing utility to graph a hyperbola by graphing the upper and lower portions in the same viewing window. 
For instance, to graph the hyperbola in Example 3, first solve for y to get 


+172 x + 1)? 
yy, 2/1424 and Y> 2 +o 


Use a viewing window in which —9 < x < 9and —6 < y < 6. You should obtain the graph shown below. Notice that the 
graphing utility does not draw the asymptotes. However, if you trace along the branches, you will see that the values of the 
hyperbola approach the asymptotes. 
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r y=2x-8 Seluilytewe Using Asymptotes to Find the Standard Equation 


ae 4 
pee “ (3, 1) if Find the standard form of the equation of the hyperbola having vertices (3, — 5) 
a ee a and (3, 1) and having asymptotes 
* iF {—> x y=2x-8 and y=-2x+4 
—2 oN pes 6 7 
; ae as shown in Figure 6.37. 
pa Solution 
rie ie 5p By the Midpoint Formula, the center of the hyperbola is (3, — 2). Furthermore, the 
ae ‘ hyperbola has a vertical transverse axis with a = 3. From the original equations, 
aod # ‘ you can determine the slopes of the asymptotes to be 
v YX a a 
y=-2x+4 Ka and i aa 
FIGURE 6.37 


and, because a = 3 you can conclude 


2-2 > 2-2 mm >= 


b 


Ne) 


So, the standard form of the equation is 


as = 3)? _ 
"  () 


cuecKpoinr Now try Exercise 35. 


As with ellipses, the eccentricity of a hyperbola is 
EC Eccentricity 
and because c > a, it follows that e > 1. If the eccentricity is large, the branches 


of the hyperbola are nearly flat, as shown in Figure 6.38. If the eccentricity is close 
to 1, the branches of the hyperbola are more narrow, as shown in Figure 6.39. 


y 
A A 
; e is close to 1. 
e is large. 
; SF Focus 
S ertex oe 
| Vertex Focus SS ioe = 
e @—> x —- - —_ > xX 
i 1 ete Feet 
_—— 1 
a i 
= 3 
G 


FIGURE 6.38 FIGURE 6.39 


460 Chapter6 —_‘ Topics in Analytic Geometry 


> xX 


2c = 5280 
2200 + 2(c — a) = 5280 


FIGURE 6.40 


FIGURE 6.41 


Applications 


The following application was developed during World War II. It shows how the 
properties of hyperbolas can be used in radar and other detection systems. 


} Example 5 | An Application Involving Hyperbolas 


Two microphones, | mile apart, record an explosion. Microphone A receives the 
sound 2 seconds before microphone B. Where did the explosion occur? (Assume 
sound travels at 1100 feet per second.) 


Solution 


Assuming sound travels at 1100 feet per second, you know that the explosion 
took place 2200 feet farther from B than from A, as shown in Figure 6.40. The 
locus of all points that are 2200 feet closer to A than to B is one branch of the 


hyperbola 
2 2 
o-Ee 
a b? 
where 
5280 
c = —— = 2640 
2 
and 
2200 
a= 5 = 1100 


So, b? = c? — a* = 2640? — 1100* = 5,759,600, and you can conclude that 
the explosion occurred somewhere on the right branch of the hyperbola 


x2 y? 


- = 1 
1,210,000 5,759,600 
ofcueckroint Now try Exercise 41. 


Another interesting application of conic sections involves the orbits of comets 
in our solar system. Of the 610 comets identified prior to 1970, 245 have elliptical 
orbits, 295 have parabolic orbits, and 70 have hyperbolic orbits. The center of the 
sun is a focus of each of these orbits, and each orbit has a vertex at the point where 
the comet is closest to the sun, as shown in Figure 6.41. Undoubtedly, there have 
been many comets with parabolic or hyperbolic orbits that were not identified. We 
only get to see such comets once. Comets with elliptical orbits, such as Halley’s 
comet, are the only ones that remain in our solar system. 

If p is the distance between the vertex and the focus (in meters), and v is the 
velocity of the comet at the vertex in (meters per second), then the type of orbit 
is determined as follows. 


1. Ellipse:  v</2GM/p 
2. Parabola; v = /2GM/p 
3. Hyperbola: v > /2GM/p 


In each of these relations, M = 1.989 x 10°° kilograms (the mass of the sun) and 
G ~ 6.67 x 107!! cubic meter per kilogram-second squared (the universal 
gravitational constant). 


Ls 
S 
= 
U 
a 
[e) 
U 
= 
wv 
1°)) 
(= 
oO 
fe 
6 
wv 
r= 
- 


Historical Note 

Caroline Herschel (1750-1848) 
was the first woman to be 
credited with detecting a 

new comet. During her long 
life, this English astronomer 
discovered a total of eight new 
comets. 
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General Equations of Conics 


Classifying a Conic from Its General Equation 
The graph of Ax? + Cy? + Dx + Ey + F = Ois one of the following. 


1. Circle: A=C 
2. Parabola: AC =0 A = OorC = O, but not both. 
3. Ellipse: AC > 0 A and C have like signs. 


4. Hyperbola: AC < 0 A and C have unlike signs. 


The test above is valid if the graph is a conic. The test does not apply to 
equations such as x? + y* = —1, whose graph is not a conic. 


Seluilt-mom Classifying Conics from General Equations 


Classify the graph of each equation. 
a. 4x7 - 9x +y—-5=0 

b. 4x2 — y? + 8x —-6y + 4=0 
c. 2x? + 4y? — 4x + 12y = 0 

d. 2x2 + 2y? — 8x + 12y +2=0 


Solution 
a. For the equation 4x2 — 9x + y — 5 = 0, you have 
AC = 4(0) = 0. Parabola 


So, the graph is a parabola. 
b. For the equation 4x7 — y? + 8x — 6y + 4 = 0, you have 


AC = 4(— 1) < 0. Hyperbola 
So, the graph is a hyperbola. 
c. For the equation 2x” + 4y* — 4x + 12y = 0, you have 


AC = 2(4) > 0: Ellipse 


So, the graph is an ellipse. 
d. For the equation 2x? + 2y? — 8x + 12y + 2 = 0, you have 


A=C=2. Circle 
So, the graph is a circle. 


eHeckroint Now try Exercise 49. 


Wairine asout WHtaTHEMATICS 


Sketching Conics Sketch each of the conics described in Example 6. Write a para- 
graph describing the procedures that allow you to sketch the conics efficiently. 
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il eecs 


VOCABULARY CHECK: Fill in the blanks. 


LA is the set of all points (x, y) in a plane, the difference of whose distances from two 


distinct fixed points, called 


2. The graph of a hyperbola has two disconnected parts called 


3. The line segment connecting the vertices of a hyperbola is called the 
of the hyperbola. 


the midpoint of the line segment is the 
4. Each hyperbola has two 


5. The general form of the equation of a conic is given by 


, is a positive constant. 


, and 


that intersect at the center of the hyperbola. 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-4, match the equation with its graph. [The 
graphs are labeled (a), (b), (c), and (d).] 


(a) y (b) 
A 
8+ 
4- 
eee ee * 
-8 i aN sg 
—-4-+ 
—-8 + 
(c) y (d) y 
A A 
a+ gt 
1 ele 
pee. . eeiemarae = 
Pg oa dL a aA dh AE 
= —4- 
—8-+ —-§ + 
2 2 2 2: 
12-2 =1 | 
9 25 25 9 
ei ari G=2)? 
~o 1 4. 1 
one 4 16 9 


In Exercises 5-16, find the center, vertices, foci, and the 
equations of the asymptotes of the hyperbola, and sketch 
its graph using the asymptotes as an aid. 


2 


5x2 —y2=1 Sei 
9 25 
2 2 2 2 
.y-2 21 g.—-* =) 
258i 364 
9 2? _ Wt _, 
“4 1 


10. Cae) Sa © dee 1 
144 25 
(y +6? . &— 2) 
iG ia 
(y- 1)? @+3) _ 
= 1/4 1/16 : 


13. 9x? — y? — 36x — 6y + 18 = 0 
14. x? — 9y? + 36y — 72 =0 

15. x? — 9y? + 2x — 54y — 80 = 0 
16. 16y? — x? + 2x + 64y + 63 = 0 


In Exercises 17-20, find the center, vertices, foci, and the 
equations of the asymptotes of the hyperbola. Use a graph- 
ing utility to graph the hyperbola and its asymptotes. 

17. 2x? — 3y? = 6 

18. 6y? — 3x2 = 18 

19. 9y? — x2 + 2x + 54y + 62 = 0 

20. 9x? — y2 + 54x + 10y + 55 =0 


In Exercises 21-26, find the standard form of the equation 
of the hyperbola with the given characteristics and center 
at the origin. 

21. Vertices: (0, +2); foci: (0, +4) 

22. Vertices: (+4, 0); foci: (+6, 0) 

23. Vertices: (+1, 0); asymptotes: y = +5x 


24. Vertices: (0, +3); asymptotes: y = +3x 

25. Foci: (0, +8); asymptotes: y = +4x 

26. Foci: (+10, 0); asymptotes: y = tix 

In Exercises 27-38, find the standard form of the equation 
of the hyperbola with the given characteristics. 


27. Vertices: (2, 0), (6, 0); foci: (0, 0), (8, 0) 
28. Vertices: (2, 3), (2, —3); foci: (2, 6), (2, —6) 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


Vertices: (4, 1), (4,9); foci: (4, 0), (4, 10) 
Vertices: (—2, 1), (2, 1); foci: (—3, 1), (3, 1) 
Vertices: (2, 3), (2, —3); 

passes through the point (0, 5) 

Vertices: (—2, 1), (2, 1); 

passes through the point (5, 4) 

Vertices: (0, 4), (0, 0); 

passes through the point (5; — 1) 
Vertices: (1, 2), (1, —2); 

passes through the point (0, J) 
Vertices: (1, 2), (3, 2); 

asymptotes: y = x, y=4—x 

Vertices: (3, 0), (3, 6); 

asymptotes: y = 6 — x, y=x 

Vertices: (0, 2), (6, 2); 

asymptotes: y = ox, yH4= dy 
Vertices: (3, 0), (3, 4); 

asymptotes: y = tx, yH4— by 


Art A sculpture has a hyperbolic cross section (see 
figure). 


(a) Write an equation that models the curved sides of the 
sculpture. 


(b) Each unit in the coordinate plane represents 1 foot. 
Find the width of the sculpture at a height of 5 feet. 


Sound Location You and a friend live 4 miles apart (on 
the same “east-west” street) and are talking on the phone. 
You hear a clap of thunder from lightning in a storm, and 
18 seconds later your friend hears the thunder. Find an 
equation that gives the possible places where the lightning 
could have occurred. (Assume that the coordinate system 
is measured in feet and that sound travels at 1100 feet per 
second.) 
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41. Sound Location Three listening stations located at 
(3300, 0), (3300, 1100), and (—3300,0) monitor an 
explosion. The last two stations detect the explosion 
1 second and 4 seconds after the first, respectively. 
Determine the coordinates of the explosion. (Assume that 
the coordinate system is measured in feet and that sound 
travels at 100 feet per second.) 


42. LORAN Long distance radio navigation for aircraft 


and ships uses synchronized pulses transmitted by 
widely separated transmitting stations. These pulses 
travel at the speed of light (186,000 miles per second). 
The difference in the times of arrival of these pulses at 
an aircraft or ship is constant on a hyperbola having the 
transmitting stations as foci. Assume that two stations, 
300 miles apart, are positioned on the rectangular coor- 
dinate system at points with coordinates (— 150, 0) and 
(150, 0), and that a ship is traveling on a hyperbolic 
path with coordinates (x, 75) (see figure). 


y 


(a) Find the x-coordinate of the position of the ship if 
the time difference between the pulses from the 
transmitting stations is 1000 microseconds (0.001 
second). 


Determine the distance between the ship and 
station 1 when the ship reaches the shore. 


The ship wants to enter a bay located between the 
two stations. The bay is 30 miles from station 1. 
What should the time difference be between the 
pulses? 


The ship is 60 miles offshore when the time differ- 
ence in part (c) is obtained. What is the position of 
the ship? 
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43. 


44. 
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Hyperbolic Mirror A hyperbolic mirror (used in some 
telescopes) has the property that a light ray directed at a 
focus will be reflected to the other focus. The focus of a 
hyperbolic mirror (see figure) has coordinates (24, 0). Find 
the vertex of the mirror if the mount at the top edge of the 
mirror has coordinates (24, 24). 


y 


(24, 24) 


NS 


e 
(24, 0) 


> xX 


(—24, 0) 


Running Path Let (0,0) represent a water fountain 
located in a city park. Each day you run through the park 
along a path given by 

52,500 = 0 


24 


+ y? — 200x 


x 
where x and y are measured in meters. 


(a) What type of conic is your path? Explain your 
reasoning. 

(b) Write the equation of the path in standard form. Sketch 
a graph of the equation. 

(c) After you run, you walk to the water fountain. If you 


stop running at (—100, 150), how far must you walk 
for a drink of water? 


In Exercises 45-60, classify the graph of the equation as a 
circle, a parabola, an ellipse, or a hyperbola. 


45. 
46. 
47. 
48. 
49. 
50. 
51. 
52. 
53. 
54. 
55. 
56. 
57. 
58. 
59. 
60. 


x27 + y?—6x+4y+9=0 
x? + 4y? — 6x + loy + 21 =0 
4x? — yy? -— 4x -3 =0 


y? — 6y — 4x + 21 =0 

y?— 4x7 + 4x -2y-4=0 
x? + y*-— 4x + 6y -3 =0 

x? — 4x — By +2 =0 

4x7 + y?— 8x +3 = 

4x2 + 3y2 + 8x — 24y + 51 =0 
Ay? — 2x? — dy — 8x - 15 =0 
25x? — 10x — 200y — 119 = 0 
4y? + 4x? — 24x + 35 =0 

4x? + l6y? — 4x — 32y + 1=0 
2y? +2x+ 2y+1=0 

100x? + 100y? — 100x + 400y + 409 = 0 
4x? —y?+4x+2y-1=0 


Synthesis 


True or False? 


In Exercises 61 and 62, determine whether 


the statement is true or false. Justify your answer. 


61. 


62. 


63. 


64. 


65. 


66. 


In the standard form of the equation of a hyperbola, the 
larger the ratio of b to a, the larger the eccentricity of the 
hyperbola. 


In the standard form of the equation of a hyperbola, the 
trivial solution of two intersecting lines occurs when 
b=0. 


Consider a hyperbola centered at the origin with a 
horizontal transverse axis. Use the definition of a hyperbola 
to derive its standard form. 


Writing Explain how the central rectangle of a hyperbola 
can be used to sketch its asymptotes. 


Think About It Change the equation of the hyperbola so 
that its graph is the bottom half of the hyperbola. 


9x? — 54x — 4y? + By + 41 =0 


Exploration A circle and a parabola can have 0, 1, 2, 3, 
or 4 points of intersection. Sketch the circle given by 
x? + y? = 4, Discuss how this circle could intersect a 
parabola with an equation of the form y = x? + C. Then 
find the values of C for each of the five cases described 
below. Use a graphing utility to verify your results. 


(a) No points of intersection 
(b) One point of intersection 
(c) Two points of intersection 
(d) Three points of intersection 


(e) Four points of intersection 


Skills Review 


In Exercises 67-72, factor the polynomial completely. 


67. 
68. 
69. 
70. 
71. 
72. 


x3 — 16x 

x? + 14x + 49 
2x3 — 24x? + 72x 
6x? — 11x? — 10x 
16x? + 54 
4-—x+4x?- x 


In Exercises 73-76, sketch a graph of the function. Include 
two full periods. 


73. 
74. 
75. 
76. 


y=2cosx +1 
y = sin mx 

y = tan 2x 

y= —}sec x 
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What you should learn 


+ Rotate the coordinate axes 
to eliminate the xy-term in 
equations of conics. 

* Use the discriminant to 
classify conics. 


Why you should learn it 


As illustrated in Exercises 7-18 
on page 471, rotation of the 
coordinate axes can help you 
identify the graph of a general 
second-degree equation. 


Rotation 


In the preceding section, you learned that the equation of a conic with axes 
parallel to one of the coordinate axes has a standard form that can be written in 
the general form 


Ax? + Cy? + Dx + Ey + F=0. 


Horizontal or vertical axis 


In this section, you will study the equations of conics whose axes are rotated so 
that they are not parallel to either the x-axis or the y-axis. The general equation 
for such conics contains an xy-term. 


Ax? + Bxy + Cy? + Dx + Ey + F=0 Equation in xy-plane 


To eliminate this xy-term, you can use a procedure called rotation of axes. The 
objective is to rotate the x- and y-axes until they are parallel to the axes of the 
conic. The rotated axes are denoted as the x-axis and the y-axis, as shown in 
Figure 6.42. 


FIGURE 6.42 

After the rotation, the equation of the conic in the new x’y’-plane will have the 
form 

Ae’? + Cy’)? + Dix! + Ey’ + F/= 0. 


Equation in x’y’-plane 
Because this equation has no xy-term, you can obtain a standard form by 
completing the square. The following theorem identifies how much to rotate the 


axes to eliminate the xy-term and also the equations for determining the new 
coefficients A’, C’, D’, E’, and F’’. 


Rotation of Axes to Eliminate an xy-Term 


The general second-degree equation Ax? + Bxy + Cy? + Dx + 
Ey + F = Ocan be rewritten as 


A(x’)? + Cy’)? + D'x’ + Ely’ + F’=0 


by rotating the coordinate axes through an angle 6, where 
A=€C 
cot 26 = ; 
B 


The coefficients of the new equation are obtained by making the 
substitutions x = x’cos @ — y’sin Oand y = x’sin 6 + y’cos 0. 
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STUDY TIP 


Remember that the substitutions 
x = x’cos @— y’sin 0 
and 
y =x’sin 8+ y’cos 0 


were developed to eliminate the 
x’y’-term in the rotated system. 
You can use this as a check on 
your work. In other words, if 
your final equation contains an 
x’y’-term, you know that you 
made a mistake. 


Vertices: 

Inx’y’-system: (/2, 0), (— 2, 0) 
In xy-system: (1,1), (—1, —1) 
FIGURE 6.43 


Topics in Analytic Geometry 


Schima Rotation of Axes for a Hyperbola 


Write the equation xy — | = 0 in standard form. 


Solution 
Because A = 0, B = 1, and C = 0, you have 


ASC 
cot 26 = = = 0 => 29= 5 


which implies that 


Hoge = ‘sin 
x=x 

ae 

1 {1 

we) ale 


and 


ja F 7 
y=x er cos — 


4 
“3 {1 
(a) +9) 

x ty’ 


2 


The equation in the x’y’-system is obtained by substituting these expressions in 
the equation xy — 1 = 0. 


(BE) 18 
(x)? - (y')? 

2 

(e)? _ (y)? 
(V2)? (V2)? 


In the x’y’-system, this is a hyperbola centered at the origin with vertices at 
(+ 2, 0), as shown in Figure 6.43. To find the coordinates of the vertices in the 
xy-system, substitute the coordinates (+ /2, 0) in the equations 


1=0 


1 Write in standard form. 


x’ — y’ 2 x’ + y’ 
x= an = 
2 ep 
This substitution yields the vertices (1, 1) and (— 1, — 1) in the xy-system. Note 


also that the asymptotes of the hyperbola have equations y’ = +x’, which 
correspond to the original x- and y-axes. 


cueckpoint 


Now try Exercise 7. 


7x2 — 6\/3xy + 13y2- 16=0 


Vertices: 
Inx’y oe (+2, 0), (0, +1) 


Pte 
> 

a 
Fie 


FIGURE 6.44 
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} Example 2 | Rotation of Axes for an Ellipse 


Sketch the graph of 7x? — 6/3xy + 13y? — 16 = 0. 
Solution 
Because A = 7, B = -6/3, and C = 13, you have 
A=C  7T=13 1 
B =6./3 4/3 
which implies that @ = 7/6. The equation in the x’y’-system is obtained by 
making the substitutions 


cot 20 = 


7 peat 
x= X' C08 y’ sin 


6 
-(2)-() 
fax = 3 
2 


and 


| 
an 
, 
Nile 
So 
+ 
= 
ee 
nS 
1S) 
| 


er fav 
2 
in the original equation. So, you have 


Tx? — 6\/3xy + 13y2 — 16 =0 
(A) - ASS) 


Phe 1\2 
+ 13(2 Or 16 = 0 
2 
which simplifies to 
A(x’)? + 16(y’)? — 16 = 0 
A(x’)? + 16(y’)? = 16 
"\2 1\2 
()? , O’? _ 
4 1 
LV, ‘\2. 
“) de oe = 1. Write in standard form. 


This is the equation of an ellipse centered at the origin with vertices (+2, 0) in 
the x’y -system, as shown in Figure 6.44. 


wcueckpoint Now try Exercise 13. 
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20 


3 
FIGURE 6.45 


x? — Ary + 4y2+5./5y+1=0 


o’+ D?=CD(’- 4) 


Vertex: 

In xy -system: (2 = 1) 

In xy-system: (4 sl 
55 55/5. 


FIGURE 6.46 


Seliuy)t-weee Rotation of Axes for a Parabola 


Sketch the graph of x2 — 4xy + 4y2+5/S5y+1=0. 
Solution 
Because A = 1, B = —4, and C = 4, you have 
A-C 1-4 3 
B —4 4 


cot 20 = 


Using this information, draw a right triangle as shown in Figure 6.45. From the 
figure, you can see that cos 20 = 5. To find the values of sin 6 and cos 6, you can 
use the half-angle formulas in the forms 


sin 9 = we 528 and cos@= — eae 


So, 


oe ue f= 

2 2 5 5 

a pe 
2 2 5 V5 


Consequently, you use the substitutions 


x = x’cos 6— y’sin 6 


=a) ta) 


y =x’sin@ + y’cos 0 


(=): (=) x’ + 2y’ 
=x ty = : 

eo) do) J5 

Substituting these expressions in the original equation, you have 


x? — dxy + 4y2+5/Sy+1=0 


(7) CPS 7 (2) ¥ sv3(* 2") +1=0 


which simplifies as follows. 


5(y’)? + 5x’ + 10y’+1=0 


S[(y’)? 4 2y = =54" = 1 Group terms. 


5(y’ oe 1) 2= —5x/4+ 4 Write in completed square form. 


4 
(y’ 1) a= ( n(x 4 Write in standard form. 


The graph of this equation is a parabola with vertex (2 = 1). Its axis is parallel 
to the x’-axis in the x’y’-system, and because sin 6 = 1/ 5, 0 = 26.6°, as 
shown in Figure 6.46. 


ocueckroint Now try Exercise 17. 


STUDY TIP 


If there is an xy-term in the 
equation of a conic, you should 
realize then that the conic is 
rotated. Before rotating the axes, 
you should use the discriminant 
to classify the conic. 
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Invariants Under Rotation 


In the rotation of axes theorem listed at the beginning of this section, note that 
the constant term is the same in both equations, F’ = F. Such quantities are 
invariant under rotation. The next theorem lists some other rotation invariants. 


Rotation Invariants 


The rotation of the coordinate axes through an angle 6 that transforms the 
equation Ax? + Bxy + Cy? + Dx + Ey + F = 0 into the form 


A(x’)? + C(y’)? + Dx’ + E'y’+ F’=0 


has the following rotation invariants. 
1. F=F’ 

2A CSAC C’ 

3. B? — 4AC = (B’)? — 4A’C’ 


You can use the results of this theorem to classify the graph of a second- 
degree equation with an xy-term in much the same way you do for a 
second-degree equation without an xy-term. Note that because B’ = 0, the 
invariant B? — 4AC reduces to 


B? — 4AC = —4A'C’. Discriminant 
This quantity is called the discriminant of the equation 
Ax? + Bxy + Cy? + Dx + Ey + F=0. 


Now, from the classification procedure given in Section 6.4, you know that the 
sign of A’C’ determines the type of graph for the equation 


A(x’)? + Cy’)? + Dx’ + Ey’ + F’=0. 


Consequently, the sign of B? — 4AC will determine the type of graph for the 
original equation, as given in the following classification. 


Classification of Conics by the Discriminant 


The graph of the equation Ax* + Bxy + Cy? + Dx + Ey + F = Ois, 
except in degenerate cases, determined by its discriminant as follows. 


1. Ellipse or circle: B? — 4AC < 0 
2. Parabola: B? — 4AC = 0 
3. Hyperbola: B? — 4AC > 0 


For example, in the general equation 
3x? + Ixy + 5y? — 6x — Ty + 15 = 0 

you have A = 3, B = 7, and C = 5. So the discriminant is 
B? — 4AC = 7? — 4(3)(5) = 49 — 60 = -11. 


Because — 11 < 0, the graph of the equation is an ellipse or a circle. 
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-1 5 
-1 
FIGURE 6.47 
4 
0 6 
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FIGURE 6.48 
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FIGURE 6.49 


Settee Rotation and Graphing Utilities 


For each equation, classify the graph of the equation, use the Quadratic Formula 
to solve for y, and then use a graphing utility to graph the equation. 


a. 2x7 — 3xy + 2y? — 2x =0 b. x° — 6xy + 9y — 2yv+1=0 
c. 3x? + 8xy + 4y7- 7=0 
Solution 


a. Because B? — 4AC = 9 — 16 < 0, the graph is a circle or an ellipse. Solve 
for y as follows. 


2x? — 3xy + 2y? — 2x = 0 Write original equation. 
2y? — 3xy + (2x? — 2x) = 0 Quadratic form ay? + by +c = 0 
—(—3x) + /(—3x)? — 4(2)(2x? — 2x) 
2(2) 
ya det VMI6= 7) 
4 


Graph both of the equations to obtain the ellipse shown in Figure 6.47. 


_ 3x + Yx(16 — 7x) 


1 Fi Top half of ellipse 
3x — V/x(16 — 7x) : 
yo = 4 Bottom half of ellipse 


b. Because B? — 4AC = 36 — 36 = 0, the graph is a parabola. 


x? — 6xy + Vy? — 2y+1=0 Write original equation. 
Oy? — (6x + 2)y + (x2 + 1) = 0 Quadratic form ay? + by +c = 0 
(6x + 2) + /(6x + 2)? — 4(9)(x2 + 1) 
— 2(9) 


Graphing both of the equations to obtain the parabola shown in Figure 6.48. 
c. Because B? — 4AC = 64 — 48 > 0, the graph is a hyperbola. 


3x? + 8xy + 4y7-7=0 Write original equation. 
4y? + 8xy + (3x? — 7) =0 Quadratic form ay? + by +c =0 
_ =8ee J(8x)2 — 4(4)(3x2 — 7) 
‘ 2(4) 


The graphs of these two equations yield the hyperbola shown in Figure 6.49. 
ouecxront Now try Exercise 33. 


Wririne asout HAATHEMATICS 


Classifying a Graph as a Hyperbola The graph of f(x) = 1/x is a hyperbola. Use the 


techniques in this section to verify this, and justify each step. Compare your results 
with those of another student. 


le 
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VOCABULARY CHECK: Fill in the blanks. 


1. The procedure used to eliminate the xy-term in a general second-degree equation is called 
of 


2. After rotating the coordinate axes through an angle 0, the general second-degree equation in the new 
x’y’-plane will have the form 


3. Quantities that are equal in both the original equation of a conic and the equation of the rotated conic 
are 


4. The quantity B? — 4AC is called the of the equation Ax? + Bxy + Cy? + Dx + Ey + F=0. 
PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-6, the x’y’-coordinate system has been 22. 40x? + 36xy + 25y? = 52 
rotated @ degrees from the xy-coordinate system. The 23. 32x? + 48xy + 8y? = 50 
coordinates of a point in the xy-coordinate system are 

24, 24x? + 18xy + 12y? = 34 


given. Find the coordinates of the point in the rotated 


coordinate system. 25. 4x2 — 12xy + 9y? + (4/13 — 12)x 
1. 6 = 90°, (0, 3) 2. 6 = 45°, (3, 3) — (613 + 8)y = 91 
2 1 2 
3. 6 = 30°, (1,3) 4. 6 = 60°, (3,1) 26. 6x2 — Axy + 8y? + (5/5 — 10)x 
5. 0 = 45°, (2,1) 6. 6 = 30°, (2, 4) — (7V5 + 5)y = 80 


In Exercises 7-18, rotate the axes to eliminate the xy-term In Exercises 27-32, match the graph with its equation. [The 
in the equation. Then write the equation in standard form. graphs are labeled (a), (b), (c), (d), (e), and (f).] 

Sketch the graph of the resulting equation, showing both (a) yy (b) 

sets of axes. A 


7. xy +1=0 

8. xy —-2=0 

9. x? — 2xy + yy? -1=0 

10. xy +x-2y+3=0 

11. xy — 2y —- 4x = 0 

12. 2x? — 3xy — 2y?+ 10 =0 

13. 5x? — 6xy + 5y?— 12 =0 

14, 13x? + 6/3xy + Ty? — 16 =0 

15. 3x2 — 2/3xy + y? + 2x + 2V3y =0 
16. 16x? — 24xy + 9y? — 60x — 80y + 100 = 0 
17. 9x? + 24xy + 1l6y? + 90x — 130y = 0 
18. 9x? + 24xy + l6y? + 80x — 60y = 0 


In Exercises 19-26, use a graphing utility to graph the 
conic. Determine the angle 6 through which the axes are 
rotated. Explain how you used the graphing utility to 
obtain the graph. 


19, x? + 2xy + y? = 20 
20. x? — 4xy + 2y? = 
21. 17x? + 32xy — Ty? = 75 


le 
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27. 
28. 
29. 
30. 
31. 
32. 
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xy+2=0 
x? + 2xy + y? = 
2x? + 3xy + 2y?+3=0 


x? — xy + 3y?-5=0 
3x? + Ixy + y?- 10 =0 
2 = dg + dy? + 10x = 30 = 0 


Xx 


In Exercises 33-40, (a) use the discriminant to classify the 
graph, (b) use the Quadratic Formula to solve for y, and 
(c) use a graphing utility to graph the equation. 


33. 
34. 
35. 
36. 
37. 
38. 
39. 
40. 


16x? — 8xy + y? — 10x + 5y =0 
x? — 4xy — 2y?-6=0 
12x? — 6xy + Ty? — 45 = 0 


6xy 


x? + 4xy + 4y? — 5x -—y 
2 


Xx 


In Exercises 41-44, sketch (if possible) the graph of the 
degenerate conic. 


41. 
42. 
43. 
44. 


y? — 9x7 = 

x? +y?—2x+ 6by+ 10=0 
x? + 2xy + y?-1=0 

x? — 10xy + y? =0 


In Exercises 45-58, find any points of intersection of the 
graphs algebraically and then verify using a graphing 
utility. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


x?7+y?+4x-6y+4=0 

24 y2 6y +12 =0 

20y —7 =0 

x* + Gy* + 8x + 4y+7=0 

4x2 — y2 — 16x + 24y — 16 =0 
40x — 24y + 208 = 0 

x2 — 4y? — 20x — 64y — 172 = 0 
320x + 64y + 1600 = 0 
y?— 12x + loy — 64=0 

12x — l6y + 64 =0 

x? + 4y? —2x - 8y +1=0 


x 


16x? + 25y? — 400 = 0 
16x? — y? + 1l6y — 128 = 0 
y? — 48x — l6y — 32 = 0 


53. 


54. 


55. 


56. 


x7+y?-4=0 
3x — y= 
4x? + Dy? — 36y = 0 
x? + 9y —-27=0 
x? + 2y? — 4x + by —-5=0 
—x+ty—-4=0 
x? + 2y? — 4x + by -5=0 
x2-—4x-y+4=0 


57. xy +x-2y+3=0 
x2 + 4y2-9=0 
58. 5x2 — 2xy + Sy? - 12 =0 
cry 1=0 
Synthesis 


True or False? 


In Exercises 59 and 60, determine whether 


the statement is true or false. Justify your answer. 


59. 


60. 


61. 


62. 


The graph of the equation 


x? + xy + ky? + 6x +10 =0 
where k is any constant less than is is a hyperbola. 


After a rotation of axes is used to eliminate the xy-term 
from an equation of the form 


Ax? 4 


Bxy + Cy? + Dx + Ey + F=0 


the coefficients of the x?- and y?-terms remain A and C, 
respectively. 

Show that the equation 

e+y2=P7? 

is invariant under rotation of axes. 


Find the lengths of the major and minor axes of the ellipse 
graphed in Exercise 14. 


Skills Review 


In Exercises 63-70, graph the function. 


63. 
65. 
67. 
69. 


f(x) = |x + 3] 64. f(x) = |x -4| +1 
a(x) = J4— 66. g(x) = /3x — 2 
A(t) = —(t — 2) +3 68. h(t) = 5(t + 4)3 


fd = (t-5)4+1 70. f(t) = —2[[¢ + 3 


In Exercises 71-74, find the area of the triangle. 


71. 
72. 
73. 
74. 


C= 110°,a=8,b= 12 
B= 70°,a = 25,c = 16 
a= 11,b = 18,c = 10 
a@ = 23,b = 35,¢ = 27 


What you should learn 


Evaluate sets of parametric 
equations for given values 
of the parameter. 

Sketch curves that are 
represented by sets of 
parametric equations. 
Rewrite sets of parametric 
equations as single 
rectangular equations by 
eliminating the parameter. 


\ 


Jed Jacobsohn/Getty Images 
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Plane Curves 


Up to this point you have been representing a graph by a single equation 
involving the two variables x and y. In this section, you will study situations in 
which it is useful to introduce a third variable to represent a curve in the plane. 

To see the usefulness of this procedure, consider the path followed by an 
object that is propelled into the air at an angle of 45°. If the initial velocity of the 
object is 48 feet per second, it can be shown that the object follows the 
parabolic path 


x2 


y= a9 a x Rectangular equation 
as shown in Figure 6.50. However, this equation does not tell the whole story. 
Although it does tell you where the object has been, it doesn’t tell you when the 
object was at a given point (x, y) on the path. To determine this time, you can 
introduce a third variable ¢, called a parameter. It is possible to write both x and 
y as functions of f to obtain the parametric equations 


24,/2 t Parametric equation for x 


Xx 


y —16r2 + 24./2 i. Parametric equation for y 


From this set of equations you can determine that at time t = 0, the object is at 


the point (0,0). Similarly, at time t= 1, the object is at the point 
(94/9, 24/2 - 16), and so on, as shown in Figure 6.50. 


Rectangular equation: A 


Parametric equations: 
x= 24/21 


i 
2 t t t I t 
y= —l6t°+24/2r t=O] 9 18 27 36 45 54 63 72 81 


> X 


Curvilinear Motion: Two Variables for Position, One Variable for Time 
FIGURE 6.50 


For this particular motion problem, x and y are continuous functions of f, 
and the resulting path is a plane curve. (Recall that a continuous function is one 
whose graph can be traced without lifting the pencil from the paper.) 


Definition of Plane Curve 


If f and g are continuous functions of f on an interval J, the set of ordered 
pairs (f(1), g(d) is a plane curve C. The equations 


x=f) and y= g(t) 


are parametric equations for C, and f is the parameter. 
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i=l 
t t t 
t=0 j 2) 4 
f=— = 
alka 2 
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FIGURE 6.51 
y 
A 
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x=4-4 
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ar eae! 
=e = 3 
l<t< 5 
FIGURE 6.52 


Topics in Analytic Geometry 


Sketching a Plane Curve 


When sketching a curve represented by a pair of parametric equations, you still 
plot points in the xy-plane. Each set of coordinates (x, y) is determined from a 
value chosen for the parameter f. Plotting the resulting points in the order of 
increasing values of t traces the curve in a specific direction. This is called the 
orientation of the curve. 


Sketching a Curve 


Sketch the curve given by the parametric equations 


x=P-4 and y= =2-<7-< 3: 


Solution 


Using values of t in the interval, the parametric equations yield the points (x, y) 
shown in the table. 


t EX; y 
9 o | 
1 3 1/2 
0 | -4 0 
1 -3 Ve 
o 0 1 
3 5 3/2 


By plotting these points in the order of increasing ¢, you obtain the curve C 
shown in Figure 6.51. Note that the arrows on the curve indicate its orientation 
as t increases from —2 to 3. So, if a particle were moving on this curve, it would 
start at (0, — 1) and then move along the curve to the point (5, 3), 


woueckpoint 


Now try Exercises (a) and (b). 


Note that the graph shown in Figure 6.51 does not define y as a function of 
x. This points out one benefit of parametric equations—they can be used to 
represent graphs that are more general than graphs of functions. 

It often happens that two different sets of parametric equations have the 
same graph. For example, the set of parametric equations 
3 


-ls<t<- 


= 47-4 d 
x an 2 


yu, 
has the same graph as the set given in Example 1. However, by comparing the 
values of ¢ in Figures 6.51 and 6.52, you see that this second graph is traced out 
more rapidly (considering ¢ as time) than the first graph. So, in applications, 
different parametric representations can be used to represent various speeds at 
which objects travel along a given path. 


Exploration 


Most graphing utilities have a 
parametric mode. If yours does, 
enter the parametric equations 
from Example 2. Over what 
values should you let ¢ vary to 
obtain the graph shown in 
Figure 6.53? 


Parametric equations: 


eq ill en: 
t+1 


Vt+1?- 


> XxX 


FIGURE 6.53 
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Eliminating the Parameter 


Example | uses simple point plotting to sketch the curve. This tedious process 
can sometimes be simplified by finding a rectangular equation (in x and y) that 
has the same graph. This process is called eliminating the parameter. 


Bare cnie Solve for Substitute Reouneulae 

equations ; ee nae => = ome => equation 
equation. equation. 

x=r?-4 t = 2y x = (Qy)-4 x=4y?-4 

y=t/2 


Now you can recognize that the equation x = 4y? — 4 represents a parabola with 
a horizontal axis and vertex (—4, 0). 

When converting equations from parametric to rectangular form, you may 
need to alter the domain of the rectangular equation so that its graph matches the 
graph of the parametric equations. Such a situation is demonstrated in Example 2. 


| Example 2 | Eliminating the Parameter 


Sketch the curve represented by the equations 
: and : 
x= = 
vttl egal 


by eliminating the parameter and adjusting the domain of the resulting rectangular 
equation. 


Solution 


Solving for ¢ in the equation for x produces 


-_ 1 bio 
Oat >: 


which implies that 


Were te 
an 


Now, substituting in the equation for y, you obtain the rectangular equation 


(1 — x’) 


t x? x2 2 


ee ee 


= 
x? 


From this rectangular equation, you can recognize that the curve is a parabola 
that opens downward and has its vertex at (0, 1). Also, this rectangular equation 
is defined for all values of x, but from the parametric equation for x you can see 
that the curve is defined only when t > — 1. This implies that you should restrict 
the domain of x to positive values, as shown in Figure 6.53. 


cueckpont 


Now try Exercise 1(c). 
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STUDY TIP 


To eliminate the parameter in 
equations involving trigonomet- 
ric functions, try using the 
identities 


sin? 6+ cos? 6= 1 
gece? @ = jen? @ = Il 


as shown in Example 3. 


FIGURE 6.54 


It is not necessary for the parameter in a set of parametric equations to 
represent time. The next example uses an angle as the parameter. 


Setntweme Eliminating an Angle Parameter 


Sketch the curve represented by 

x = 3 cos 0 and y=4sn0@ O< 0< 27 
by eliminating the parameter. 
Solution 


Begin by solving for cos 6 and sin @ in the equations. 


Xx : 
cos 0 = = and sin 9 = zt Solve for cos @ and sin 6. 


3 4 


Use the identity sin? 6 + cos? @ = | to form an equation involving only x and y. 


cos? 9 + sin? 9 = 1 Pythagorean identity 
2 2 
Xx 
(=) + (2) =1 Substitute 5 for cos # and A for sin 0. 
ae oe iT Rectangul ti 
— +7 = ectangular equation 
9" 16 wees 


From this rectangular equation, you can see that the graph is an ellipse centered 
at (0, 0), with vertices (0, 4) and (0, —4) and minor axis of length 2b = 6, as 
shown in Figure 6.54. Note that the elliptic curve is traced out counterclockwise 
as @ varies from 0 to 277. 


cueckront Now try Exercise 13. 


In Examples 2 and 3, it is important to realize that eliminating the parame- 
ter is primarily an aid to curve sketching. If the parametric equations represent 
the path of a moving object, the graph alone is not sufficient to describe the 
object’s motion. You still need the parametric equations to tell you the position, 
direction, and speed at a given time. 


Finding Parametric Equations for a Graph 


You have been studying techniques for sketching the graph represented by a set 
of parametric equations. Now consider the reverse problem—that is, how can 
you find a set of parametric equations for a given graph or a given physical 
description? From the discussion following Example 1, you know that such a 
representation is not unique. That is, the equations 


NI] ow 


x= 4-4 and y=t, -l<ts< 
produced the same graph as the equations 
x=pP-4 and ya5 ~2s1s3. 


This is further demonstrated in Example 4. 


FIGURE 6.55 


STUDY TIP 


In Example 5, PD represents 
the arc of the circle between 
points P and D. 


Technology 


Use a graphing utility in parametric 
mode to obtain a graph similar 
to Figure 6.56 by graphing the 


following equations. 


Xi. = T — sinT 


Yi7 = 1 — cosT 
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Selly Ccweae Finding Parametric Equations for a Graph 


Find a set of parametric equations to represent the graph of y = 1 — x?, using 
the following parameters. 


at=x bt=1-x 
Solution 
a. Letting t = x, you obtain the parametric equations 
x=t and y=1-x=1-?. 
b. Letting t = 1 — x, you obtain the parametric equations 
x=1-t and y=1—-2x*=1-(1-—9?=2r- 22. 


In Figure 6.55, note how the resulting curve is oriented by the increasing 
values of f. For part (a), the curve would have the opposite orientation. 


ocHEckPoINT Now try Exercise 37. 


| Example 5 | Parametric Equations for a Cycloid 


Describe the cycloid traced out by a point P on the circumference of a circle of 
radius a as the circle rolls along a straight line in a plane. 


Solution 


As the parameter, let 0 be the measure of the circle’s rotation, and let the point 
P = (x, y) begin at the origin. When 6 = 0, P is at the origin; when 6 = 7, P is 
at a maximum point (7a, 2a); and when 6 = 27, P is back on the x-axis at 
(27a, 0). From Figure 6.56, you can see that ZAPC = 180° — 6. So, you have 


AC BD 

sin 6 = sin(180° — 6) = sin(ZAPC) = — = — 
a a 
AP 
cos 6 = —cos(180° — 6) = —cos(ZAPC) = — 
—a 


asin @. Because the circle rolls 
a@. Furthermore, because BA = 


which implies that AP = —acos 6 and BD 
along the x-axis, you know that OD = PD 
DC = a, you have 


x = OD — BD = aé — asin @ and y = BA + AP =a -— acos 6. 


So, the parametric equations are x = a(@ — sin 6) and y = a(1 — cos 8). 


Cycloid: 
x =a(@-sin 8), y=a(1 —cos 8) 
(37a, 2a) 


FIGURE 6.56 


ocueckroint Now try Exercise 63. 
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VOCABULARY CHECK: Fill in the blanks. 


1. If f and g are continuous functions of f on an interval J, the set of ordered pairs (f(t), g(t) is a 


2. The 


C. The equations x = f(t) and y = g(q) are 


equations for C, and f is the 


of a curve is the direction in which the curve is traced out for increasing values of the parameter. 


3. The process of converting a set of parametric equations to a corresponding rectangular equation is called 


the 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


1. Consider the parametric equations x = \/t and y = 3 — t. 


(a) Create a table of x- and y-values using t = 0, 1, 2, 3, 
and 4. 


(b) Plot the points (x, y) generated in part (a), and sketch a 
graph of the parametric equations. 


(c) Find the rectangular equation by eliminating the 
parameter. Sketch its graph. How do the graphs differ? 


2. Consider the parametric equations x = 4 cos? @ and 
y=2sin 0. 
(a) Create a table of x- and y-values using 0 = — 7/2, 
— 1/4, 0, 7/4, and 7/2. 
(b) Plot the points (x, y) generated in part (a), and sketch a 
graph of the parametric equations. 


(c) Find the rectangular equation by eliminating the 
parameter. Sketch its graph. How do the graphs differ? 


In Exercises 3-22, (a) sketch the curve represented by the 
parametric equations (indicate the orientation of the curve) 
and (b) eliminate the parameter and write the corresponding 
rectangular equation whose graph represents the curve. 
Adjust the domain of the resulting rectangular equation if 
necessary. 


3..%=3t— 3 4.x =3-2t 
y=2t+1 y=2+ 3t 
5. 4= at 6.x =t 
y=?r? y= 
7x=t+2 8 x= /t 
y=? y=l1-t 
9 x=t+1 10.x=r-1 
t t 
a! $= 1 
11. x = (r+ VD 12. x= |t- 1 
y=|t-2| =t+2 
13. x = 3cos 0 14. x = 2cos 0 
y=3sin6 y=3sin60 


15. x = 4sin 20 16. x = cos 0 

y = 20s 20 y =2sn 20 
17. x =4+2cos 6 18. x = 4+ 2cos 0 

y=-—1+sin0 y=2+3sin0 
19. x=e" 20. x = e”! 

y=e y=e 
21.x=f 22. x = In2t 

y =3Int y = 20? 


In Exercises 23 and 24, determine how the plane curves 
differ from each other. 


23. (a) x=t (b) x = cos 0 
y=2t+1 y=2cos6+ 1 
(c) x =e"! (d) x =e! 
y=2e'+1 y=2e+1 
24. (a) x=t (b) x = t? 
y=r-1 y=t*-1 
(c) x = sint (d) x =e! 
y = sin?t — 1 y=et—1 


In Exercises 25-28, eliminate the parameter and obtain the 
standard form of the rectangular equation. 
25. Line through (x,, y,) and (x5, y>): 
x= %X, + tt, — x), y= y, + Hy, — ¥) 
26. Circle: x =h+rcos0@, y=k+rsin6@ 
27. Ellipse: x =h+acos0, y=k+bsin6 
28. Hyperbola: x =h + asec 0, y=k + btan 6 


In Exercises 29-36, use the results of Exercises 25-28 to 
find a set of parametric equations for the line or conic. 

29. Line: passes through (0, 0) and (6, — 3) 

30. Line: passes through (2, 3) and (6, —3) 

31. Circle: center: (3, 2); radius: 4 


32. 
33. 
34. 


Circle: center: (— 3, 2); radius: 5 
Ellipse: vertices: (+4, 0); foci: (£3, 0) 
Ellipse: vertices: (4, 7), (4, —3); 

foci: (4, 5), (4, —1) 
Hyperbola: vertices: (+4, 0); foci: (+5, 0) 
Hyperbola: vertices: (+2, 0); foci: (+4, 0) 


35% 
36. 


In Exercises 37-44, find a set of parametric equations for 
the rectangular equation using (a) t = x and (b) t = 2 — x. 


37. y = 3x -—2 38. x = 3y — 2 
39, y = x? 40. y= 3 
4M. y=x4+1 42. y=2-x 
1 1 
ae a a 


acd In Exercises 45-52, use a graphing utility to graph the curve 


represented by the parametric equations. 


45. 
46. 
47. 
48. 
49. 
50. 


Cycloid: x = 4(0 — sin @), y = 4(1 — cos 0) 
Cycloid: x = 6+ sin 0, y= 1 — cos 0 

Prolate cycloid: x = 0 — 3 sin y= bs 3 cos 0 
Prolate cycloid: x = 20—4sin6, y = 2 — 4cos 0 
Hypocycloid: x = 3 cos? 6, y = 3 sin? 6 

Curtate cycloid: x = 80 — 4sin @, y = 8 — 4cos 0 


51. Witch of Agnesi: x = 2 cot 6, y = 2 sin? @ 
; 3t 317 
52. Folium of Descartes: x = ,y= 
1+ 1+73 


In Exercises 53-56, match the parametric equations with 
the correct graph and describe the domain and range. 
[The graphs are labeled (a), (b), (c), and (d).] 


(a) y (b) 


(c) y (d) 


aed 


=a 
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53. Lissajous curve: x = 2 cos 0, y = sin 20 
54. Evolute of ellipse: x = 4 cos? 6, y = 6 sin? @ 
55. Involute of circle: x = $(cos 6+ @sin 6) 


y = (sin 0 — 0cos 6) 


56. Serpentine curve: x = 5 cot 0, y = 4sin 6cos 6 


Projectile Motion — A projectile is launched at a height of h 
feet above the ground at an angle of @ with the horizontal. 
The initial velocity is v) feet per second and the path of the 
projectile is modeled by the parametric equations 


x=(v,cos 6)t and y=h + (vysin Ot — 16t?. 


In Exercises 57 and 58, use a graphing utility to graph the 
paths of a projectile launched from ground level at each 
value of @ and vy. For each case, use the graph to approxi- 
mate the maximum height and the range of the projectile. 


57. (a) 0 = 60°, v_ = 88 feet per second 
(b) 0 = 60°, vy = 132 feet per second 
(c) 0= 45°, vo = 88 feet per second 
(d) 6 = 45°, vo = 132 feet per second 

58. (a) 9 = 15°, v,. = 60 feet per second 
(b) 6 = 15°, vy = 100 feet per second 
(c) 0 = 30°, vo = 60 feet per second 
(d) 6 = 30°, v9 = 100 feet per second 


59. Sports The center field fence in Yankee Stadium is 
7 feet high and 408 feet from home plate. A baseball is 
hit at a point 3 feet above the ground. It leaves the bat 
at an angle of 6 degrees with the horizontal at a speed 
of 100 miles per hour (see figure). 


(a) Write a set of parametric equations that model the 
path of the baseball. 
ay (b) Use a graphing utility to graph the path of the 
baseball when @ = 15°. Is the hit a home run? 


acd (c) Use a graphing utility to graph the path of the 
baseball when 6 = 23°. Is the hit a home run? 


(d) Find the minimum angle required for the hit to be 
a home run. 
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60. Sports An archer releases an arrow from a bow at a point 
5 feet above the ground. The arrow leaves the bow at an 
angle of 10° with the horizontal and at an initial speed of 
240 feet per second. 


(a) Write a set of parametric equations that model the path 
of the arrow. 


(b) Assuming the ground is level, find the distance the 
arrow travels before it hits the ground. (Ignore air 
resistance.) 

ay (c) Use a graphing utility to graph the path of the arrow 
and approximate its maximum height. 


(d) Find the total time the arrow is in the air. 


61. Projectile Motion Eliminate the parameter ¢ from the 
parametric equations 


x =(vocos #)t and y=h+ (vpsin At — 167 
for the motion of a projectile to show that the rectangular 
equation is 


x? + (tan @)x + h. 


16 sec? 0 
i 2 


Vo 


62. Path of a Projectile The path of a projectile is given by 
the rectangular equation 


y=7+x-— 0.02x?. 


(a) Use the result of Exercise 61 to find h, vo, and 6. Find 
the parametric equations of the path. 
ay (b) Use a graphing utility to graph the rectangular equation 
for the path of the projectile. Confirm your answer 
in part (a) by sketching the curve represented by the 
parametric equations. 


oy (c) Use a graphing utility to approximate the maximum 
height of the projectile and its range. 


63. Curtate Cycloid A wheel of radius a units rolls along a 
straight line without slipping. The curve traced by a point 
P that is b units from the center (b < a) is called a curtate 
cycloid (see figure). Use the angle 6 shown in the figure to 
find a set of parametric equations for the curve. 


64. Epicycloid A circle of radius one unit rolls around the 
outside of a circle of radius two units without slipping. The 
curve traced by a point on the circumference of the smaller 
circle is called an epicycloid (see figure). Use the angle 0 
shown in the figure to find a set of parametric equations for 
the curve. 


Synthesis 


True or False? \n Exercises 65 and 66, determine whether 
the statement is true or false. Justify your answer. 


65. The two sets of parametric equations x =f, 
y=?t?+1 and x =3t, y=9t7+1 have the same 
rectangular equation. 


66. The graph of the parametric equations x = t? and y = f7 is 
the line y = x. 


67. Writing Write a short paragraph explaining why 
parametric equations are useful. 

68. Writing Explain the process of sketching a plane curve 
given by parametric equations. What is meant by the 
orientation of the curve? 


Skills Review 


In Exercises 69-72, find the reference angle 6’, and sketch 
6 and @’ in standard position. 


69. 6 = 105° 
70. 0 = 230° 
277 

71. 0= -— 
3 


6.7 
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What you should learn 


* Plot points on the polar 
coordinate system. 

* Convert points from 
rectangular to polar form 
and vice versa. 

* Convert equations from 
rectangular to polar form 
and vice versa. 


Why you should learn it 


Polar coordinates offer a 
different mathematical 
perspective on graphing. For 
instance, in Exercises 1-8 on 
page 485, you are asked to 
find multiple representations 
of polar coordinates. 


a 
2 


FIGURE 6.58 


Introduction 


So far, you have been representing graphs of equations as collections of points 
(x, y) on the rectangular coordinate system, where x and y represent the directed 
distances from the coordinate axes to the point (x, y). In this section, you will 
study a different system called the polar coordinate system. 

To form the polar coordinate system in the plane, fix a point O, called the 
pole (or origin), and construct from O an initial ray called the polar axis, as 
shown in Figure 6.57. Then each point P in the plane can be assigned polar 
coordinates (r, 6) as follows. 


1. r = directed distance from O to P 
2. 6 = directed angle, counterclockwise from polar axis to segment OP 


P=(7,6) 


6=directed angle Polar 
” axis 


FIGURE 6.57 


Schiltwee Plotting Points on the Polar Coordinate System 


a. The point (r, 6) = (2, 7/3) lies two units from the pole on the terminal side 
of the angle @ = 77/3, as shown in Figure 6.58. 

b. The point (r, 6) = (3, — 7/6) lies three units from the pole on the terminal 
side of the angle 9 = — 7/6, as shown in Figure 6.59. 

c. The point (r, 0) = (3, 1177/6) coincides with the point (3, — 7/6), as shown 
in Figure 6.60. 


Nila 
pla 


8) wy 18} 
‘lg 
re ° 
oer re ar 
2 2 


FIGURE 6.59 
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FIGURE 6.60 


Now try Exercise 1. 
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Exploration 


Most graphing calculators 

have a polar graphing mode. If 
yours does, graph the equation 

r = 3. (Use a setting in which 
—6<x< 6and-4<y< 4) 
You should obtain a circle of 
radius 3. 


a. Use the trace feature to 
cursor around the circle. 
Can you locate the point 
(3, 57/4)? 

. Can you find other polar 
representations of the point 
(3, 57/4)? If so, explain 
how you did it. 


Dla 


In rectangular coordinates, each point (x, y) has a unique representation. 
This is not true for polar coordinates. For instance, the coordinates (r, 6) and 
(r, 9 + 277) represent the same point, as illustrated in Example 1. Another way 
to obtain multiple representations of a point is to use negative values for r. 
Because r is a directed distance, the coordinates (r, 6) and (—r, 9 + 7) represent 
the same point. In general, the point (7, 6) can be represented as 


(r, 0) = (r, 9 + 2n7) or (r, 0) = (—r, 0+ (2n + 1)m) 


where n is any integer. Moreover, the pole is represented by (0, @), where is any 
angle. 


| Example 2 | Multiple Representations of Points 


Plot the point (3, —37/4) and find three additional polar representations of this 
point, using —27 < 0 < 27. 


Solution 
The point is shown in Figure 6.61. Three other representations are as follows. 
3 5 
(3. = x + 2n) = (3. 27) Add 277 to 0. 
37 10 
33 TT) = 2: Replace r by -r; subtract 7 from 0. 
4 4 
37 7 
3; rn + 7] = 3; ri Replace r by -r; add 7 to 0. 


cueckpoint Now try Exercise 3. 


Coordinate Conversion 


To establish the relationship between polar and rectangular coordinates, let the 
polar axis coincide with the positive x-axis and the pole with the origin, as shown 


in Figure 6.62. Because (x,y) lies on a circle of radius r, it follows that 
2 


6.38) =(. 88) =(8)-(a 3) 


FIGURE 6.61 


> xX 


5 : 
Polar axis 


(Origin) * (x-axis) 


FIGURE 6.62 


r? =x? + y*. Moreover, for r > 0, the definitions of the trigonometric 
functions imply that 


y x . y 
tan@=-—, cos 9 =—, and sin 0 =>. 
x r r 


If r < 0, you can show that the same relationships hold. 


Coordinate Conversion 


The polar coordinates (r, @) are related to the rectangular coordinates (x, y) 
as follows. 


Polar-to-Rectangular Rectangular-to-Polar 


x =rcos@ 


y=rsin 6 


y 
A 
9) le 
4 
Ale Oe | 3.5) 
e 
3 WB 
(r, 8) = (2, ) (x, ele 
e t + t a 
(x, y) = (-2, 0) i 2 
=y-E 
=) = 
FIGURE 6.63 
a 
2 
pee 
(x, y)=(-l, 1) 
e ihae 
= 3a 
Ue (v2. 4 
t t t +—> 0) 
—2 -l 1 2) 
=i) 24 
FIGURE 6.64 
x 
2 
= = a 
(x, y) = (0, 2) # (7, 6) = (2, Z| 
il els 
f +—> 0 
-2 =ll 1 2 
=i(-5 
FIGURE 6.65 


Section 6.7 483 


Polar Coordinates 


Seliulyt-wewe  Polar-to-Rectangular Conversion 


Convert each point to rectangular coordinates. 


a. (2,7) be (v3, 4 


Solution 
a. For the point (r, 0) = (2, 7), you have the following. 
rcos = 2cos 7 = —2 


x= 


rsin 6 = 2 sin 7 = 0 


y= 
The rectangular coordinates are (x, y) = (—2, 0). (See Figure 6.63.) 


b. For the point (7, 6) = (v3, ), you have the following. 


x= Vico 7 = vi(“3) =3 


6 2 2 
3 
2 


,-siut-Af)- 


3 Y3 
The rectangular coordinates are (x, y) = (3 4) (See Figure 6.63.) 


2 2 
cueckront 


Now try Exercise 13. 


Seluiyt-wew = Rectangular-to-Polar Conversion 


Convert each point to polar coordinates. 
ac (=) b. (0, 2) 
Solution 


a. For the second-quadrant point (x, y) = (—1, 1), you have 
y 


tand=—-=—]1 
x 
a=" 
4 


Because @ lies in the same quadrant as (x, y), use positive r. 
r= J/x2 + y? = /(-1)? + (I)? = V2 


So, one set of polar coordinates is (r, 0) = (V2, 37/4), as shown in Figure 
6.64. 


b. Because the point (x, y) = (0, 2) lies on the positive y-axis, choose 


and r= 2. 


This implies that one set of polar coordinates is (r, 0) = (2, 77/2), as shown 
in Figure 6.65. 


weneckpoint 


Now try Exercise 19. 
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FIGURE 6.67 


FIGURE 6.68 
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Equation Conversion 


By comparing Examples 3 and 4, you can see that point conversion from the polar 
to the rectangular system is straightforward, whereas point conversion from the 
rectangular to the polar system is more involved. For equations, the opposite is 
true. To convert a rectangular equation to polar form, you simply replace x by 
rcos @ and y by rsin @. For instance, the rectangular equation y = x? can be 
written in polar form as follows. 


y= x? Rectangular equation 


rsin @= (r cos 6)? Polar equation 


r = sec #9 tan 0 Simplest form 


On the other hand, converting a polar equation to rectangular form requires 
considerable ingenuity. 

Example 5 demonstrates several polar-to-rectangular conversions that enable 
you to sketch the graphs of some polar equations. 


| Example 5 | Converting Polar Equations to Rectangular Form 


Describe the graph of each polar equation and find the corresponding rectangular 
equation. 


aor=2 b. 0= c. r = sec 0 


Solution 


a. The graph of the polar equation r = 2 consists of all points that are two units 
from the pole. In other words, this graph is a circle centered at the origin with 
a radius of 2, as shown in Figure 6.66. You can confirm this by converting to 
rectangular form, using the relationship r? = x? + y?. 


r=2 > r? = 2? 
Red 
Polar equation 


Rectangular equation 


b. The graph of the polar equation @ = 7/3 consists of all points on the line that 
makes an angle of 7/3 with the positive polar axis, as shown in Figure 6.67. 
To convert to rectangular form, make use of the relationship tan 6 = y/x. 


= tang = /3 p> i =f 3x 


_—— 
Rectangular equation 


Polar equation 


c. The graph of the polar equation r = sec @ is not evident by simple inspection, 


so convert to rectangular form by using the relationship r cos 6 = x. 


= = 


. 


x=1 
_——, 
Rectangular equation 


r = sec 0 rcos 6= | 


————— 
Polar equation 


Now you see that the graph is a vertical line, as shown in Figure 6.68. 


cueckroint 


Now try Exercise 65. 
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lees SS 


VOCABULARY CHECK: Fill in the blanks. 
1. The origin of the polar coordinate system is called the 


2. For the point (r, 6), r is the 


3. To plot the point (r, @), use the 


coordinate system. 


from O to P and @ is the 
counterclockwise from the polar axis to the line segment OP. 


4. The polar coordinates (r, @) are related to the rectangular coordinates (x, y) as follows: 


x= tan 9 = 


y= p= 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-8, plot the point given in polar coordinates 
and find two additional polar representations of the point, 
using —27 < 0< 27. 


5. (V2 
7. (2V7, 4.) 


In Exercises 9-16, a point in polar coordinates is given. 
Convert the point to rectangular coordinates. 


10. (3. sn) 


1 x 
2 g, 
a i 0 
ua I a 3} 
#7, 6)= (3, $) + 
al o(r, = (3, 3) 
———+——- 0 + 
(a? ee ee 
u (-1.) 2. (0, —7) 
4 
ax a 
2 2 
aL 
mn ) 


& 


V1 
ua (-272) 


16. (8.25, 3.5) 


37 
13. (2, a 
15. (—2.5, 1.1) 


In Exercises 17-26, a point in rectangular coordinates is 
given. Convert the point to polar coordinates. 


17. (1, 1) 18. (—3, —3) 

19. (—6, 0) 20. (0, —5) 

21. (—3, 4) 22. (3, —1) 

23. (- V3, — V3) 24. (V3, -1) 

25. (6, 9) 26. (5, 12) 

In Exercises 27-32, use a graphing utility to find one set 


of polar coordinates for the point given in rectangular 
coordinates. 


27, (3; =2) 28. (—5, 2) 
29. (/3, 2) 30. (3, V2, 3 V2) 
31. (5,5) 32. (3,3) 


In Exercises 33-48, convert the rectangular equation to 
polar form. Assume a > 0. 


33. x27 +y? =9 34. x7 + y? = 16 

35. y=4 36. y=x 

37. x = 10 38. x = 4a 

39. 3x -y+2=0 40. 3x + Sy —-2=0 

41. xy = 16 42. 2xy = 1 

43. y? — 8x - 16 =0 44, (x? + y?)? = 9(x? — y?) 
45. x2 + y= a 46. x2 + y*? = 9a? 


47. x? + y? — 2ax =0 48. x? + y? — 2ay =0 
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In Exercises 49-64, convert the polar equation to rectangular 
form. 


49. r=4sin 0 50. r = 2 cos 0 
27 Sa 
51. 0= — 52. 0= — 
3 3 
53. r=4 54. r= 10 
55. r = 4 csc 0 
56. r= —3 sec 0 
57. 1? = cos 0 
58. r? = sin 20 
59. r = 2 sin 30 
60. r = 3 cos 20 
2 
ST ne 
1 
62. r = ———__ 
1 — cos 6 
6 
63. r = ——————_ 
TS ae 
6 
64. r 


~ 2cos 6 — 3sin 8 


In Exercises 65-70, describe the graph of the polar equation 
and find the corresponding rectangular equation. Sketch 
its graph. 


65. r=6 
66. r= 8 

7 
67. 0= 6 

37 
68. 6 = a 
69. r= 3 sec 0 
70. r= 2csc 0 
Synthesis 


True or False? _\n Exercises 71 and 72, determine whether 
the statement is true or false. Justify your answer. 


71. If 0, = 0, + 27n for some integer n, then (r, 0,) and (r, 6,) 
represent the same point on the polar coordinate system. 


72. If |r,| = |r], then (r,, 6) and (r>, @) represent the same 
point on the polar coordinate system. 


73. Convert the polar equation r = 2(hcos 6+ ksin 6) to 
rectangular form and verify that it is the equation of a 
circle. Find the radius of the circle and the rectangular 
coordinates of the center of the circle. 

74. Convert the polar equation r=cos@+ 3sin@ to 
rectangular form and identify the graph. 


75. Think About It 

(a) Show that the distance between the points (r,, 6,) and 
(75, 0) is /r?+ r?— 2r,r, cos(6, — 45). 

(b) Describe the positions of the points relative to each 
other for 0, = 6,. Simplify the Distance Formula for 
this case. Is the simplification what you expected? 
Explain. 

(c) Simplify the Distance Formula for 6, — 6, = 90°. Is 
the simplification what you expected? Explain. 


(d) Choose two points on the polar coordinate system and 
find the distance between them. Then choose different 
polar representations of the same two points and apply 
the Distance Formula again. Discuss the result. 


aid 76. Exploration 


(a) Set the window format of your graphing utility on 
rectangular coordinates and locate the cursor at any 
position off the coordinate axes. Move the cursor 
horizontally and observe any changes in the displayed 
coordinates of the points. Explain the changes in the 
coordinates. Now repeat the process moving the cursor 
vertically. 


(b) Set the window format of your graphing utility on 
polar coordinates and locate the cursor at any position 
off the coordinate axes. Move the cursor horizontally 
and observe any changes in the displayed coordinates 
of the points. Explain the changes in the coordinates. 
Now repeat the process moving the cursor vertically. 

(c) Explain why the results of parts (a) and (b) are not the 
same. 


Skills Review 


In Exercises 77-80, use the properties of logarithms to 
expand the expression as a sum, difference, and/or 
constant multiple of logarithms. (Assume all variables are 
positive.) 
xz 
77. logs =— 
6 3y 


78. log, Be 
y 


79. In x(x + 4)? 
80. In 5x?(x? + 1) 


In Exercises 81-84, condense the expression to the loga- 
rithm of a single quantity. 


81. log, x — log, 3y 
82. log;a + 8 logs(x + 1) 


83. sinx + In(x — 2) 


84. In6 + Iny — In(x — 3) 
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What you should learn 


* Graph polar equations by 
point plotting. 

+ Use symmetry to sketch 
graphs of polar equations. 

+ Use zeros and maximum 
r-values to sketch graphs 
of polar equations. 

* Recognize special polar 
graphs. 


Why you should learn it 


Equations of several common 
figures are simpler in polar 
form than in rectangular form. 
For instance, Exercise 6 on page 
493 shows the graph of a circle 
and its polar equation. 
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Introduction 


In previous chapters, you spent a lot of time learning how to sketch graphs on 
rectangular coordinate systems. You began with the basic point-plotting method, 
which was then enhanced by sketching aids such as symmetry, intercepts, 
asymptotes, periods, and shifts. This section approaches curve sketching on the 
polar coordinate system similarly, beginning with a demonstration of point 
plotting. 


Selita Graphing a Polar Equation by Point Plotting 


Sketch the graph of the polar equation r = 4 sin 6. 


Solution 


The sine function is periodic, so you can get a full range of r-values by consid- 
ering values of @ in the interval 0 < @ < 277, as shown in the following table. 


6/0 T 7 7 27 5a Tq | 37 liv |, 
6 3 12) 2-6 | eee | ee 


r|0/2 |2/3| 4 ]2/3} 2 |0}]-2]-4] -2 | 0 


If you plot these points as shown in Figure 6.69, it appears that the graph is a 
circle of radius 2 whose center is at the point (x, y) = (0, 2). 


4 Circle: 
2 r=4sin@ 
1 > 0 
1) 2a Seas 
3x 
2 


FIGURE 6.69 


cueckpoint 


Now try Exercise 21. 


You can confirm the graph in Figure 6.69 by converting the polar equation to 
rectangular form and then sketching the graph of the rectangular equation. You 
can also use a graphing utility set to polar mode and graph the polar equation or 
set the graphing utility to parametric mode and graph a parametric representation. 
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Symmetry 


In Figure 6.69, note that as @ increases from 0 to 277 the graph is traced out twice. 
Moreover, note that the graph is symmetric with respect to the line 6 = 7/2. Had 
you known about this symmetry and retracing ahead of time, you could have used 
fewer points. 

Symmetry with respect to the line 6 = 7/2 is one of three important types 
of symmetry to consider in polar curve sketching. (See Figure 6.70.) 


z x z 
2 2 2 
(-r, -@) 
(r, 7-@) (r, 8) (r, 8) 
Os i — m+0 
1 = g 0 ci - u 0 
‘e cae : 
(r, -0) (r, 7 + @) 
(-r, 7-0) (-1, 8) 
3n 3n 3a 
2 2 2 
Symmetry with Respect to the Symmetry with Respect to the Symmetry with Respect to the 
: 7 Polar Axis Pole 
Lined == 
2 
FIGURE 6.70 
STUDY TIP Tests for Symmetry in Polar Coordinates 
; The graph of a polar equation is symmetric with respect to the following if 
Note in Example 2 that the given substitution yields an equivalent equation. 
cos(— 6) = cos 0. This is 
because the cosine function is 1. The line 0 = 1/2: Replace (r, 6) by (r, 7 — 6) or (—r, — 4). 
MAK: Recall from Section 4.2 2. The polar axis: Replace (r, 6) by (r, — 6) or (—r, 7 — 6). 
that the cosine function is even 
and the sine function is odd. 3. The pole: Replace (r, 6) by (r, 7 + 6) or (—r, 6). 


That is, sin(— 6) = —sin 0. 


| Example 2 | Using Symmetry to Sketch a Polar Graph 


Use symmetry to sketch the graph of r = 3 + 2 cos 6. 


r=3+4+2cos0 


Solution 


Replacing (r, 0) by (r, — 0) produces r = 3 + 2 cos(— 6) = 3 + 2 cos 0. So, 
you can conclude that the curve is symmetric with respect to the polar axis. 
Plotting the points in the table and using polar axis symmetry, you obtain the 


a &~ 9 — graph shown in Figure 6.71. This graph is called a limagon. 
a |a| 27 
mi 3ai|2\3 |" 
om r|5)4/3 ]2 1 
2 


FIGURE 6.71 oueckront Now try Exercise 27. 


Spiral of Archimedes: 
r=0+27,-47<50<0 


FIGURE 6.72 


Limagon: 
r=1-2cos0 


FIGURE 6.73 
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The three tests for symmetry in polar coordinates listed on page 488 are 
sufficient to guarantee symmetry, but they are not necessary. For instance, Figure 
6.72 shows the graph of r = 6 + 27 to be symmetric with respect to the line 
6 = 7/2, and yet the tests on page 488 fail to indicate symmetry because neither 
of the following replacements yields an equivalent equation. 


Original Equation Replacement New Equation 
r=0+27 (r, 0) by (—r, — 6) -r=-0+27 
r=6+27 (r, 0) by(r, 7 — 8) r=-64+307 


The equations discussed in Examples | and 2 are of the form 
r = 4sin 0 = f(sin 6) and r= 3+ 2cos 0= g(cos 6). 
The graph of the first equation is symmetric with respect to the line 6 = 7/2, and 


the graph of the second equation is symmetric with respect to the polar axis. This 
observation can be generalized to yield the following tests. 


Quick Tests for Symmetry in Polar Coordinates 


1. The graph of r = f(sin 6) is symmetric with respect to the line 6 = a 


2. The graph of r = g(cos 0) is symmetric with respect to the polar axis. 


Zeros and Maximum r-Values 


Two additional aids to graphing of polar equations involve knowing the 6-values 
for which |r| is maximum and knowing the 6-values for which r = 0. For 
instance, in Example 1, the maximum value of |r| for r = 4 sin 6 is |r| = 4, and 
this occurs when @ = 7/2, as shown in Figure 6.69. Moreover, r = 0 when 
06=0. 


>eluilytcmem Sketching a Polar Graph 


Sketch the graph of r = 1 — 2 cos 0. 


Solution 


From the equation r = 1 — 2 cos 6, you can obtain the following. 


Symmetry: With respect to the polar axis 

Maximum value of |r|: r = 3 when 6 = 7 

Zero of r: r = 0 when 6 = 77/3 

The table shows several 6-values in the interval [0, 7]. By plotting the 
corresponding points, you can sketch the graph shown in Figure 6.73. 


fg) —1 | —0.73 | 0} 1 2 | 2.73.| 3 


Note how the negative r-values determine the inner loop of the graph in Figure 
6.73. This graph, like the one in Figure 6.71, is a limacon. 


eueckpoinr Now try Exercise 29. 
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Some curves reach their zeros and maximum r-values at more than one 
point, as shown in Example 4. 


Serutwewm Sketching a Polar Graph 


Sketch the graph of r = 2 cos 36. 


Solution 
Symmetry: With respect to the polar axis 
Maximum value of |r|: |r| = 2 when 30 = 0, m7, 27, 377 0r 
0 = 0, 7/3, 27/3, 7 
Zeros of r: r = 0 when 30 = 27/2, 3727/2, 57/2 or 


0 = 1/6, 7/2, 57/6 


7 7 7 7 3a 


12 |}6] 4 | 3 |] 12 
r|2)/2!|0]-V2}]-2]|]- 210 


mR] 


By plotting these points and using the specified symmetry, zeros, and maximum 
values, you can obtain the graph shown in Figure 6.74. This graph is called a rose 
curve, and each of the loops on the graph is called a petal of the rose curve. Note 
how the entire curve is generated as 6 increases from 0 to a. 


Exploration 


Notice that the rose curve in 
Example 4 has three petals. 
How many petals do the rose 
curves given by r = 2 cos 46 
and r = 2 sin 30 have? 
Determine the numbers of 
petals for the curves given by 
r = 2cosn@ andr = 2 sinné, 
where 7 is a positive integer. 


3n 3n 
Technology 2 2 
Use a graphing utility in polar 0<e< 20 o<e< Sa 
mode to verify the graph of 3 6 
r = 2.cos 30 shown in Figure 6.74. FIGURE 6.74 


cueckroint Now try Exercise 33. 


Limacons 
r=a+xtbcosé 
r=aztbsin0g 


(a > 0,b > 0) 


Rose Curves 


n petals if n is odd, 


2n petals if m is even 
(n > 2) 


Circles and Lemniscates 
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Special Polar Graphs 


Several important types of graphs have equations that are simpler in polar form 
than in rectangular form. For example, the circle 


r= 4sin 0 
in Example | has the more complicated rectangular equation 
x? + (y- 2)? =4 


Several other types of graphs that have simple polar equations are shown below. 


eu x x ale 
2 2 2 2 
T > 0 T > () 1 > 0 1 >O0 
3a 3a 3a 3a 
2 2 2 2 
a a a a 
—< il ==] 1<-<2 —~22 
b b b b 
Limagon with Cardioid Dimpled Convex 
inner loop (heart-shaped) limagon limagon 


NA 


r = acosné r =acosné r=asinn@é r=asinné 
Rose curve Rose curve Rose curve Rose curve 
1 x x a 
2 2 2 2 


a a 
3a 3a 3a 3a 
oe 2 2 2 
r=acos@ r=asin@g r? = a’ sin20 r? = a* cos 20 


Circle Circle Lemniscate Lemniscate 
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r=3cos 20 


FIGURE 6.75 


r2=9 sin 20 


FIGURE 6.76 


Topics in Analytic Geometry 


| Example 5 | Sketching a Rose Curve 


Sketch the graph of r = 3 cos 20. 


Solution 
Type of curve: Rose curve with 2n = 4 petals 
Symmetry: With respect to polar axis, the line 6 = 7/2, 


and the pole 
Maximum value of |r|: |r| = 3 when 0 = 0, 7/2, 77, 3707/2 
Zeros of r: r = 0 when 0 = 77/4, 3727/4 


Using this information together with the additional points shown in the following 
table, you obtain the graph shown in Figure 6.75. 


TT | a || a 
mm °lelal 3 
3 3 
Bee 


cneckpoint Now try Exercise 35. 


Seluytmem Sketching a Lemniscate 


Sketch the graph of r? = 9 sin 20. 


Solution 
Type of curve: Lemniscate 
Symmetry: With respect to the pole 
Maximum value of |r|: |r| = 3 when 0 = z 

7 
Zeros of r: r = 0 when 6 = 0, > 


If sin 20 < 0, this equation has no solution points. So, you restrict the values of 
0 to those for which sin 26 = 0. 


377 


O<é< or ee ae 


Nl 


Moreover, using symmetry, you need to consider only the first of these two 
intervals. By finding a few additional points (see table below), you can obtain the 
graph shown in Figure 6.76. 


T T Sa T 
v a 12 4 12 2 
+ + 
r= +3-./sin 20 | 0 = +3 = 0 


ofcueckront Now try Exercise 39. 
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VOCABULARY CHECK: Fill in the blanks. 


ann fw NY = 


. The equation r = 2 + cos @ represents a 


. The graph of r = g(cos 6) is symmetric with respect to the 


. The graph of r = f(sin 6) is symmetric with respect to the line 


. The equation r = 2 cos 0 represents a 
. The equation r? = 4 sin 26 represents a 


. The equation r = 1 + sin @ represents a 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-6, identify the type of polar graph. 


r=3cos 20 


r =3(1 —2 cos @) 


T- NIA 


r=6sin 20 


HHH sla 


In Exercises 7-12, test for symmetry with respect to 


r=5—5sin@ 


Nia 


r2 =16 cos 20 


Ss 


r =3cos0 


[ 


0 = 77/2, the polar axis, and the pole. 


7.r=5+4cos 0 
2 

1 + sin 6 
11. r? = 16 cos 20 


8. r = 16 cos 30 
3 
mv "2+ cos 0 


12. r? = 36 sin 20 


a 


In Exercises 13-16, find the maximum value of |r| and any 
zeros of r. 

13. r = 10(1 — sin 6) 14. r=6+ 12cos 6 

15. r = 4cos 30 16. r = 3 sin 20 


In Exercises 17-40, sketch the graph of the polar 
equation using symmetry, zeros, maximum r-values, and 
any other additional points. 


17.r=5 18. r= 2 

7 37 
as a 
21. r = 3 sin 0 22. r= 4cos 0 
23. r = 3(1 — cos 8) 24. r = 4(1 — sin 6) 
25. r = 4(1 + sin 0) 26. r = 2(1 + cos 8) 
27. r=3 + 6sin 0 28. r=4-—3sin0 
29. r= 1-—2sin0 30. r= 1 —2cos 0 
31. r= 3 —4cos 0 32. r= 4+ 3cos 0 
33. r = 5 sin20 34. r = 3cos 20 
35. r = 2 sec 0 36. r = S csc 0 

3 6 

a "sin 8 — 2cos 0 ene = Sco v 
39. r? = 9 cos 20 40. r? = 4sin 0 


In Exercises 41-46, use a graphing utility to graph the polar 
equation. Describe your viewing window. 


41. r= 8cos 0 42. r = cos 20 
43. r = 3(2 — sin 0) 44. r = 2cos(30 — 2) 
45. r = 8 sin 0cos2 6 46. r= 2csc0+5 


In Exercises 47-52, use a graphing utility to graph the polar 
equation. Find an interval for @ for which the graph is 
traced only once. 


47. r= 3 —4cos 0 48. r= 5+ 4cos 0 


[P 
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49. 


50. 


51. 


52. 


Chapter 6 


r=2 cos( 3) 
2 
. (50 

r=3 sn( 5 ) 


r? = 9 sin 20 


Topics in Analytic Geometry 


1 


0 


In Exercises 53-56, use a graphing utility to graph the polar 
equation and show that the indicated line is an asymptote 


of the graph. 

Name of Graph Polar Equation Asymptote 
53. Conchoid r= 2 -— sec 0 x=] 
54. Conchoid r=2+csc0 y=1 

3 

55. Hyperbolic spiral r= 9 y=3 
56. Strophoid r = 2 cos 26sec 0 x= 2 
Synthesis 


True or False? 


In Exercises 57 and 58, determine whether 


the statement is true or false. Justify your answer. 


57. 


58. 


59. 


60. 


61. 


In the polar coordinate system, if a graph that has symme- 
try with respect to the polar axis were folded on the line 
6 = 0, the portion of the graph above the polar axis would 
coincide with the portion of the graph below the polar axis. 


In the polar coordinate system, if a graph that has symme- 
try with respect to the pole were folded on the line 
6 = 377/4, the portion of the graph on one side of the fold 
would coincide with the portion of the graph on the other 
side of the fold. 


Exploration Sketch the graph of r = 6 cos 6 over each 
interval. Describe the part of the graph obtained in each 
case. 


(@ 0s es > (b) SS O<m 
7 7 7 30 
--~<é0<- d)—< 05 — 
() 2 e 2 Oy 8 4 


Graphical Reasoning Use a graphing utility to graph the 
polar equation r = 6[1 + cos(@— )] for (a) d= 0, 
(b) 6 = 7/4, and (c) @ = 7/2. Use the graphs to describe 
the effect of the angle ¢@. Write the equation as a function 
of sin @ for part (c). 

The graph of r = f(6) is rotated about the pole through an 
angle ¢. Show that the equation of the rotated graph is 


r= f(0— ¢). 


62. 


Consider the graph of r = f(sin @). 

(a) Show that if the graph is rotated counterclockwise 7/2 
radians about the pole, the equation of the rotated 
graph is r = f(—cos 8). 

(b) Show that if the graph is rotated counterclockwise 7 
radians about the pole, the equation of the rotated 
graph is r = f(—sin 6). 

(c) Show that if the graph is rotated counterclockwise 
37/2 radians about the pole, the equation of the rotated 
graph is r = f(cos 6). 


In Exercises 63-66, use the results of Exercises 61 and 62. 


63. 


64. 


65. 


66. 


BB or. 


AY 6s. 


Write an equation for the limagon r = 2 — sin 6 after it 
has been rotated through the given angle. 
7 T 307 
@a (0) 5 (c) @ @ > 
Write an equation for the rose curve r = 2 sin 26 after it 


has been rotated through the given angle. 


7 7 QT 
(a) 6 (b) = (c) = (d) 7 


Sketch the graph of each equation. 


(a) r=1-sin9 () r= 1 ~sin{o- 7) 


Sketch the graph of each equation. 


(a) r= 3 sec 0 (0) r= 3see{ 0 - 7) 


T T 
(c) r= 3.ee(0 + 2) (d) r= 3sec{ 0-7) 


Exploration Use a graphing utility to graph and identify 

r=2+ksin @ fork = 0, 1, 2, and 3. 

Exploration Consider the equation r = 3 sin k@. 

(a) Use a graphing utility to graph the equation for 
k = 1.5. Find the interval for @ over which the graph is 
traced only once. 

(b) Use a graphing utility to graph the equation for 
k = 2.5. Find the interval for 0 over which the graph is 
traced only once. 


(c) Is it possible to find an interval for 6 over which the 
graph is traced only once for any rational number k? 
Explain. 


Skills Review 


In Exercises 69 and 70, find the standard form of the 
equation of the ellipse with the given characteristics. Then 
sketch the ellipse. 


69. 
70. 


Vertices: (—4, 2), (2, 2); minor axis of length 4 
Foci: (3, 2), (3, —4); major axis of length 8 
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6.9 Polar Equations of Conics 


What you should learn . Sd . 
Alternative Definition of Conic 


* Define conics in terms of 


eccentricity. In Sections 6.3 and 6.4, you learned that the rectangular equations of ellipses and 
+ Write and graph equations hyperbolas take simple forms when the origin lies at their centers. As it happens, 

of conics in polar form. there are many important applications of conics in which it is more convenient to 
+ Use equations of conics in use one of the foci as the origin. In this section, you will learn that polar equations 

polar form to model real-life of conics take simple forms if one of the foci lies at the pole. 

problems. To begin, consider the following alternative definition of conic that uses the 
Why you should learn it concept of eccentricity. 


Alternative Definition of Conic 


The locus of a point in the plane that moves so that its distance from a fixed 
point (focus) is in a constant ratio to its distance from a fixed line (directrix) 
is a conic. The constant ratio is the eccentricity of the conic and is denoted 
by e. Moreover, the conic is an ellipse if e < 1, a parabola if e = 1, anda 

hyperbola if e > 1. (See Figure 6.77.) 


In Figure 6.77, note that for each type of conic, the focus is at the pole. 


xz 1 
1 - 2 
‘Directrix Directrix: 
sO Qe- 
4 > (0 >0 
jee eee 
! F=(0,0) a 
Ellipse: O0<e< 1 Parabola: e = 1 Hyperbola e > 1 
4 EF Le ee 
PQ PQ PQ PQ’ 
FIGURE 6.77 


Digital Image © 1996 Corbis; 
Original image courtesy of NASA/Corbis 


Polar Equations of Conics 


The benefit of locating a focus of a conic at the pole is that the equation of the 
conic takes on a simpler form. For a proof of the polar equations of conics, see 
Proofs in Mathematics on page 512. 


Polar Equations of Conics 
The graph of a polar equation of the form 


ép ep 


lr or 0 
l+tesind 


Te ecue 8 


is a conic, where e > 0 is the eccentricity and |p| is the distance between 
the focus (pole) and the directrix. 
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Equations of the form 


ep 


= —__ = (cos 6) Vertical directrix 
1 +ecos 60 . 


r 


correspond to conics with a vertical directrix and symmetry with respect to the 
polar axis. Equations of the form 
ep ; 
r= — — = a(sin 0 Horizontal directrix 
1+esiné a 

correspond to conics with a horizontal directrix and symmetry with respect to the 
line 9 = 7/2. Moreover, the converse is also true—that is, any conic with a focus 
at the pole and having a horizontal or vertical directrix can be represented by one 
of the given equations. 


Selita Identifying a Conic from Its Equation 


Identify the type of conic represented by the equation r = 


Algebraic Solution 


15 
3-—2cos 0 


Graphical Solution 


To identify the type of conic, rewrite the equation in | You can start sketching the graph by plotting points from 6 = 0 
the form r = (ep)/(1 + e cos 8). 


r 


“$= cosh 


~ 1 — (2/3) cos 0 


Because e = 5 < 1, you can conclude that the graph 


is an ellipse. 


woneckront 


Now try Exercise 11. 


Divide numerator and 
denominator by 3. 


to 0 = 7m. Because the equation is of the form r = g(cos 6), the 
graph of r is symmetric with respect to the polar axis. So, you 


Write original equation. can complete the sketch, as shown in Figure 6.78. From this, you 


can conclude that the graph is an ellipse. 


FIGURE 6.78 


For the ellipse in Figure 6.78, the major axis is horizontal and the vertices 
lie at (15, 0) and (3, 7). So, the length of the major axis is 2a = 18. To find the 
length of the minor axis, you can use the equations e = c/a and b? = a? — c? 
to conclude that 


a ar 
a? — (ea)? 


= a(1 = e’). Ellipse 


Because e =}, you have b? = oft = (3)’] = 45, which implies that 
b = \/45 = 3/5. So, the length of the minor axis is 2b = 6/5. A similar 
analysis for hyperbolas yields 
be =@2-@2 
= (ea)? — a? 


= a(e2 = 1). Hyperbola 


_ 32 
~ 34+5sin@ 


r 


FIGURE 6.79 


Technology 


Use a graphing utility set in 
polar mode to verify the four 


orientations shown at the right. 
Remember that e must be 
positive, but p can be positive or 
negative. 


cL 

2 
Directrix: | 
y=3 al 

0 
(OL 1 2 axe 

im. 3 

+ |" T¥sin0 
FIGURE 6.80 
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| Example 2 | Sketching a Conic from Its Polar Equation 


: ee 32 ; 
Identify the conic r = 34 5sind and sketch its graph. 
Solution 
Dividing the numerator and denominator by 3, you have 


32/3 
1 + (5/3) sin 6 


Because e = 3 > 1, the graph is a hyperbola. The transverse axis of the hyperbola 
lies on the line 6 = 7/2, and the vertices occur at (4, 7/2) and (— 16, 37/2). 
Because the length of the transverse axis is 12, you can see that a = 6. To find 
b, write 


b? = aXe? — 1) = 6 (2) i| = 64. 


So, b = 8. Finally, you can use a and b to determine that the asymptotes of the 
hyperbola are y = 10 + ay. The graph is shown in Figure 6.79. 


foueckpoint 


In the next example, you are asked to find a polar equation of a specified 
conic. To do this, let p be the distance between the pole and the directrix. 


Now try Exercise 19. 


e 
1. Horizontal directrix above the pole: r= i __ 
1+ esin@ 

‘ ‘ , ep 
2. Horizontal directrix below the pole: r= — 
1—esiné 

; : : : ep 
3. Vertical directrix to the right of the pole: r = 
1+ ecos@ 

: . . ep 
4. Vertical directrix to the left of the pole: =r = ——— 
1 —ecos@ 


Sei yt-wewe Finding the Polar Equation of a Conic 


Find the polar equation of the parabola whose focus is the pole and whose 
directrix is the line y = 3. 


Solution 


From Figure 6.80, you can see that the directrix is horizontal and above the pole, 
so you can choose an equation of the form 


ep 


r= ———. 
1+ esin6 


Moreover, because the eccentricity of a parabola is e = 1 and the distance 
between the pole and the directrix is p = 3, you have the equation 


_ 3 
1+ sind 


oneckpoint 


r 


Now try Exercise 33. 
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FIGURE 6.81 
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Earth 
Halley’s 
comet 
3x 
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Applications 


Kepler’s Laws (listed below), named after the German astronomer Johannes 
Kepler (1571-1630), can be used to describe the orbits of the planets about 
the sun. 


1. Each planet moves in an elliptical orbit with the sun at one focus. 


2. A ray from the sun to the planet sweeps out equal areas of the ellipse in equal 
times. 


3. The square of the period (the time it takes for a planet to orbit the sun) is 
proportional to the cube of the mean distance between the planet and the sun. 


Although Kepler simply stated these laws on the basis of observation, they were 
later validated by Isaac Newton (1642-1727). In fact, Newton was able to show 
that each law can be deduced from a set of universal laws of motion and 
gravitation that govern the movement of all heavenly bodies, including comets 
and satellites. This is illustrated in the next example, which involves the comet 
named after the English mathematician and physicist Edmund Halley 
(1656-1742). 

If you use Earth as a reference with a period of | year and a distance of 1 
astronomical unit (an astronomical unit is defined as the mean distance between 
Earth and the sun, or about 93 million miles), the proportionality constant in 
Kepler’s third law is 1. For example, because Mars has a mean distance to the sun 
of d = 1.524 astronomical units, its period P is given by d* = P?. So, the period 
of Mars is P ~ 1.88 years. 


Settee Halley’s Comet 


Halley’s comet has an elliptical orbit with an eccentricity of e ~ 0.967. The 
length of the major axis of the orbit is approximately 35.88 astronomical units. 
Find a polar equation for the orbit. How close does Halley’s comet come to the 
sun? 


Solution 


Using a vertical axis, as shown in Figure 6.81, choose an equation of the form 
r = ep/(1 + esin 6). Because the vertices of the ellipse occur when 0 = 7/2 
and 6 = 37/2, you can determine the length of the major axis to be the sum of 
the r-values of the vertices. That is, 


0.967p 0.967p 
1+ 0.967 1 — 0.967 
So, p ~ 1.204 and ep ~ (0.967)(1.204) = 1.164. Using this value of ep in the 
equation, you have 
1.164 
"1 + 0.967 sin 0 


2a = ~ 29.79p ~ 35.88. 


where r is measured in astronomical units. To find the closest point to the sun 
(the focus), substitute @ = 7/2 in this equation to obtain 


1.164 
"1 + 0.967 sin(z7/2) 


weueckpowT = Now try Exercise 57. 


= 0.59 astronomical unit ~ 55,000,000 miles. 


Section 6.9 Polar Equations of Conics 499 


VOCABULARY CHECK: 
In Exercises 1-3, fill in the blanks. 


1. The locus of a point in the plane that moves so that its distance from a fixed point (focus) is in a 
constant ratio to its distance from a fixed line (directrix) is a 


2. The constant ratio is the of the conic and is denoted by 
3. An equation of the form r = a hasa____——_—sdiirectrix tothe __——_o ff the pole. 
4. Match the conic with its eccentricity. 

(a)e<l (b) e= 1 (c) e>l 

(i) parabola (ii) hyperbola (ii) ellipse 


PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com. 


In Exercises 1-4, write the polar equation of the conic for 5 y= 2 a 3 
e=1, e=0.5, and e = 1.5. Identify the conic for each = 1+cos 6 ee 2—-— cos 6 
equation. Verify your answers with a graphing utility. 3 2 
7.6 = — 8. r = ———_ 
_ 4e ee 4e 1+ 2sin 0 1 —sin@ 
1. r = ——_ 2.67 = ———_ 
1+ ecos 0 1 — ecos 6 4 4 
9. P= 10. r= —__., 
4e 4e 2+ cos 0 1—3sin0 
30r= <——- 4.r= —— a 
1 —esin@ 1+ esin 6 


In Exercises 11-24, identify the conic and sketch its graph. 
In Exercises 5-10, match the polar equation with its graph. 


[The graphs are labeled (a), (b), (c), (d), (e), and (f).] r= 2 12. 7r= 3 
(a) x (b) P 1 — cos 0 1+ sind 
2 
ae + 13. a 14, ——— — 
dt JL 1 + sin 0 1 + cos 6 
° 
i jc ‘= 
s 0 ees 2 — cos @ 3 + sin 6 
ai if 17. r= = 18. r= ae 
2+ sin @ 3 — 2cos 6 
4 aE 
3 5 
x d x 19. r = ——_— 20. r = ———_ 
) 2 (d) 2 ‘ 2+ 4sin 0 me —1+2cos0 
all i ip 
Bla 2 — 6cos 0 2+ 6sin 6 
Gay 0 4 2 
C) 23. r = ———_ 24. r= > 
~ 2 — cos 0 2+ 3 sin 0 


In Exercises 25-28, use a graphing utility to graph the polar 


(e) g equation. Identify the graph. 
a | _ 
JL 25. r= ———_ 26. r= ee 
AL 1 — sin é 2+ 4sin 0 
all 3 4 
T 2). f= 28. r = ——_—_ 
ar F —4+2cos 0 1 —2cos@ 
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Ay In Exercises 29-32, use a graphing utility to graph the 


rotated conic. 


2 

29. r fSete= ah) (See Exercise 11.) 
3 

30. r= 3 en(@ = a7) (See Exercise 16.) 
6 : 

31. r Oe ain le) (See Exercise 17.) 

32. r 2 (See Exercise 20.) 


—1 + 2cos(@ + 27/3) 


In Exercises 33-48, find a polar equation of the conic with 
its focus at the pole. 


Conic Eccentricity Directrix 
33. Parabola e=1 x=-1 
34. Parabola e=1 y=-2 
35. Ellipse gas y=1 
36. Ellipse e= 3 y= 53 
37. Hyperbola e=2 x=1 
38. Hyperbola e= 3 x= 1 
Conic Vertex or Vertices 
39. Parabola (1, — 7/2) 
40. Parabola (6, 0) 
41. Parabola (5, 77) 
42. Parabola (10, 7/2) 
43. Ellipse (2, 0), (10, 7) 
44. Ellipse (2, a/2), (4, 37/2) 
45. Ellipse (20, 0), (4, 77) 
46. Hyperbola (2, 0), (8, 0) 


47. Hyperbola 
48. Hyperbola 


(1, 37/2), (9, 3727/2) 
(4, 7/2), (1, 2/2) 


49. Planetary Motion The planets travel in elliptical orbits 
with the sun at one focus. Assume that the focus is at the 
pole, the major axis lies on the polar axis, and the length 
of the major axis is 2a (see figure). Show that the polar 
equation of the orbit is r = a(1 — e?)/(1 — ecos 6) where 
e is the eccentricity. 


NIA 


Planet 


>0 


50. Planetary Motion Use the result of Exercise 49 to show 
that the minimum distance (perihelion distance) from the 
sun to the planet is r = a(1 — e) and the maximum dis- 
tance (aphelion distance) is r = a(1 + e). 


Planetary Motion \n Exercises 51-56, use the results 
of Exercises 49 and 50 to find the polar equation of the 
planet's orbit and the perihelion and aphelion distances. 


51. Earth a = 95.956 x 10° miles, e = 0.0167 

52. Saturn a = 1.427 x 10° kilometers, e = 0.0542 
53. Venus a = 108.209 x 10° kilometers, e = 0.0068 
54. Mercury a = 35.98 x 10° miles, e = 0.2056 

55. Mars a = 141.63 x 10° miles, e = 0.0934 

56. Jupiter a= 778.41 x 10° kilometers, e = 0.0484 


57. Astronomy The comet Encke has an elliptical orbit with 
an eccentricity of e ~ 0.847. The length of the major axis 
of the orbit is approximately 4.42 astronomical units. Find 
a polar equation for the orbit. How close does the comet 
come to the sun? 


58. Satellite Tracking A satellite in a 100-mile-high 
circular orbit around Earth has a velocity of 
approximately 17,500 miles per hour. If this velocity is 
multiplied by /2, the satellite will have the minimum 
velocity necessary to escape Earth’s gravity and it will 
follow a parabolic path with the center of Earth as the 
focus (see figure). 

1 
Circular 2 
Parabolic 


Not drawn to scale 


(a) Find a polar equation of the parabolic path of the 
satellite (assume the radius of Earth is 4000 miles). 


ae (b) Use a graphing utility to graph the equation you 
found in part (a). 


(c) Find the distance between the surface of the Earth 
and the satellite when 6 = 30°. 


(d) Find the distance between the surface of Earth and 
the satellite when 0 = 60°. 


Synthesis 


True or False? \n Exercises 59-61, determine whether the 
statement is true or false. Justify your answer. 


59. For a given value of e > 1 over the interval 6 = 0 to 


0 = 27, the graph of 


ex 


"T= ecos 0 


is the same as the graph of 


e(—x) 


“T+ ecos 6 
60. The graph of 


4 

r= ——__—_ 
—3 —3sin6é 

has a horizontal directrix above the pole. 


61. The conic represented by the following equation is an 
ellipse. 


, 16 


7 
= s + — 
9 4 cos( 0 =) 


r 


62. Writing In your own words, define the term eccentricity 
and explain how it can be used to classify conics. 


63. Show that the polar equation of the ellipse 


2 2 2 

x y : b 

—+-—=1 is (= = — ae 
1 — e-cos- 0 


64. Show that the polar equation of the hyperbola 


i) 
N 


—p2 
a es ee Dye 
aaa 1 — e? cos? 0 


In Exercises 65-70, use the results of Exercises 63 and 64 to 
write the polar form of the equation of the conic. 


eee ee 
169 144 
2 2: 
66. 55 . 
pps 2 
1. => 
2 2. 
ey ee. 


69. Hyperbola One focus: (5, 7/2) 
(4, 7/2), (4, — 7/2) 
One focus: (4, 0) 


(5, 0), (5, 7) 


Vertices: 
70. Ellipse 


Vertices: 
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71. Exploration Consider the polar equation 


= 4 

"1 = 0.4 cos 6° 

(a) Identify the conic without graphing the equation. 

(b) Without graphing the following polar equations, 
describe how each differs from the given polar equation. 


: 4 _ 4 
1+04cos@ 7’? 1—O4sind 


YY 


ay (c) Use a graphing utility to verify your results in part (b). 
72. Exploration The equation 


rp=—P __ 
l+esin@ 


is the equation of an ellipse with e < 1. What happens to 
the lengths of both the major axis and the minor axis when 
the value of e remains fixed and the value of p changes? 
Use an example to explain your reasoning. 


Skills Review 


In Exercises 73-78, solve the trigonometric equation. 


73. 4./3tan@-3=1 
74. 6cosx-—2=1 
75. 12 sin? 0=9 

76. 9csc?x — 10 = 2 


77. 2cotx = 5 cos 5 


78. /2 sec 6= 2ese7 


In Exercises 79-82, find the exact value of the trigonometric 
function given that u and v are in Quadrant IV and 
sinu = —2andcosv = 1/2. 

79. cos(u + v) 

80. sin(u + v) 

81. cos(u — v) 

82. sin(u — v) 


In Exercises 83 and 84, find the exact values of sin 2u, 
cos 2u, and tan 2u using the double-angle formulas. 


84. tanu = — /3, Fe u<27 
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6 Chapter Summary 


What did you learn? 


Section 6.1 Review Exercises 
C1 Find the inclination of a line (p. 430). 1-4 
U Find the angle between two lines (p. 437). 5-8 
LC Find the distance between a point and a line (p. 432). 9,10 
Section 6.2 

LC Recognize a conic as the intersection of a plane and a double-napped cone (p. 437). 1,02 
LC Write equations of parabolas in standard form and graph parabolas (p. 438). 13-16 
U1 Use the reflective property of parabolas to solve real-life problems (p. 440). 17-20 
Section 6.3 

LC Write equations of ellipses in standard form and graph ellipses (p. 446). 21-24 
CL Use properties of ellipses to model and solve real-life problems (p. 450). 25,26 
C1 Find the eccentricities of ellipses (p. 450). 27-30 
Section 6.4 

LC Write equations of hyperbolas in standard form (p. 455). 31-34 
U1 Find asymptotes of and graph hyperbolas (p. 457). 35-38 
U1 Use properties of hyperbolas to solve real-life problems (p. 460). 39,40 
U Classify conics from their general equations (p. 467). 41-44 
Section 6.5 

C1 Rotate the coordinate axes to eliminate the xy-term in equations of conics (p. 465). 45-48 
C1 Use the discriminant to classify conics (p. 469). 49-52 
Section 6.6 

LU) Evaluate sets of parametric equations for given values of the parameter (p. 473). 53,54 
C1 Sketch curves that are represented by sets of parametric equations (p. 474) 55-60 

and rewrite the equations as single rectangular equations (p. 475). 

UO Find sets of parametric equations for graphs (p. 476). 61-64 
Section 6.7 

LU) Plot points on the polar coordinate system (p. 487). 65-68 
C1 Convert points from rectangular to polar form and vice versa (p. 482). 69-76 
C1 Convert equations from rectangular to polar form and vice versa (p. 484). 77-88 
Section 6.8 

CO Graph polar equations by point plotting (p. 487). 89-98 
LC Use symmetry (p. 488), zeros, and maximum r-values (p. 489) to sketch graphs 89-98 

of polar equations. 

LC Recognize special polar graphs (p. 497). 99-102 
Section 6.9 

U1 Define conics in terms of eccentricity and write and graph equations of conics 103-110 


in polar form (p. 495). 
CL Use equations of conics in polar form to model real-life problems (p. 498). 11,112 
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Ga In Exercises 1-4, find the inclination 0 (in radians and 
degrees) of the line with the given characteristics. 

1. Passes through the points (— 1, 2) and (2, 5) 

2. Passes through the points (3, 4) and (—2, 7) 

3. Equation: y = 2x + 4 

4. Equation: 6x — 7y —-5 =0 


In Exercises 5-8, find the angle @ (in radians and degrees) 
between the lines. 


5. 4x+y= 2 


6. —5x + 3y = 3 
—2x+ 3y=1 


—-5xt+ty=-1 


Y 
# 


7. 2x=Ty=8 
0.4x+ y=0 


8. 0.02x + 0.07y = 0.18 
0.09x — 0.04y = 0.17 


In Exercises 9 and 10, find the distance between the point 
and the line. 


Point Line 
9. (1, 2) x-y-3=0 
10. (0, 4) x+2y-2=0 


In Exercises 11 and 12, state what type of conic 
is formed by the intersection of the plane and the 
double-napped cone. 


PS >®s 


In Exercises 13-16, find the standard form of the equation 
of the parabola with the given characteristics. Then graph 
the parabola. 


13. Vertex: (0, 0) 14. Vertex: (2, 0) 


Focus: (4, 0) Focus: (0, 0) 
15. Vertex: (0, 2) 16. Vertex: (2, 2) 
Directrix: x = —3 Directrix: y = 0 


In Exercises 17 and 18, find an equation of the tangent line 
to the parabola at the given point, and find the x-intercept 
of the line. 


17. x? = —2y, (2, —2) 
18. x? = —2y, (—4, -8) 


19. Architecture A parabolic archway is 12 meters high 
at the vertex. At a height of 10 meters, the width of the 
archway is 8 meters (see figure). How wide is the archway 
at ground level? 


> XxX 


FIGURE FOR 20 


FIGURE FOR 19 


20. Flashlight The light bulb in a flashlight is at the focus of 
its parabolic reflector, 1.5 centimeters from the vertex of 
the reflector (see figure). Write an equation of a cross 
section of the flashlight’s reflector with its focus on the 
positive x-axis and its vertex at the origin. 


(¥3) In Exercises 21-24, find the standard form of the 
equation of the ellipse with the given characteristics. Then 
graph the ellipse. 


21. Vertices: (—3, 0), (7,0); foci: (0, 0), (4, 0) 

22. Vertices: (2,0), (2,4); foci: (2, 1), (2, 3) 

23. Vertices: (0, 1), (4,1); endpoints of the minor axis: 
(2, 0), (2, 2) 

24. Vertices: (—4, —1),(—4, 11); endpoints of the minor 
axis: (—6, 5), (—2, 5) 


25. Architecture A semielliptical archway is to be formed 
over the entrance to an estate. The arch is to be set on 
pillars that are 10 feet apart and is to have a height (atop 
the pillars) of 4 feet. Where should the foci be placed in 
order to sketch the arch? 


26. Wading Pool You are building a wading pool that is in 
the shape of an ellipse. Your plans give an equation for the 
elliptical shape of the pool measured in feet as 


x2 y? 


304 t 196 | 


Find the longest distance across the pool, the shortest 
distance, and the distance between the foci. 
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In Exercises 27-30, find the center, vertices, foci, and 
eccentricity of the ellipse. 


Ce) a a a 
en 81 100 ; 
@=5) , 643) 

28. i 36 1 


29. 16x? + Oy? — 32x + 72y + 16 = 0 
30. 4x2 + 25y2 + 16x — 150y + 141 = 0 


In Exercises 31-34, find the standard form of the aes 


equation of the hyperbola with the given characteristics. 


31. Vertices: (0,+1); foci: (0, +3) 

32. Vertices: (2,2), (—2, 2); foci: (4, 2), (—4, 2) 
33. Foci: (0, 0), (8,0); asymptotes: y = +2(x — 4) 
34. Foci: (3,+2); asymptotes: y = +2(x — 3) 


In Exercises 35-38, find the center, vertices, foci, and the 
equations of the asymptotes of the hyperbola, and sketch 
its graph using the asymptotes as an aid. 


(e— 37 _ +5? _ 
ig 4 


1 


ee | 


36. 


37. 9x? — l6y? — 18x — 32y — 151 = 0 
38. —4x? + 25y? — 8x + 150y + 121 = 0 


39. LORAN Radio transmitting station A is located 
200 miles east of transmitting station B. A ship is in an area 
to the north and 40 miles west of station A. Synchronized 
radio pulses transmitted at 186,000 miles per second by the 
two stations are received 0.0005 second sooner from 
station A than from station B. How far north is the ship? 


40. Locating an Explosion Two of your friends live 4 miles 
apart and on the same “east-west” street, and you live 
halfway between them. You are having a three-way phone 
conversation when you hear an explosion. Six seconds 
later, your friend to the east hears the explosion, and your 
friend to the west hears it 8 seconds after you do. Find 
equations of two hyperbolas that would locate the 
explosion. (Assume that the coordinate system is measured 
in feet and that sound travels at 1100 feet per second.) 


In Exercises 41-44, classify the graph of the equation as a 
circle, a parabola, an ellipse, or a hyperbola. 

41. 5x2 — 2y2 + 10x — 4y + 17 =0 

42. —4y? + 5x + 3y +7=0 

43, 3x2 + 2y? — 12x + 12y + 29 =0 

44. 4x2 + dy? — 4x + By —- 11 =0 


(>) In Exercises 45-48, rotate the axes to eliminate the 
xy-term in the equation. Then write the equation in 
standard form. Sketch the graph of the resulting equation, 
showing both sets of axes. 

45. xy -4=0 

46. x? — 10xy + yw? +1=0 

47. 5x* — 2xy + 5y? - 12 =0 

48. 4x2 + 8xy + 4y2 +. 72x + 9V/2y =0 


In Exercises 49-52, (a) use the discriminant to classify the 
graph, (b) use the Quadratic Formula to solve for y, and 
(c) use a graphing utility to graph the equation. 

49. 16x? — 24xy + 9y* — 30x 
50. 13x72 — 8xy + Ty? — 45 =0 
51. x2 + y? + Qxy + 22x -2V2y+2=0 
52. x7 — 10xy + y* +1=0 


40y = 0 


Ga In Exercises 53 and 54, complete the table for each 
set of parametric equations. Plot the points (x,y) and 
sketch a graph of the parametric equations. 


53. x = 3t-— 2 andy =7— 4t 


fe) —3 | —2 | -1);0);1) 213 


4 
— 1 


54. x= Sando 
5 7 t 


t/-1;}0}2/3);41]5 


In Exercises 55-60, (a) sketch the curve represented by 
the parametric equations (indicate the orientation of the 
curve) and (b) eliminate the parameter and write the 
corresponding rectangular equation whose graph 
represents the curve. Adjust the domain of the resulting 
rectangular equation, if necessary. (c) Verify your result 
with a graphing utility. 


55. x = 2t 56. x= 1+ 4 
y=4t yo2 = 3t 

57.x =f 58.x=r+4 
y= vit year 

59. x = 6cos 0 60. x = 3 + 3cos 0 
y=6sin0 y=2+5sin 0 


61. Find a parametric representation of the circle with center 
(5, 4) and radius 6. 


62. Find a parametric representation of the ellipse with center 
(—3,4), major axis horizontal and eight units in length, 
and minor axis six units in length. 


63. Find a parametric representation of the hyperbola with 
vertices (0, +4) and foci (0, +5). 


64. Involute of a Circle The involute of a circle is described 
by the endpoint P of a string that is held taut as it is 
unwound from a spool (see figure). The spool does not 
rotate. Show that a parametric representation of the 
involute of a circle is 


x = r(cos 6+ @sin 0) 


y = r(sin 0 — @cos @). 


In Exercises 65-68, plot the point given in polar 
coordinates and find two additional polar representations 
of the point, using —27 < 0 < 27. 


7 
ss. (2.2) 


T 
ss. (-5-2) 


67. (—7, 4.19) 
68. (./3, 2.62) 


In Exercises 69-72, a point in polar coordinates is given. 
Convert the point to rectangular coordinates. 


7 Sa 
69. (- le 2) 70. (2 7) 


30 7 
ns (x22 2 (0.2) 


In Exercises 73-76, a point in rectangular coordinates is 
given. Convert the point to polar coordinates. 

73. (0, 2) 

74. (- J/5, V/5) 

75. (4, 6) 

76. (3, —4) 
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In Exercises 77-82, convert the rectangular equation to 
polar form. 

TT, x* + y?=49 
79. x° +y— 6y=0 
81. xy =5 


78, x2 + y2 = 20 
80. x2 + y?- 4x = 0 
82. xy = -2 


In Exercises 83-88, convert the polar equation to 
rectangular form. 


83. r= 5 84. r = 12 
85. r = 3 cos 0 86. r = 8 sin @ 
87. 7? = sin 0 88. r? = cos 20 


6.8 | In Exercises 89-98, determine the symmetry of r, the 
maximum value of |r|, and any zeros of r. Then sketch the 
graph of the polar equation (plot additional points if 
necessary). 


89. r=4 90. r= 11 

91. r = 4sin 20 92. r = cos 50 

93. r = —2(1 + cos 6) 94. r= 3 — 4cos 0 
95. r=2+ 6sin 0 96. r=5 — 5cos 0 
97. r = —3 cos 20 98. r = cos 20 


In Exercises 99-102, identify the type of polar graph and 
use a graphing utility to graph the equation. 
99. r = 3(2 — cos 8) 
100. r = 3(1 — 2 cos @) 
101. r = 4 cos 30 
102. r* = 9 cos 20 


6.9 | In Exercises 103-106, identify the conic and sketch 
its graph. 


103. r= —t53 
104. r= or 

105. r = te 
106. r = ares 


In Exercises 107-110, find a polar equation of the conic 
with its focus at the pole. 

107. Parabola 
108. Parabola 
109. Ellipse 
110. Hyperbola 


Vertex: (2, 77) 
Vertex: (2, 7/2) 
Vertices: (5, 0), (1, 7) 
Vertices: (1, 0), (7, 0) 
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111. Explorer 18 On November 26, 1963, the United States 
launched Explorer 18. Its low and high points above the 
surface of Earth were 119 miles and 122,800 miles, 
respectively (see figure). The center of Earth was at one 
focus of the orbit. Find the polar equation of the orbit and 
find the distance between the surface of Earth (assume 
Earth has a radius of 4000 miles) and the satellite when 
0= 7/3. 


wa FIGURE FOR 118 


i Explorer 18 . oo, . : 
119. A moving object is modeled by the parametric equations 


x = 4 cost and y = 3 sinf, where f is time (see figure). 
How would the path change for the following? 


: ~0 
1 (a) x = 4cos2t, y = 3 sin 2t 


(b) x =Scost, y= 3sint 


_————————— y 

4 2b 

112. Asteroid An asteroid takes a parabolic path with Earth 

as its focus. It is about 6,000,000 miles from Earth at its 

closest approach. Write the polar equation of the path of 

the asteroid with its vertex at 9 = 7/2. Find the distance 
between the asteroid and Earth when 6 = — 77/3. 


—-4-+ 
nthesi 
Sy: thesis 120. Identify the type of symmetry each of the following polar 


. . points has with the point in the figure. 
True or False? _\n Exercises 113-116, determine whether 


the statement is true or false. Justify your answer. (a) (- 4, 2) (b) (4 -2) (c) (- -2) 
113. When B = 0 in an equation of the form e 
2 
Ax? + Bxy + Cy? + Dx + Ey + F=0 aE 
| | fa 
the graph of the equation can be a parabola only if C = 0 t\” 6/e 


also. 


114. The graph of ¢x2 — y+ = 1 is a hyperbola. 


115. Only one set of parametric equations can represent the 
line y = 3 — 2x. 


116. There is a unique polar coordinate representation of each 


point in the plane 121. What is the relationship between the graphs of the rectan- 


gular and polar equations? 


117. Consider an ellipse with the major axis horizontal and 7 
10 units in length. The number b in the standard form of ee so ay RSI TS PO ee 
the equation of the ellipse must be less than what real 
number? Explain the change in the shape of the ellipse as 
b approaches this number. 


122. Geometry The area of the ellipse in the figure is twice 
the area of the circle. What is the length of the major axis? 
(Hint: The area of an ellipse is A = rab.) 

118. The graph of the parametric equations x = 2 sect and . 

y = 3 tan ft is shown in the figure. How would the graph 1 
change for the equations x =2sec(—ft) and (0, 10) 
y = 3 tan(—1)? 


x 


0) (ao) 


(0, -10) 
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Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 

1. Find the inclination of the line 2x — 7y + 3 = 0. 

2. Find the angle between the lines 3x + 2y — 4 = Oand4x —y + 6=0. 

3. Find the distance between the point (7, 5) and the line y = 5 — x. 


In Exercises 4-7, classify the conic and write the equation in standard form. Identify 
the center, vertices, foci, and asymptotes (if applicable). Then sketch the graph of the 
conic. 

4, y?-4x+4=0 

5. x2 — 4y?- 4x =0 

6. 9x? + 1l6y? + 54x — 32y — 47 = 0 

7. 2x? + 2y? — 8x — 4y +9 =0 


8. Find the standard form of the equation of the parabola with vertex (3, —2), with a 
vertical axis, and passing through the point (0, 4). 


9. Find the standard form of the equation of the hyperbola with foci (0, 0) and (0, 4) and 
asymptotes y = +hy + 2. 
10. (a) Determine the number of degrees the axis must be rotated to eliminate the xy-term 
of the conic x? + 6xy + y? -6=0. 


(b) Graph the conic from part (a) and use a graphing utility to confirm your result. 


11. Sketch the curve represented by the parametric equations x = 2 + 3cos 6 and 
y = 2 sin 6. Eliminate the parameter and write the corresponding rectangular equation. 


12. Find a set of parametric equations of the line passing through the points (2, —3) and 
(6, 4). (There are many correct answers.) 


13. Convert the polar coordinate (-2 2) to rectangular form. 


14. Convert the rectangular coordinate (2, —2) to polar form and find two additional polar 
representations of this point. 


15. Convert the rectangular equation x? + y? — 4y = 0 to polar form. 


In Exercises 16-19, sketch the graph of the polar equation. Identify the type of graph. 


4 4 
16. r = ———— 17. r = ————_ 
1+ cos 0 2 + cos 60 
18. r=2+3sin0 19. r = 3 sin 20 


20. Find a polar equation of the ellipse with focus at the pole, eccentricity e = ” and 
directrix y = 4. 

21. A straight road rises with an inclination of 0.15 radian from the horizontal. Find the 
slope of the road and the change in elevation over a one-mile stretch of the road. 


22. A baseball is hit at a point 3 feet above the ground toward the left field fence. 
The fence is 10 feet high and 375 feet from home plate. The path of the baseball can 
be modeled by the parametric equations x=(115cos6)f and 
y = 3 + (115 sin 6)t — 1677. Will the baseball go over the fence if it is hit at an angle 
of 6 = 30°? Will the baseball go over the fence if 6 = 35°? 
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ae) Cumulative Test for Chapters 4-6 


Take this test to review material from earlier chapters. When you are finished, check 
your work against the answers given in the back of the book. 


1. Write the complex number 3 — ./—25 in standard form. 


In Exercises 2-4, perform the operations and write the result in standard form. 


2. 61 — (2 + V/—81) 3. (2i — 3)? 4, (V3 + i)(/3 — i) 
: ere 4i 
5. Write the quotient in standard form: Tso 


In Exercises 6 and 7, find all the zeros of the function. 


6. f(x) = x3 + 2x2 + 4x + 8 7. f(x) = x4 + 4x3 — 21x? 


8. Find a polynomial with real coefficients that has —5, —2, and 2 + J3i as its zeros. 
9. Write the complex number z = —2 + 2i in trigonometric form. 


10. Find the product [4(cos 30° + i sin 30°)][6(cos 120° + i sin 120°)]. Write the result in 
standard form. 


In Exercises 11 and 12, use DeMoivre’s Theorem to find the indicated power of the 
complex number. Write the result in standard form. 


4 
11. (cos 2 + isin 22)| 12. (- J3 - i) 


13. Find the three cube roots of 1. 
14. Write all the solutions of the equation x* — 81i = 0. 


In Exercises 15 and 16, use the graph of f to describe the transformation that yields 
the graph of g. 


1S f(s eee aE 
16. f(x) = 2.2", g(x) = -2.2°4+ 4 


ale 


In Exercises 17-20, use a calculator to evaluate each expression. Round your result to 
three decimal places. 


17. log, 98 18. log,o(°) 19. InV31 20. In(/40 — 5) 
In Exercises 21-23, evaluate the logarithm using the change-of-base formula. Round 
your answer to three decimal places. 


21. log, 1.8 22. log, 0.149 23. log, /. 17 


seed | 
24. Use the properties of logarithms to expand n(* x °) where x > 4. 


25. Write 2 Inx — 5 In(x + 5) as a logarithm of a single quantity. 


(i) 


(ii) 


NIA 


(iii) 
FIGURE FOR 49 
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In Exercises 26-29, solve the equation algebraically. Round the result to three 
decimal places. 


26. 6e%* = 72 27. 4*-> + 21 = 30 
28. log, x + log, 5 = 6 29. In4dx — In2 = 8 
: a 1000 ; : 
30. Use a graphing utility to graph f(x) = 1k aes and determine the horizontal 
asymptotes. 7 


31. The number of bacteria N ina culture is given by the model N = 175e", where t is the 
time in hours. If NV = 420 when t = 8, estimate the time required for the population 
to double in size. 


32. The population P of Texas (in thousands) from 1990 through 2003 can be modeled by 
P = 16,989e°797", where ¢ represents the year, with t = 0 corresponding to 1990. 
According to this model, when will the population reach 24 million? (Source: U.S. 
Census Bureau) 


33. Find the angle between the lines 2x + y — 3 = Oand x — 3y + 6=0. 
34. Find the distance between the point (6, —3) and the line y = 2x — 4. 


In Exercises 35-38, classify the conic and write the equation in standard form. 
Identify the center, vertices, foci, and asymptotes (if any). Then sketch the graph. 


35. 9x? + 4y? — 36x + By +4 =0 36. 4x7 — yy? -4=0 
37. x7 + y? + 2x — by — 12 =0 38. y>+2x+2=0 


39, Find an equation in rectangular coordinates of the circle with center (2, —4) and 
passing through the point (0, 4). 


40. Find an equation in rectangular coordinates of the hyperbola with foci (0, 0) and (0, 6) 


2/5 


and asymptotes y = i 75 * + 3. 


41. (a) Determine the number of degrees the axes must be rotated to eliminate the xy-term 
of the conic x7 + xy + y? + 2x — 3y — 30 = 0. 


(b) Graph the conic and use a graphing utility to confirm your result. 


42. Sketch the curve represented by the parametric equations x = 3 + 4cos 6 and 
y = sin 6. Eliminate the parameter and write the corresponding 
rectangular equation. 


43. Find a set of parametric equations of the line passing through the points (3, — 2) and 
(—3, 4). (The answer is not unique.) 


44, Plot the point (—2, —37/4) and find three additional polar representations for 
—27 < 6 < 27. 


45. Convert the rectangular equation x* + y? — 6y = 0 to polar form. 


46. Convert the polar equation r = to rectangular form. 


4—5cos 0 


In Exercises 47 and 48, sketch the graph of the polar equation. 


3 4 
WT = FE aaep = Te a 
49. Match each polar equation with its graph at the left. 


(a) r=2+ 3sin0 (b) r = 3 sin 0 (c) r= 3 sin26 


Proofs in Mathematics 


Inclination and Slope = (p. 430) 


If a nonvertical line has inclination 6 and slope m, then m = tan 0. 


Y Proof 
If m = O, the line is horizontal and 6 = 0. So, the result is true for horizontal 
lines because m = O = tan 0. 
If the line has a positive slope, it will intersect the x-axis. Label this point 
(x,, 0), as shown in the figure. If (x5, y,) is a second point on the line, the slope 
is 
m= ee ee, = tan 0. 
By = AG) ey 
The case in which the line has a negative slope can be proved in a similar manner. 
Distance Between a Point andaLine (p. 432) 
The distance between the point (x,, y,) and the line Ax + By + C = Ois 
d _ |Ax, + By, + C| 
VJA2 +B 
y Proof 
A 


For simplicity’s sake, assume that the given line is neither horizontal nor vertical 
(see figure). By writing the equation Ax + By + C = 0 in slope-intercept form 
Shwe 
a 
you can see that the line has a slope of m = —A/B. So, the slope of the line pass- 
ing through (x,, y,) and perpendicular to the given line is B/A, and its equation 
is y — y, = (B/A)(x — x,). These two lines intersect at the point (x, y>), where 


B(Bx, — Ay,) — AC A(—Bx, + Ay,) — BC 
A? + B? A? + B 


and Yo 


> X joy = 


A 
ya-Br-e Finally, the distance between (x,, y,) and (x5, y>) is 
a vie oe ae ar (2 = yy 


_ B’x, — ABy, — AC z —ABx, + A*y, — BC 2 
VOR = ee ar A2 + B2 Si 
a Py as aE eit) ee Ace ay ee 
(A2 + B?)2 


_ |Ax, + By, + C| 
JAZ +B 
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Parabolic Paths 


There are many natural occur- 
rences of parabolas in real life. 
For instance, the famous 
astronomer Galileo discovered 
in the 17th century that an 
object that is projected upward 
and obliquely to the pull of 
gravity travels in a parabolic 
path. Examples of this are the 
center of gravity of a jumping 
dolphin and the path of water 
molecules in a drinking fountain. 


Parabola with vertical axis 


Directrix: 
x — hp 


(h + p, k) 
‘Vertex: (h, k) 


Parabola with horizontal axis 


Standard Equation of a Parabola (p. 438) 


The standard form of the equation of a parabola with vertex at (h, k) is as 
follows. 


(x as h) = Aply = k), p#O0 Vertical axis, directrix: y = k — p 


(y = k)? -_ Ap(x = h), p#0 Horizontal axis, directrix: x = h — p 


The focus lies on the axis p units (directed distance) from the vertex. If the 
vertex is at the origin (0, 0), the equation takes one of the following forms. 


r= Apy Vertical axis 


y = 4px Horizontal axis 


Proof 


For the case in which the directrix is parallel to the x-axis and the focus lies 
above the vertex, as shown in the top figure, if (x, y) is any point on the parabola, 
then, by definition, it is equidistant from the focus (h, k + p) and the directrix 
y = k — p. So, you have 


VESh? Hy ks pe =y —(k—p) 
G=hyrhy=—k >pr=hw—h—pir 
Gh? y= 2y(k +p) ke py? —y? = 2k = p) + (k= py 


eh yy = 2hy — py ke pk tp — 9 — hy ay ke — 2k ep 


(x — h)? — 2py + 2pk = 2py — 2pk 
(x — h)? = Aply — ¥). 


For the case in which the directrix is parallel to the y-axis and the focus lies to 
the right of the vertex, as shown in the bottom figure, if (x, y) is any point on the 
parabola, then, by definition, it is equidistant from the focus (h + p, k) and the 
directrix x = h — p. So, you have 


Vie py ay) — (hp) 
[x — (h + p)P + (y — kP = [x —  — p)P 
ye =O ae je) ae Uae ey ae ee I a ae ae 


52 = Das = Dore te WP ae Dal ae jo” ae (Op = IP = ae = Dhis tp Dawe se I? = Dah se 


=Dage 4b Qala +b (iy = BP = Qe = Dah 
(Spe Ha) 


Note that if a parabola is centered at the origin, then the two equations above 
would simplify to x? = 4py and y* = 4px, respectively. 
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Polar Equations of Conics (p. 495) 
The graph of a polar equation of the form 


1 &P 


. be ww. = 
l1+ecos@ 


or 


= ep 
ane l+esin0 


is a conic, where e > 0 is the eccentricity and |p| is the distance between 
the focus (pole) and the directrix. 


right of the focus F = (0, 0). If P = (r, 6) is a point on the graph of 


z Proof 
P A proof for r = ep/(1 + e cos @) with p > 0 is shown here. The proofs of the 
Tcene other cases are similar. In the figure, consider a vertical directrix, p units to the 


as ep 
1 + ecos 6 


r 
the distance between P and the directrix is 
PQ = |p—x{ 
= |p — rcos 6 


oe | aes ep 
p (25) cos 9 


>0 


a (1 - e cos 6 ) 
P 1+ ecos 0 


ee ae 
ee ECRCOSEO 


r 
Bi 


Moreover, because the distance between P and the pole is simply PF = |r|, the 
ratio of PF to PQ is 


PF _ |r 
FOM Ns 
e 

= (| 
— (@ 


and, by definition, the graph of the equation must be a conic. 
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Problem Solving 


This collection of thought-provoking and challenging exercises further explores 


and expands upon concepts learned in this chapter. 


1. Several mountain climbers are located in a mountain pass 
between two peaks. The angles of elevation to the two peaks 
are 0.84 radian and 1.10 radians. A range finder shows that 
the distances to the peaks are 3250 feet and 6700 feet, 
respectively (see figure). 


(a) Find the angle between the two lines of sight to the 
peaks. 


(b) Approximate the amount of vertical climb that is 
necessary to reach the summit of each peak. 


2. Statuary Hall is an elliptical room in the United States 
Capitol in Washington D.C. The room is also called the 
Whispering Gallery because a person standing at one focus 
of the room can hear even a whisper spoken by a person 
standing at the other focus. This occurs because any sound 
that is emitted from one focus of an ellipse will reflect off 
the side of the ellipse to the other focus. Statuary Hall is 
46 feet wide and 97 feet long. 


(a) Find an equation that models the shape of the room. 
(b) How far apart are the two foci? 


(c) What is the area of the floor of the room? (The area of 
an ellipse is A = zrab.) 


3. Find the equation(s) of all parabolas that have the 
x-axis as the axis of symmetry and focus at the origin. 


4. Find the area of the square inscribed in the ellipse below. 


5. A tour boat travels between two islands that are 12 miles 
apart (see figure). For a trip between the islands, there is 
enough fuel for a 20-mile trip. 


Island 1 


Island 2 


(a) Explain why the region in which the boat can travel is 
bounded by an ellipse. 


(b) Let (0, 0) represent the center of the ellipse. Find the 
coordinates of each island. 


(c) The boat travels from one island, straight past the other 
island to the vertex of the ellipse, and back to the 
second island. How many miles does the boat travel? 
Use your answer to find the coordinates of the vertex. 


(d) Use the results from parts (b) and (c) to write an 
equation for the ellipse that bounds the region in which 
the boat can travel. 


6. Find an equation of the hyperbola such that for any point on 
the hyperbola, the difference between its distances from the 
points (2, 2) and (10, 2) is 6. 


7. Prove that the graph of the equation 


AGE te GE 4b iDye oe lity ap 17 = @ 


is one of the following (except in degenerate cases). 


Conic Condition 
(a) Circle A=C 
(b) Parabola A = OorC = 0 (but not both) 
(c) Ellipse INE S W 
(d) Hyperbola AC <0 


8. The following sets of parametric equations model 
projectile motion. 


xX = (Vv, cos 6)t x = (vq cos @)t 


y = (vp sin 0)t y =h + (ypsin 0)t — 1677 
(a) Under what circumstances would you use each model? 
(b) Eliminate the parameter for each set of equations. 


(c) In which case is the path of the moving object not 
affected by a change in the velocity v? Explain. 


513 


De 


11. 


As ¢ increases, the ellipse given by the parametric 
equations 


x = costand y = 2sint 


is traced out counterclockwise. Find a parametric represen- 
tation for which the same ellipse is traced out clockwise. 


. A hypocycloid has the parametric equations 


x= (a= b) cost + beos 


a?) 
b 


y = (a — b)sint bsin( ="), 


and 


Use a graphing utility to graph the hypocycloid for each 
value of a and b. Describe each graph. 


(a) a=2,b=1 (b) a=3,b=1 
(c) a=4,b=1 (d) a=10,b=1 
(ce) a=3,b=2 (ff) a=4,b=3 
The curve given by the parametric equations 

— lea 
eae 
and 

Ey) 

il ar 


is called a strophoid. 
(a) Find a rectangular equation of the strophoid. 


(b) Find a polar equation of the strophoid. 


Ae (c) Use a graphing utility to graph the strophoid. 


Ae 12. 


13. 


14. 


The rose curves described in this chapter are of the form 


r= acosn@ or r=asinn@ 


where n is a positive integer that is greater than or equal to 
2. Use a graphing utility to graph r= acosn6 and 
r = asin n6 for some noninteger values of n. Describe the 
graphs. 


What conic section is represented by the polar equation 
r= asin 6+ bcos 6? 


The graph of the polar equation 
r = eS — 2 cos 46 + sin( 8) 
12 


is called the butterfly curve, as shown in the figure. 
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15. 


16. 


4 

=6) 4 
=a 

r=e°S9 _9 cos 46 + sin? (3) 


FIGURE FOR 14 


(a) The graph above was produced using 0 < @ < 27. 
Does this show the entire graph? Explain your 
reasoning. 


(b) Approximate the maximum r-value of the graph. Does 
this value change if you use 0 < @ < 47 instead of 
0 < 0 < 2a? Explain. 


Use a graphing utility to graph the polar equation 
r = cos 50 + ncos 0 


for 0 < 6 < 7 for the integers n = —5 ton = 5. As you 
graph these equations, you should see the graph change 
shape from a heart to a bell. Write a short paragraph 
explaining what values of n produce the heart portion of the 
curve and what values of n produce the bell portion. 


The planets travel in elliptical orbits with the sun at one 
focus. The polar equation of the orbit of a planet with one 
focus at the pole and major axis of length 2a is 


_ U=e?)a 


"> {=eeose 


where e is the eccentricity. The minimum distance 
(perihelion) from the sun to a planet is r = a(1 — e) and 
the maximum distance (aphelion) is r = a(1 + e). The 
length of the major axis for the planet Neptune is 
a = 9.000 x 10° kilometers and the eccentricity is 
e = 0.0086. The length of the major axis for the planet 
Pluto is a = 10.813 x 10° kilometers and the eccentricity 
is e = 0.2488. 


(a) Find the polar equation of the orbit of each planet. 


(b) Find the perihelion and aphelion distances for each 
planet. 


fas (c) Use a graphing utility to graph the polar equation of 


each planet’s orbit in the same viewing window. 


(d) Do the orbits of the two planets intersect? Will the two 
planets ever collide? Why or why not? 


(e) Is Pluto ever closer to the sun than Neptune? Why is 
Pluto called the ninth planet and Neptune the eighth 
planet? 


Answers to Odd-Numbered Exercises and Tests Al 


Answers to Odd-Numbered Exercises and Tests 


Chapter P 31.-2<x<4 33% y20 35 10<1< 22 


37.W>65 3910 41.5 43-1 45-1 
Section P.1 (page 9) 47.-1 49. |-3|}>-|-3| 51. -5 = —|5| 


53. —|-2| =—|2| 55.51 57.3 59,48 

Vocabulary Check (page 9) 61. [$113,356 — $112,700| = $656 > $500 

1. rational 2. irrational 3. absolute value 0.05($112,700) = $5635 

4. composite 5. prime 6. variables; constants Because the actual expenses differ from the budget by 
7. terms 8. coefficient 9. Zero-Factor Property more than $500, there is failure to meet the “budget vari- 

ance test.” 
1. (a) 5,1,2  (b) 0,5, 1,2 63. |$37,335 — $37,640| = $305 < $500 
(c) —9, 5, 0, 1, —4, 2, = iit 0.05($37,640) — $1882 
(d) i z —9,5,0,1,-4,2,-11 (©) V2 Because the difference between the actual expenses and 


the budget is less than $500 and less than 5% of the bud- 


3. (a) 1 (b) 1 (ce) —13,1,-6 ; : : ‘ 
geted amount, there is compliance with the “budget vari- 


(d) 2.01, —13, 1, —6, 0.666. . . 


ance test.” 
(e) 0.010110111... 65. (a) 
5. (a) g 8 (b) g 8 (c) g = 1,8, —22 : Year | Expenditures | Surplus or deficit 
(d) is g 7.5,—-1,8,-22 (e) -7, 5V2 (in billions) (in billions) 
13. Bs = =e = * > 4>-8 
. 1970 $195.6 $2.8 (d) 
3 
ie 3 27 1980 $590.9 $73.8 (d) 
Het Ie 
[Soe eee i 1990 $1253.2 $221.2 (d) 
17. = 6>3 
+ oo 2000 $1788.8 $236.4 (s) 
19. (a) x < 5 denotes the set of all real numbers less than or (b) a 
equal to 5. 240 3 =< 
ee oe (c) Unbounded co 192 alls 
0 12 3 4 5 6 35 ia oil 
21. (a) x < O denotes the set of all real numbers less than 0. 3 = 5 2 
Be ee 
(b) —— x (c) Unbounded Eg “a8 g S 
23. (a) [4, co) denotes the set of all real numbers greater than : cease = 
or equal to 4. SARA 8 
(b) ——;—_ ++ + « (c) Unbounded 7 
Bape aeeh ae a ah 67. |x — 5| <3 69. |y| = 6 
25. (a) —2 < x < 2 denotes the set of all real numbers greater 71. [326 — 351| = 25 miles 
than —2 and less than 2. 73. 7x and 4 are the terms; 7 is the coefficient. 
(b) ea ae a m (c) Bounded 75. /3x2, —8x, and —11 are the terms; /3 and —8 are the 


coefficients. 
27. (a) —1 < x < Odenotes the set of all real numbers greater 


than or equal to — 1 and less than 0. 


(b) —_-————_+—>-« (c) Bounded 
-1 0 


77. 4x3, x/2, and —5 are the terms; 4 and 5 are the coefficients. 
79. (a) -—10 (b) -6 
81. (a) 14. (b) 2 


29. (a) [—2, 5) denotes the set of all real numbers greater than 83. (a) Division by 0 is undefined. (b) 0 
or equal to —2 and less than 5. 85. Commutative Property of Addition 
(b) ——+— ++ +> « (c) Bounded 87. Multiplicative Inverse Property 


a 89. Distributive Property 
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A2 


91. 
93. 
95. 


97. 
105. 


107. 
109. 


111. 


113. 
115. 
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Multiplicative Identity Property 
Associative Property of Addition 
Distributive Property 


1 3 5x 

5 8% 10 48103, 

@], [1] 05] 0.01 | 0.0001 | 0.000001 
5/n| 5 | 10 | 500 | 50,000 | 5,000,000 


(b) The value of 5/n approaches infinity as n approaches 0. 

False. If a < b, then = > 7 where a # b # 0. 

(a) No. If one variable is negative and the other is 
positive, the expressions are unequal. 

(b) Ju + v| < |u| + |v| 
The expressions are equal when u and v have the same 
sign. If w and v differ in sign, |u + v| is less than 
|u| oF |v]. 

The only even prime number is 2, because its only factors 

are itself and 1. 


(a) Negative (b) Negative 


Yes. |al = —aifa < 0. 


Section P.2 (page 22) 


Vocabulary Check (page 22) 


1. 
~ax+b=0 5. 
. quadratic equation 


. Identity 
. Identity 
2-=9 15.5 

4 23. —5 
. No solution. The x-terms sum to zero. 
. 10 31. 4 
- No solution. The variable is divided out. 


equation 2. solve 3. identities; conditional 


extraneous 


. factoring; extracting square roots; completing the 
square; Quadratic Formula 


3. Conditional equation 5. Identity 
9. Conditional equation 11. 4 

17. 9 19. No solution 
$ 25.9 


33. 3 35. 0 


. No solution. The solution is extraneous. 
o2 43. No solution. The solution is extraneous. 


. 0 47. All real numbers x 
x7 - 6x +6=0 


49, 2x7 + 8x —-3 =0 
53. 3x2 — 90x — 10 = 0 


0,-3 57.4,-2 59% -5 61. 3,-5 
.2,-6 65 —-%,-4 67.-a 69. +7 
.+/11l 73. +3/3 ~~ 75. 8,16 
.-2+ JM 79. ee 81. 2 

4,-8 85 /11-—6,-J11 —6 

—5+ 
14 ¥% 89. 2423 o1, —# v89 


3 . 4 


93. 
99. 


103. 


109. 


115. 


119. 
123. 


129. 


135. 


143. 
149. 
155. 


163. 
169. 


175. 


181. 
185. 


187. 
189. 


191. 
193. 


95. 4,-3 
-7+/5 


97.1+ 
101. —-4+2/5 


4 1 
== 17-248 
3 2 v2 


v8 113. 6+ JI 


117. 0.976, —0.643 


1.355, — 14.071 
—0.290, — 2.200 


1 
— + 
5+ V3 


121. 1.687, —0.488 
125.14 /2 127. 6, -12 


1 3 S97 
5 


0;2——— 137. +3 139. —6 141. —3,0 


145. +1 

+5,+4 151.1,-2 153. 50 

26 «157. -16 =159. 2, -5 161. 0 

9 165. —3 + 16/2 167. +./14 
—3+ /21 

2 173. on 


2 
1+ J31 
— 179. 3, -2 


=L= 417 
2 


147. +/3,+1 


1 171. 2, — 


4,-5 177. 


J/3,-3 


(a) 61.2 inches 
(b) Yes. The estimated height of a male with a 19-inch 
femur is 69.4 inches. 


183. 3, 


(©) Height, | Female Male 
% femur length | femur length 
60 15.48 14.79 
70 19.80 19.28 
80 24.12 23.77 
90 28.44 28.26 
100 32.76 32275 
110 37.08 37.24 
100 inches 


(d) x ~ 100.59; There would not be a problem because it 
is not likely for either a male or a female to be 100 
inches tall (which is 8 feet 4 inches tall). 

y = —0.25t + 8; after about 28 hours 

6 inches x 6 inches x 2 inches 


a = 11.55 inches 


(a) 1998 (b) During 2007 195. 500 units 
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197. False. x(3 — x) = 10 25. (a) : (b) 10 
3x — x7 = 10 nt (c) (5, 4) 
The equation cannot be written in the form ax + b = 0. 10+ 
199. False. See Example 14 on page A55. s+ (9,7) 
201. Equivalent equations have the same solution set, and one 6+ Pag 
is derived from the other by steps for generating equiva- rae ae 
lent equations. gil. 38" 7 
2x = 5, 2x +3=8 mS 
203. Yes. The student should have subtracted 15x from both 2 2 4 6 8 10 
sides to make the right side of the equation equal to zero. 27. (a) y (b) 17 
Factoring out an x shows that there are two solutions, (4,10) A 5 
all ©) (0.3) 
x = Oand x = 6. No ogek 
205. x2 -3x-18=0 207. x7 - 22x + 112 =0 ‘6+ 
209. x? - 2x -1=0 211. a=9,b=9 ‘YT 
b Peek 4 
213. (a) x= 0,—7 (b) x = 0,1 ee ea ae ee 
Section P.3 (page 36) i ea-s) 
Vocabulary Check (page 36) a . oan 
5+ Cc > 
1. Cartesian 2. Distance Formula i: ne 
3. Midpoint Formula 4. solution or solution point ail Lee ° 
5. graph 6. intercepts 7. y-axis ole 
8. circle; (h, k);r (-1,2)) 
1. A: (2,6), B: (—6, —2), C: (4, -4), D: (-3, 2) iT r2s43 
3. 5. 
) y V82 
A A 31. (a) y (b) —— 
6+ 8+ e 4 3 
t al ‘| © (-1.9 
‘5 47 _5 4 
re ea le 3+ (11) 
-6 -4 2 246 }+—+—4 A a Oe iad eg 
a4 “6-4-2 je 2 4 6 8 a 
-ite =4+ } : +> x 
7. (—3, 4) 9. Quadrant IV 11. Quadrant II 33. (a) y (b) \/110.97 
13. Quadrant III 15. Quadrant I or II .) (c) (1.25, 3.6) 
17. y 
6+ (6.2, 5.4) 
5000 sacl Saal 
g 4500 (-3.7, 18) a a 
3 4000 di ‘ 
E 2300 i a ; 4 6°. 
Z 3000 ey 
x 2 2 2 
67 8 9 10111213 35. (/5) +(/45) =(V50) 37. ~250% 
Sentero) 39. 2/505 ~ 45 yards 
19.8 21.5 23. (a) 4,3,5 (b) P+ PHS 41. (1998, $7652.25 million); (2000, $8701.5 million); 


(2002, $9750.75 million) 
43. (a) Yes (b) Yes 45. (a) No (b) Yes 
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47.) | 0 1 3 81. > 83. y 


Nin 
+> < 
> 


y i 5 3 1 0 


(x,y) | (-1,7) | 5) | 4.3) | 20] Go) 


85. (x — 2)? + (y + 1)2 = 16 
87. (x + 1)2+(y-2)2=5 
89. (x — 3)2 + (y — 4)? = 25 


ies 91. Center: (0,0); Radius:5 93. Center: (1, —3); Radius: 
h A 
49. x-intercepts: (+2, 0) 51. x-intercept: (2, 0) ot ‘T _ 
y-intercept: (0, 16) y-intercept: (0, —6) - 
53. x-intercept: (—4, 0) 55. x-intercept: (4, 0) 
y-intercepts: (0, 2) y-intercept: (0, 7) | 
57. x-intercepts: (0, 0), (2,0) 59. x-intercept: (6, 0) 
y-intercept: (0, 0) y-intercepts: (0, +/6 ) 
61. + 63. : -74 
95. Center: (3, 5); Radius: 3 97. 
i y 
3 250,000 +- 
2 200,000 +- 
3 150,000 -+ 
g 100,000 + 
65. y-axis symmetry 67. Origin symmetry = ae 
69. Origin symmetry 71. x-axis symmetry r2345678 
73. y 75. y ear 
99. (a) 
“i 10 20 30 40 50 


y | 430.43 | 107.33 | 26.56 | 11.60 | 6.36 | 3.94 


x | 60 70 80 90 100 


y | 2.62 | 1.83 |] 1.31 | 0.96 | 0.71 


> = 


Resistance (in ohms) 


20 40 60 80 100 


Diameter of wire (in mils) 


When x = 85.5, the resistance is 1.1 ohms. 
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(c) Answers will vary. 13. m is undefined. 15. m= —2; 
(d) As the diameter of the copper wire increases, the There is no y-intercept. y-intercept: (0, 5) 
resistance decreases. ; Ty 
101. False. The Midpoint Formula would be used 15 times. 4 
103. False. A graph is symmetric with respect to the x-axis if, *T 
whenever (x, y) is on the graph (x, —y) is also on the if 
graph. 
+ + + }+—> x 
105. Point on x-axis: y = 0; Point on y-axis: x = 0 -1 1 2 3 
107. Use the Midpoint Formula to prove that the diagonals of i+ aa 
the parallelogram bisect each other. a 
(Pee 248) _ (228 r 
ee 29) 2 °2 17. m=0; 19. m is undefined. 
(: +b+0ct °) = (Z +b <) y-intercept: (0, 3) There is no y-intercept. 
2 2 2 “2 Y y 
109. (a) a=1,b=0 (b)a=0,b=1 st 44 
A 1 37 
Section P.4 (page 49) hay Al 
a ny 
es 
27 i oe > x 
Vocabulary Check (page 49) Al J | aa | a 
1. linear 2. slope 3. parallel + = =eer 
4. perpendicular 5. rate or rate of change =e aoe | 2 3 I 
6. linear extrapolation 
7aii bi cv  d. ii i 
6+ 
‘ @) L, (b) L, (ce) L, ed ml 
eh 
ot 
m=0 
+ + + > Xx 
-8 (6-1) 
m is undefined. 
> xX i 
gh 
5.3 7-4 i 
9. m = 5; Ml. m= —3 C3319 pe 
y-intercept: (0, 3) y-intercept: (0, 4) t 
= y 7 
al 
m= -+ m = 0.15 


29. Answers will vary. Sample answer: 
(0, 1), (3, 1), (—1, 1) 

31. Answers will vary. Sample answer: 
(6, —5), (7, —4), (8, —3) 

33. Answers will vary. Sample answer: 
(—8, 0), (—8, 2), (—8, 3) 

35. Answers will vary. Sample answer: 
(—4, 6), (—3, 8), (—2, 10) 

37. Answers will vary. Sample answer: 
(9, —1), (11, 0), (13, 1) 
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39. y= 3x-2 41. y = -—2x 59. y = 0.4x + 0.2 61. y= —-1 


+> x + > x 
6 =I 1 3 a 
el a a 
a3 34 
63. x=4 
2 f ui, 
: (3-1) 
Saari re gor ie 
es 
+> x “37 
(6,-1) ~47 
ust 
6+ 
a4 
2+ agah -s3+ (3-8) 
65. Perpendicular 67. Parallel 
i 69. (a) y= 2x —3 (b) y= —3x42 
A 
34 71. (a) y= —3x+2 () y=fx4+? 
24 73. (a) y=0 (b)x=-l 
aii 75. (a)x=2 (b) y=5 
1 fa 77. (a) y=x+43  (b) y=—-x4+ 93 
24 79. 3x + 2y -6=0 81. 12x + 3y +2=0 
a8e¢ 83. x +y-3=0 
7 il] 85. Line (b) is perpendicular to line (c). 
—T ) 4 @) 
(c) 
4 7 : 
gr 8 
(-8, 7) 
6+ -4 
4+ 87. Line (a) is parallel to line (b). 
a4 Line (c) is perpendicular to line (a) and line (b). 
. C8) 8 (c) 
10 6 -4 -2 is 
-44+ -2 
-10 14 


(b) 
(a) 
-8 
89. 3x — 2y —-1=0 91. 80x + 12y + 139 =0 
93. (a) Sales increasing 135 units per year 
(b) No change in sales 


(c) Sales decreasing 40 units per year 
95. (a) Salary increased greatest from 1990 to 1992; Least 
from 1992 to 1994 
(b) Slope of line from 1990 to 2002 is about 2351.83 
(c) Salary increased an average of $2351.83 over the 12 
years between 1990 and 2002 


97 


101. 


102. 


103. 


104. 


105. 
107. 
109. 


111. 
113. 


115. 


117. 
119. 


. 12 feet 99. V(t) = 3165 — 125 

b; The slope is — 20, which represents the decrease in the 
amount of the loan each week. The y-intercept is (0, 200) 
which represents the original amount of the loan. 

c; The slope is 2, which represents the hourly wage per 
unit produced. The y-intercept is (0, 8.50) which repre- 
sents the initial hourly wage. 

a; The slope is 0.32, which represents the increase in 
travel cost for each mile driven. The y-intercept is (0, 30) 
which represents the amount per day for food. 

d; The slope is — 100, which represents the decrease in 
the value of the word processor each year. The y-intercept 
is (0, 750) which represents the initial purchase price of 
the computer. 

y = 0.4825r — 2.2325; y(18) ~ $6.45; y(20) ~ $7.42 

V = —175t + 875 

(a) y(t) = 179.5t + 40,571 

(b) y(8) = 42,007; y(10) = 42,366 
S = 0.85L 

(a) C = 16.75t + 36,500 
(c) P = 10.25t — 36,500 


(c) m = 179.5 


(b) R = 27t 
(d) t ~ 3561 hours 
(b) y = 8x + 50 


(d) m = 8, 8 meters 


C = 0.38x + 120 
(a) and (b) 


(in millions) 


Cellular phone subscribers 


2 4 6 
Year (0 < 1990) 


8 10 12 


(c) Answers will vary. Sample answer: 
y = 11.72x — 14.1 

(d) Answers will vary. Sample answer: The y-intercept 
indicates that initially there were — 14.1 million sub- 
scribers which doesn’t make sense in the context of 
this problem. Each year, the number of cellular phone 
subscribers increases by 11.72 million. 

(e) The model is accurate. 

(f) Answers will vary. Sample answer: 196.9 million 
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121. 


123. 


125. 


127. 
129. 


A7 


False. The slope with the greatest magnitude corresponds 
to the steepest line. 

Find the distance between each two points and use the 
Pythagorean Theorem. 

No. The slope cannot be determined without knowing the 
scale on the y-axis. The slopes could be the same. 
V-intercept: initial cost; Slope: annual depreciation 
Answers will vary. 


Section P.5 (page 63) 


Vocabulary Check (page 63) 


1. 


11. 


13. 
19. 
25. 
27. 
29. 


31. 


33. 


35. 
37. 
39. 


41. 


43. 


45. 


. independent; dependent 
. implied domain 


. Yes 
. Yes, each input value has exactly one output value. 


domain; range; function 


. verbally; numerically; graphically; algebraically 


4. piecewise-defined 
6. difference quotient 


3. No 


. No, the input values of 7 and 10 each have two different 


output values. 


. (a) Function 


(b) Not a function, because the element 1 in A corre- 
sponds to two elements, —2 and 1, in B. 

(c) Function 

(d) Not a function, because not every element in A is 
matched with an element in B. 

Each is a function. For each year there corresponds one 

and only one circulation. 

17. Function 

23. Not a function 


Not a function 15. Function 


Not a function 21. Function 


(a) -1 (b) -9 (c) 2x—5 
(a) 367 = (b) Sars (c) Br 
(a) 1 (b) 2.5 (c) 3 — Qa 
1 1 
(a) =) (b) Undefined = (c) Pa by 
oi e-1 @f=! 
"ll 

(a) -1 (b)2 @6 
(a) -7 (b)4 (©) 9 

x =2'| <1 | ge | a |e 

fx) | 1 = | 8) =o 1-4 

t S|, Sal), 5. | | 

A(t)|}1 |4 |o | 4 1 

x =2')|-=1 |. 0) 1) 2 

fa) |5 | 3 4/1] 0 
5 47.4 49.43 51. 0,41 
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53.2. =1 55. 3,0 101. (a) 
57, All real numbers 59. All real numbers ¢ except t = 0 

61. All real numbers y such that y = 0 

63. All real numbers x such that —1 < x < 1 

65. All real numbers x except x = 0, —2 

67. All real numbers s such that s => 1 except s = 4 

69. All real numbers x such that x > 0 


71. {(—2, 4), (-1, 1), (0, 0), (1, 1), (2, 4)} ee 
73. {(—2, 4), (—1, 3), (0, 2), CL, 3), (2, 4)} (b) h = /E — 30002, d > 3000 
75. g(x) = cx3c¢ = —2 77. r(x) = 2 c = 32 103. False. The range is [—1, 00). 


105. The domain is the set of inputs of the function, and the 
range is the set of outputs. 


79.3 +h h#0 81. 3x? + 3xh +h? +3,h #0 


[Sips 2 
20 ee x #3 85. sanS? 87. A= a 107. (a) Yes. The amount you pay in sales tax will increase as 
9x? x= 5 16 . F Sa 
. ; : ; the price of the item purchased increases. 
89. (a) The maximum volume is 1024 cubic centers: (b) No. The length of time that you study will not neces- 
(b) v Yes, Vis a function of x. 


sarily determine how well you do on an exam. 


Section P.6 (page 76) 


1200 
1000 
800 


Volume 


600 


Vocabulary Check (page 76) 


an 1. ordered pairs 2. Vertical Line Test 


. Zeros 4. decreasing 
1 2 3 4 5 6 7 . 
Height . maximum 6. average rate of change; secant 
. odd 8. even 
(c) V= x(24 — 2x)?,0 <x < 12 
91.A= ay. xs? 1. Domain: (— 00, —1],[1,00) 3. Domain: [—4, 4] 
(x — 2) Range: [0, 00) Range: [0, 4] 
93. Yes, the ball will be at a height of 6 feet. 5. (a) 0 (b) -1 (c) 0 (d) -2 
95. 1990: $27,300 7.(a) —3) (bt) 0 (1 dd) —3 
1991: $28,052 9. Function 11. Not a function 13. Function 
1992: $29,168 15.-3,6 17.0 19.0,+/2 21. +4,6 
1993: $30,648 23. i 
1994: $32,492 25. 6 27. § 
1995: $34,700 a 


1996: $37,272 


1997: $40,208 c : 
1998: $41,300 ’ : 
1999: $43,800 7 2 
2000: $46,300 -3 4 
2001: $48,800 29. 2 
2002: $51,300 
97. (a) C = 12.30x + 98,000 (b) R = 17.98x 4 3 
(c) P = 5.68x — 98,000 
99, ta) R= POE 4S 80 2 
20 ; 
(b) 3 
31. Increasing on (— 00, 00) 
n 90 | 100 | 110 | 120 | 130 | 140 | 150 33. Increasing on (— oo, 0) and (2, 00) 


Decreasing on (0, 2) 


R(n) | $675} $700 | $715 | $720 | $715 | $700 | $675 : 
| | a Se a RR nS 35. Increasing on (— oo, 0) and (2, co); Constant on (0, 2) 


The revenue is maximum when 120 people take the trip. 


37. 


39. 


43. 


45. 


49. 


51. 


53. 


55. 


Increasing on (1, 00); Decreasing on (— 00, — 1) 
Constant on (— 1, 1) 
41. 7 


-3 


tH 
o 

Il 

a 

o 


= 
Constant on (— 00, 00) Decreasing on (— 00, 0) 
Increasing on (0, 00) 
Increasing on (— 00, 0) 


Decreasing on (0, 00) 


1 
o 


I! 

o are 
1 
= o 


o 


47. 4 


Hl 
a 
to 


e) 6 
0 


Decreasing on (— 00, 1) Increasing on (0, 00) 


Il 
co) 

1 

3 is} 
o 


Relative minimum: (1, — 9) 


1 

o 
ea | 

a 


“4 
Relative maximum: (1.5, 0.25) 


l 
nD 

| an 

2 ° 
nD 


Relative maximum: (— 1.79, 8.21) 
Relative minimum: (1.12, — 4.06) 
y 57. y 


s+ 
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59. 


63. 
65. 
67. 
69. 
71. 
75. 
77. 
81. 
85. 


87. 
89. 


91. 


i 61. i 
=a t + { — 
-2 -1 1 2 
44 
34 
24 
14 
at | 
[1, 00) f(x) < 0 for all x 
The average rate of change from x, = 0 to x, = 3 is —2. 


The average rate of change from x, = | to x, = 5 is 18. 
1 tox, = 3is0. 
The average rate of change from x, = 3 to x, = 11 is re 
73. Odd; origin symmetry 


Neither even nor odd; no symmetry 


ll 


The average rate of change from x, 


Even; y-axis symmetry 


h=—-x?+ 4x - 3 79, h = 2x — x? 
L=3y? 83. L=4-y? 
(a) 6000 (b) 30 watts 
20 90 
0 
(a) Tenthousands (b) Ten millions (c) Percents 


(a) 2200 


0 


(b) The average rate of change from 2002 to 2007 is 
408.56. The estimated revenue is increasing each year 
at a fast pace. 

(a) s = —16t7 + 644+ 6 

(b) 100 


0 5 
e) 


(c) Average rate of change = 16 

(d) The slope of the secant line is positive. 
(e) Secant line: 16t¢ + 6 

(f) 100 


° 
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93. (a) s = —16f? + 120¢ 


95. 


97. 


99. 


101. 


103. 
105. 


(b) 270 


° 
> 
© 


(c) Average rate of change = —8 

(d) The slope of the secant line is negative. 
(e) Secant line: —8t + 240 

(f 270 


° 
Pi 
© 


(a) s = —16f? + 120 
(b) 140 


0 


7 
a 


(c) Average rate of change = — 32 

(d) The slope of the secant line is negative. 
(e) Secant line: —32t + 120 

(f) 140 


o 
Vy 
ES 


False. The function f(x) = J/x2 + 1 has a domain of all 
real numbers. 


(a) Even. The graph is a reflection in the x-axis. 
(b) Even. The graph is a reflection in the y-axis. 
(c) Even. The graph is a vertical translation of f. 
(d) Neither. The graph is a horizontal translation of f. 


(a) (3.4) () (3. -4) 
(a) 4 (b) 4 
; SG | ; a | 
4 ~4 
(c) 4 (d) 
i i | : mae | 
4 4 


=4 =4 


All the graphs pass through the origin. The graphs of the 
odd powers of x are symmetric with respect to the origin, 
and the graphs of the even powers are symmetric with 
respect to the y-axis. As the powers increase, the graphs 
become flatter in the interval —1 < x < 1. 


Section P.7 (page 86) 


Vocabulary Check (page 86) 


1. g 2.1 3. h 4. a 5. b 
6. e 7.f 8.c 9d 


1. 3. 
(a) f(x) = —2x + 6 (a) f(%) = —-3x4+ 11 
(b) » (b) * 


ry 


7 a HHH x 
10 12 
5; 7. 
(a) f(x) = -1 (@) f@) =§*-F 
(b) i (b) } 
rt j 
zl 
4 
+t +—_+—\_++-> x 
-3 -2 -1 1 2 3 
94 
34 
9 4 11. 2 
-6 6 
-6 6 
-4 -6 
13. 4 15. 18 
-6 6 
-10 20 


17. 4 
-6 6 
=a 
21. 12 
-1 9 
= 
25. 4 
-6 6 
-4 
29. (a) 2 (b)2 (c) -4 
31. (a) 1 (6b) 3) (7 
33. (a) 6 (b) -1l (c) 6 
35. (a) —10 (b) -4— (c) 
37. 4 
eo 44 
eo 3+ 
oO 2+ 
eo 
+1 = 1 + 
=4 =3 =2 -1 3 
-1+ eo 
-24 eo 
34 eo 
-44 e 
41. i 
4> eo 
34 —o 
2+ eo 
1@o 
—— — =e 
pay ees} 12 3 4 
eo > 
eo -24 
eo -34 
in) -4- 
45. i 
54 
4+ 


19. 7 
7 8 
=3 
23; 5 
5 10 
-5 
275 A 
-9 3 
=4 
(d) 3 
(d) —19 
(d) —22 
=i] (d) 41 
39. i 
2+ e- 
i4 —o 
— \ i oe Oa 
-4 -3 -2 -1 1 2 3 
+ eo 
-2@—O 
o_o 
ao + 
ao -54 
—o -64 
43. 1 
rae 


47. 


Answers to Odd-Numbered Exercises and Tests 


(b) $5.64 


O0<hs 4 


49, y 
43 3a 
=3) 
51. (a) 8 
Fe} 
-9 9 
-4 
(b) Domain: (— 00, co); 
Range: [0, 2) 
(c) Sawtooth pattern 
53. (a) f(x) = |x| (b) g@®) = |x + 2] - 1 
55. (42) f= 2 4b) pl) = — 1h = 2 
57. (a) f)=2 (b) g@) =2 
59. (a) f(x) =x (b) g(x) =x -2 
61. (a) . 
74 
e 7 
3 44 
s 2 
14 
2 4 6 8 10 12 
Time (in minutes) 
63. (a) c 
> e 
2s % oo” 
3 40 Pies 
Be ae Pa 
5s 24 Poe 
a 16+ §° 
Z 8 
6 : 
2 4 6 8 10 
Weight (in pounds) 
(b) $50.25 
65. (a) W(30) = 360; W(40) = 480; 
W(45) = 570; W(50) = 660 
12h, 
(b) W(A) = | 


18(h — 45) + 540, 


h > 45 


A11 
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0.505%? = 147n+63, lex 6 3. (a) (b) 
67. (a) f(x) = F ; 
—1.97x + 26.3, 6<x< 12 h c=2  ex0 beso. é=6 
Answers will vary. Sample answer: The domain is a7, Se ali a 
determined by inspection of a graph of the data with ocean ae Pea 
h two models 20 0 & 2-0 0 & 
ane . ao 0 0 oo 0 0 
(b) 4 t=O OOOO > -1+O=O—O=0-O=9—+> 1 
Be 207 Seo eo eo * * “4 eo eo eo * * 
eral oO HO HO Oo HO 0 
2m 4+ OO eo eo O eo eo 
gg iL Oo Oo + oO Oo 
mF st 
ial (c) 
& oot y 
{+4 + + +} ++ ++ +> A c=2 
12 3 4 5 6 7 8 9 10 11 12 44 
Month (1 <> January) 34 ‘4 eo 
2+ 0 eo 
(c) f(5) = 11.575, f(11) = 4.63; These values represent ae 
the revenue for the months of May and November, ++ + e+ -9-0-0-0> x 
respectively. +3 eo fo eo * 
(d) These values are quite close to the actual data values. 2-7 eo 
69. False. A piecewise-defined function is a function that is oe, 
defined by two or more equations over a specified domain. 
That domain may or may not include x- and y-intercepts. 5. (a) (b) 
4 
—3x+ 6, O<x<3 y . 
71. fi =4 2 A 
FO) [# + 18 3<x<8 a “7, 
‘ 4,4) 37 és 
Section P.8 (page 94) lt c 
14 
Vocabulary Check (page 94) | x 
1. rigid 2. —f(x); f(—x) 3. nonrigid Sail 
4. horizontal shrink; horizontal stretch 
5. vertical stretch; vertical shrink 
6. (a) iv (i (ii (Wd i (d) 
A 
1. (a) (b) 27 


(4, -2) 


: (1, 2) (-4, 2) 
2+ 


0, -1) 


T > 
23456789 


(c) 


(d) 


(2, 4) (-3, 4) 


Answers to Odd-Numbered Exercises and Tests A13 


9. (a) y=x?-1 (b) y=1-—(x4+ 1) 

(©) y=-@-22+6 @y=(*-5P-3 
11. (a) y= |x) +5 (6) y= —|x +3] 

(c) y=|x-2|-4 @d y=—|x-6|-1 
13. Horizontal shift of y = x3; y = (x — 2) 
15. Reflection in the x-axis of y = x?; y = —x 
17. Reflection in the x-axis and vertical shift of y = Jx; 

y=1- Vx 
19. (a) f(x) = x? 

(b) Reflection in the x-axis, and vertical shift 12 units 

upward, of f(x) = x? 
(c) y (a) g(x) = 12 - fQ) 


2 


21. (a) f(x) = 
(b) Vertical shift seven units upward, of f(x) = x? 
(c) ¥ (d) g(x) = f(x) +7 


C14)” | 


23. (a) f(x) = x? 
(b) Vertical shrink of two-thirds, and vertical shift four 
units upward, of f(x) = x? 


() (d) g(x) = $f) + 4 
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25. (a) f(x) = x? 
(b) Reflection in the x-axis, horizontal shift five units to 
the left, and vertical shift two units upward, of 

fe) = 


©) (d) g@) =2 fle +5) 


FN wR 
pe hae 
+ 


27. (a) f(x) = Vx 
(b) Horizontal shrink of i, of f(x) = Vx 
(c) 1 (d) g(x) = f(3x) 


29. (a) f(x) = x3 
(b) Vertical shift two units upward, and horizontal shift 
one unit to the right, of f(x) = x3 
(c) , (a) g(x) = fle — 1) +2 


n 1 
t t 
=2. <1 


31. (a) f(x) = |x| 
(b) Reflection in the x-axis, and vertical shift two units 
downward, of f(x) = |x| 


(c) , (4) (x) = -f) -2 


33. (a) f(x) = |x| 
(b) Reflection in the x-axis, horizontal shift four units to the 
left, and vertical shift eight units upward, of f(x) = || 
(c) : 


(d) g(x) = —f(x + 4) + 8 
35. (a) f(x) = bd 
(b) Reflection in the x-axis, and vertical shift three units 
upward, of f(x) = [Ld] 


(c) : (d) g(x) = 3 — f(x) 


37. (a) f(x) = Vx 
(b) Horizontal shift of nine units to the right, of f(x) = /x 
() | (d) g(x) = f(x — 9) 


39. (a) f(x) = Vx 
(b) Reflection in the y-axis, horizontal shift of seven units 
to the right, and vertical shift two units downward, of 
f(x) = Vx 
© > (@) ex) = f(7 =x) -2 


41. 


43. 
47. 
51. 
53. 
55. 
57. 


59. 


61. 
65. 


(a) f(x) = Vx 

(b) Horizontal stretch, and vertical shift four units down- 
ward, of f(x) = /x 

() 3 (d) g(x) = flax) — 4 


tt tt 
-lj]12345678 9 


FQ) = (& — 2? — 45. f(x) = (x — 13) 
f@®)=—-|x|}-10 49 f@) =-JY-x+6 
(a) y= —3x? (b) y = 4x7 + 3 

(a) y=—alx|_ &) y = 3la] -3 

Vertical stretch of y = x7; y = 2x3 

Reflection in the x-axis and vertical shrink of y = x; 
yr =gr 

Reflection in the y-axis and vertical shrink of y = Vx; 
y= Was 

y=-@- 2) +2 63. y= —V/x -3 


(a) (b) 
y y 
A A 
T+ 4+ 
6+ 3+ 
So 2 
4+ 1 
“A 
24 2 -4-3 i ra 5 6 
i+ -2+ 
Pop -3+ 
-4-3-2-1 | 123 45 6 a4 
2+ a5. 
34+ ~6 
(c) (d) 
y y 
A A 
T+ 4+ 
6+ 3+ 
5+ 2+ 
4+ 14 
34 ats, “et nEn EE aEEE =, oe 
a4 -4-3-2 pl | 45 6 
gi =D) 8g 
I Pe ae ee -3+ 
-6-5-4-3-2-1 | 12 3 4 44+ 
ot 54 
Sap -6T 
(e) (f) 
y y 
A A 
ile 8 
6 
rT 4 
g 
Il 7 g 
i | [> x ese 
2 -1 1 2 =6'=4.-2:,. | 2 4 6 8 10 
-1+ au 
ot 
—27 gt 
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67. (a) Horizontal stretch of 0.035 and a vertical shift of 20.6 
units upward. 


Amount of fuel 
(in billions of gallons) 


4 8 12 16 20 
Year (0 <> 1980) 


(b) 0.77-billion-gallon increase in fuel usage by trucks 
each year 
(c) f(t) = 20.6 + 0.035(t + 10)?. The graph is shifted 
10 units to the left. 
(d) 52.1 billion gallons. Yes. 
69. True. |—x| = |x| 
71. (a) g(t) =f (b) g( = f(e) + 10,000 
(c) g(t) = f(t — 2) 
73. (—2, 0), (—1, 1), (0, 2) 


Section P.9 (page 104) 


Vocabulary Check (page 104) 


1. addition; subtraction; multiplication; division 
2. composition 3. g(x) 4. inner; outer 


; ; — Jp} 
— a a oe ah 123 4 5 6 


5. (a) 2x (b) 4 (c) x2 -4 


2 
= 3° all real numbers x except x = 2 
7. (a) x7 +4x—-—5  (b) x7 - 4x +5 (c) 4x9 — 5x? 


x 5 

; all real numbers x except x = — 

4x —5 4 

9. (a) x7 +64+ SJ1l-—x (b) r+6- JI1-x 
(c) (x2 + 6)/1 -— x 


246)/1 — 
(d) et Stas, all real numbers x such that x < 1 
=X 
5 a al Xl 1 
1.@ — > © 
x x x 


(d) x; all real numbers x except x = 0 
13. 3 15. 5 17. 917 — 3t +5 19. 74 
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31. 


33. 
35. 


37. 


39. 


41. 


43. 
47. 
49. 


51. 


53. 
55. 


57. 


Answers to Odd-Numbered Exercises and Tests 


f(), 8) 

(a) @- 1)? (b) x? -1— ©) x4 
(a)x (b)x (©) 3/%x-1-1 
(a) Jez +4 (bd) x4+4 


Domains of f and g °f: x > —4 

Domains of g and f° g: all real numbers 

(a)x+1  (b) Vx? +1 

Domains of f and g °f: all real numbers 

Domains of g and f° g: all real numbers x such that x => 0 


(a) |x + 6] (b) |x| + 6 
Domains of f, g, f° g, and g °f: all real numbers 
1 1 
=+ 
(a) be es, im) x 3 


Domains of f and g °f: all real numbers x except x = 0 
Domains of g: all real numbers 
Domains of f° g: all real numbers x except x = —3 
(a) 3. (b) O 45. (a) 0 (b) 4 
f@) =x’, gx) =2x4+1 
f= ¥%, gaa -4 
1 


f@=— g@)=x+2 
ae 

fa) = 243 oy = -2 

fo) = 2, 

T=3x+ 4x 


300 


B 250 T 
= 
his 
5} a=) - 
5 ~ 100 
a 50 R 
10 20 30 40 50 60 
Speed (in miles per hour) 
t) + b(t) — dt 
(a) = () 100 


p(y) 
(b) c(5) is the population change in the year 2005. 


59. 


61. 


63. 


65. 


67. 
69. 
71. 


(a) (A + N\(t) = 5.31f2 — 102.0¢ + 1338 
(A + N)(4) = 1014.96 
(A + N\(8) = 861.84 
(A + N)(12) = 878.64 

(b) (A — N\(t) = 1.4102 — 17.6¢ + 132 


(A — N\(4) = 84.16 
(A — N\(8) = 81.44 
(A — N)\(12) = 123.84 
(a) y, = 10.20¢ + 92.7 
yy = 3.35712 — 26.46t + 379.5 


y, = —0.4657? + 9.71t + 7.4 

(b) y, + y) + y, = 2.8921? — 6.55¢ + 479.6; this amount 
represents the amount spent on health care in the 
United States. 


(c) 


(d 


w~ 


In 2008, $1298.708 billion is estimated to be spent 
on health services and supplies, and in 2010, $1505.4 
billion is estimated. 


xX 
(a) r(x) = a (b) A(r) = mr? 


(©) (ents) = af 
circular base of the tank on the square foundation with 
side length x. 

(a) N(T(t)) = 30(32? + 2t + 20) This represents the num- 
ber of bacteria in the food as a function of time. 

(b) t = 2.846 hours 

g( f (x)) represents 3 percent of an amount over $500,000. 

False. (f° g)(x) = 6x + 1 and (g °f)(x) = 6x + 6 

Proofs will vary. 


2 
; (A ¢ r)(x) represents the area of the 


Section P.10 (page 114) 


1. 
5. 
9. 
13. 


Vocabulary Check (page 114) 


1. inverse; f-inverse 2. range; domain 


3. y=x 4. one-to-one 5. horizontal 
f(x) = Ex 3. fa) =x-9 
Pa .pe@qe 


c 10. b ll. a 12. d 
€) flats) = (3) = 


g( fla) = g(2x) = SP =x 
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(b) i 21. (a) f(g(x)) = f(V9— x), x < 9 
“Ty =9 (V9 =x) =x 
g( f(x) = g9 — x?), x 20 

= J/9-(9-x*) =x 


18. (@) sles) = (24) = 24) +1 = 2 
J0re et. 


s( f(x) = gx + 1) 


7 
(b) 1 -(= + ‘) oF 
i _ Sx t+ 1)\_ x= 1 
t 23. (a) flets)) = p(-=23) easy 
ze S| 4s 
4-41 
_ oe dead 
=$x = 145% =5 * 
r= 
-5(5=4)-1 
x= 1 KAS 
e(fa)) = «(2 2) = =e 
17. (a) f(g) = f(¥/8x) = Se = x Bi 
eS ee ee 
) =" = 1H R= dD * 
(b) : 
(b) eh Ui 
oh 
4q, 
“1p fe 
10-8 -6 5468 0 
g 
—_ 
25. No 
= 2 
19. (a) (g(x) i - a 27. epee (ede leas 
ae VES FT — Xe 
e( f(x) = e Vx — 4) wae -2|-1|/0/1)2)3 
— 2 | — 
(Vx— 4) +4 =x 29. Yes 31. No 
33. 4 35. 10 
& 
-4 8 -10 10 


-4 -10 


4 
2+ f The function has The function does not have 
2 an inverse. an inverse. 
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39. 


41. 


43. 
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20 


—20 


The function does not 
have an inverse. 


(a) fol) = 


(b) 


x+3 


2 


(c) The graph of f~! is the reflection of the graph of f in 


the line y = x. 


(d) The domains and ranges of f and f~! are all real 


numbers. 


(a) f'@) = Yx +2 


(b) 


(c) The graph of f~! is the reflection of the graph of f in 


the line y = x. 


(d) The domains and ranges of f and f~! are all real 


(a) 
(b) 


numbers. 
f-'@) = x?, x 20 


A 


5+ fo 


t t t t +—> x 


1 2 3 4 5 


(c) The graph of f~! is the reflection of the graph of f in 


the line y = x. 


(d) The domains and ranges of f and f~! are all real num- 


bers x such that x > 0. 


45. (a) f(x) = /4—-2x7, OS x <2 


(b) 


y 


(c) The graph of f~! is the same as the graph of f. 
(d) The domains and ranges of f and f~! are all real 


numbers x such that 0 < x < 2. 


47. (a) f'G) =* 


(b) 


(c) The graph of f~! is the same as the graph of f. 
(d) The domains and ranges of f and f~! are all real num- 


(b) 


bers x except x = 0. 


49. (a) f-'(x) = 


2x + 1 
x= 1 


il 
1 
\ 
I 
I 
i 
I 
| 
i 
I 
I 
ne 
| I 
tee 


(c) The graph of f~! is the reflection of the graph of f in 


the line y = x. 


(d) The domain of f and the range of f~! are all real num- 


bers x except x = 2. The domain of f~! and the range 
of f are all real numbers x except x = 1. 


51. (a) f(x) = x3 +1 


(b) 


y 


53. 


55. 
61. 


65. 
69. 
75. 
79. 


81. 


83. 


85. 


(c) The graph of f~! is the reflection of the graph of f in 
the line y = x. 
(d) The domains and ranges of f and f7! are all real 
numbers. 
5x - 4 


(a) f-'@) = 


(c) The graph of f~! is the reflection of the graph of f in 
the line y = x. 
(d) The domain of f and the range of f~! are all real 


numbers x except x = 3 The domain of f~! and the 

range of f are all real numbers x except x = 3. 
No inverse 57. g '(x) = 8x 59. No inverse 
fo) = /x - 3 63. No inverse 

a= 
No inverse 67. f(x) = = 5 =) x20 
32 71. 600 73. 29x + 3 
xe x+1 
77. 
2 2 

(a) f-'(108,209) = 11 


(b) f~! represents the year for a given number of house- 
holds in the United States. 
(c) y = 1578.68¢ + 90,183.63 
t — 90,183.63 
@ f° = 7578.68 
(f) f*(108,209) = 11.418; the results are similar. 
(a) Yes 
(b) f~! yields the year for a given number of miles 
traveled by motor vehicles. 
(c) f—'(2632) = 8 
(d) No. f(t) would not pass the Horizontal Line Test. 


(e) f-1(117,022) = 17 


(a) y = ae 245.5 <x < 545.5 
x = degrees Fahrenheit; y = % load 
(b) 100 (c) O< x < 92.11 
10) 600 
0 
False. f(x) = x? has no inverse. 87. Proofs will vary. 


Answers to Odd-Numbered Exercises and Tests 


89. 


91. 


Review Exercises 


1. 


A19 


fx) | 1] 314 | 6 


ms |o | -2| -3 
i —3/ -210 6 
fo 4 |306C«d| -1'4/ -2 


. (a) 0.83 


. 155 9. |x-—7| 24 
. Associative Property of Addition 


2 49. No solution 
P= Dy Id 


(page 120) 
(c) 11, -14 
(e) V6 


(a) 11 (b) 11 
8 5 

(d) 11, -14, -8, 3,04 

(b) 0.875 


a 

@ win 
ain 
A 


@ t 
1 9 
20 10 


ule > 


. The set consists of all real numbers less than or equal to 7. 


5 6 7 8 9 


11. (a) —7 (b) -19 


. Additive Identity Property 
11 
. 20 27, 5 
ty? 
5 


=, 


21. —144 
29. —30 
1 ee ic 


JT gg 9,12 


23. Identity 
31.9 33. —3,3 
39. 6+ /6 


45. +/2,+/3 
51. —124, 126 


19. 35 
1 


aN 


55.13 
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57. 4 59. Quadrant IV 
@ 6+ 
44 
2+ @ 
+ + t + > Xx 
-6-4-2 | 2 4 6 8 
-4@ 
6+ 
e 
St 
61. (a) i (b) 5 
= 13 
( Ae . () (-1.2) 
Trea,5) 
44 
Ss ee i 
63. (a) i (b) 9.9 
(0, 8.2) (c) (2.8, 4.1) 
8 
6+ ‘ 
4+ a 
2+ % 
\ (5.6, 0) 
+e: + 
-2 2 4 6 


65. $656.45 million 
67. 


xm, —2 | —1 0 1|2 


y|-11|-8 | -5 |-2] 1 


+> x 
3 
2|/3)4 
—2/0)4 


71. x-intercepts: (1, 0), (5, 0) 
y-intercept: (0, 5) 
73. No symmetry 75 


a ae 
79 
7a 
81. Center: (0, 0); 
Radius: 3 
i 
rai 
+ 7 > x 
edit 
83. Center: (3, 1); 
Radius: 6 
h 
ral 
= H > XxX 
_s] 
85. (x — 2)? + (y + 3)? = 13 


. y-axis symmetry 


. No symmetry 


87. m = —2 89. m = 0 
y-intercept: —7 y-intercept: 6 
h 
st 
a ee 2 
44+ 
ot 
+ + > xX 
-4 -2 2 4 6 
ot 
91. m = 3 93. m = -3 


y-intercept: — 1 


y y 


y-intercept: 13 


103. x = 0 


105. y= -ix +8 

107. (a) y= - FD) y= Fx +3 

109. $210,000 

111. (a) Nota function, because 20 in the domain corresponds 
to two values in the range and because 10 in A is not 
matched with any element in B. 


(b) A function, because each input value has exactly one 
output value 
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(c) A function, because each input value has exactly one 
output value 
(d) Not a function, because 30 in A is not matched with 
any element in B 
113. No 115. Yes 
117. (a) -3  (b) -1 =(c) 2 = ~(d) 6 
119. Domain: All real numbers x such that —-5 < x < 5 


121. Domain: all real numbers s except s = 3 
‘i 
A 


125. (a) 16 feet per second 
(c) —16 feet per second 


(b) 1.5 seconds 


127. 4x + 2h+ 3, h#0 
129. Function 131. Not a function 
133.43 135. —32 


137. Increasing on (0, 00) 
Decreasing on (— 00, — 1) 
Constant on (—1, 0) 


139. 3 141. 
(1, 2) 


(0.13, 0.00) 
0.25 


-0.75 0.75 
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b= 2 
2 
147. Neither even nor odd 

151. f(x) = —3x 


143. 4 145. 


149. Odd 
153. f(x) =3x+% 


155. 157. 


159, , 161. i 
ot af 0 
Al 2 Ho 
34 1 =) 
24 $+ 4 =o} + +> x 
pe ee eg ae i i a 
=1b123456 2 @=0 
a -o 
L eo | 
1 eo -54 
f oOo -6 
163. i 165. y= x? 


+—t 
215 


fee haed 
ttt 
3.691 


-124 


-154 


167. (a) f(x) = x? 
(b) Vertical shift of nine units downward 


(c) i 


(d) h(x) = fx) — 9 


169. (a) f(x) = Vx 
(b) Horizontal shift of seven units to the right 


©» (a) h(x) = fx — 7) 


to 
t 


171. (a) f(x) = x? 
(b) Reflection in the x-axis, horizontal shift of three units 
to the left, and vertical shift of one unit upward 


(c) i 


(d) A(x) = —f(x + 3) + 1 
173. (a) f(x) = La] 


(b) Reflection in the x-axis and vertical shift of six units 


upward 
(c) ‘ 
eo of 
eo+ 
Seo 
5+ @0O 
4-  @Oh 
3 eo 
24 eo 
14 eo 
eo 8 
-3-2-1412345 6 @o 
24 eo 
3+ e 
(d) A(x) = —f(x) + 6 


175. (a) f(x) = |2| 
(b) Reflections in the x-axis and the y-axis, horizontal 
shift of four units to the right, and vertical shift of six 
units upward 


(c) 4 


(d) h(x) = —f(-x + 4) +6 


177. (a) f(x) = be] 


179. 


181. 


183. 


185. 
187. 


189. 


191. 
193. 
195. 


(b) Horizontal shift of nine units to the right and vertical 


stretch 
(c) { 
25 (ee) 
20 Cee) 
ist (ee) 
10+ eo! 
5 0 
+-—}—_ = > x 
-2,[ 2 4 6 J 10 12 14 
-10 (Se) 
-154 (ee) 
(d) h(x) = Sfx — 9) 


(a) flx) = Vx 
(b) Reflection in the x-axis, vertical stretch, and horizon- 
tal shift of four units to the right 


(c) (| 


=a h 


(d) h(x) = —2f(« — 4) 
he 2 ay ho thy SoA 
(c) 2x3 — x7 + 6x — 3 


(d) ED coil deal cae i= 
x = LD all real numbers x excep x 2 
(a)x—-! ()x-8 


Domains of f, g, f° g, and g °f: all real numbers 
f(x) = x3, g(x) = 6x — 5 
(a) (v + d)(a) 36.0417 + 804.6r 
(b) 4000 

, (vty) 


1112 


v(t) 


0 


(c) (v + d)(10) = 3330 
fla =x+7 

ff ON =a 7 HT Ss 

ff) =x-74+7=% 


The function has an inverse. 


The function has an inverse. 
The function has an inverse. 
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197. (a) f(x) = 2x + 6 
(b) 7 


8 t fo 


6 


199. 


201. 
203. 


205. 


207. 


(c) The graph of f~! is the reflection of the graph of f in 
the line y = x. 

(d) Both f and f~! have domains and ranges that are all 
real numbers. 


(a) f- (x) =x? -— 1, x 20 
(b) i 
ft 


(c) The graph of f~! is the reflection of the graph of f in 
the line y = x. 

(d) The graph of fhas a domain of all real numbers x such 
that x > —1 and a range of [0. co). The graph of f~! 
has a domain of all real numbers x such that x = 0 
and a range of [—1, 00). 


x24; pty= Eas 


False. The graph is reflected in the x-axis, shifted 9 units 
to the left, and then shifted 13 units downward. 
; 
A 
34 


n n n n n n n 
t t t t t t t 
-12 -9 -6 =3 3 6: 


Some solutions to certain types of equations may be 
extraneous solutions, which do not satisfy the original 
equations. So, checking is crucial. 

The Vertical Line Test is used to determine if the graph of 
y is a function of x. The Horizontal Line Test is used to 
determine if a function has an inverse function. 
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Chapter Test (page 125) 
1,.-2 > -|-4] 2. 9.15 
3. Additive Identity Property 4. 128 


6. No solution ls +/2,4+/3i 8. 4 9, -2,8 


10. y 
A 
(2, 5) ®T 
est 
a4 SS 
2 Pe 
! ~s. (6,0) 
++ $+} 9» + 
2-1 | 123 45 6 
aot 


Midpoint: (2, 3), Distance: /89 


11. No symmetry 12. No symmetry 


y y 


13. Origin symmetry 


y 


15. (a) 4x — 7y +44=0 (b) 7x + 4y —- 53 =0 
16. (a) -9 (b) 1 (©) |x-4| - 15 
17. (a) 0.4 (b) All real numbers x 


-0.1 
(c) Increasing on (—0.31, 0), (0.31, 00) 
Decreasing on (— 00, — 0.31), (0, 0.31) 
(d) Even 
18. (a) 10 


=10 
(b) All real numbers x such that x < 3 


(c) Increasing on (— 0, 2) 
Decreasing on (2, 3) 
(d) Neither even nor odd 


19. (a) 10 (b) All real numbers x 


(c) Increasing on (—5, 00) 
Decreasing on (— 00, — 5) 
(d) Neither even nor odd 
20. (a) f(x) = be] 


(b) Reflection in the x-axis 


‘i 
(c) , 
Ce) 6+ 
oo + 
eo 4+ 
eo + 
eo + 
eo 
LEE SLs SL onc 
- -4 -2 Leo 4 
-2+ 0 
+ eo 
-4+ eo 
+ eo 
-6+ e 


21. (a) f(x) = Vx 
(b) Reflection in the x-axis, vertical shift of eight units 
upward, and horizontal shift of five units to the left 


(c) | 


22. (a) f(x) = |x| 
(b) Vertical shrink, vertical shift of three units downward, 
and horizontal shift of one unit to the left 


(c) ’ 


23, (a) 2x2 -4e-—2 (b) 4x2 + 4x-12 
(c) —3x4* — 12x3 + 22x? + 28x — 35 
3x? — 7 
@ —x?-4x+5° 
(e) 3x* + 24x3 + 18x? — 120x + 68 
(f) =x" 4 30? = 16 


x#41,—-5 


— 93/2 
Ae oe ye. seu 


x x 
ee 1 
x>0 ) 537 x> 0 
2J/x 
o 
x 


(c) 


- 

(e) ve x>0 x>0 
2x 

25. f-'(x) = 3¥x- 8 

27. f-(x) = (8x)??, x = 0 


26. No inverse 


Problem Solving (page 127) 
1. (a) W, = 2000 + 0.075 (b) W, = 2300 + 0.058 


(c) 5,000 


30,000 


0 


Both jobs pay the same monthly salary if sales equal 
$15,000. 
(d) No. Job 1 would pay $3400 and job 2 would pay $3300. 
3. (a) The function will be even. 
(b) The function will be odd. 
(c) The function will be neither even nor odd. 
5. f(x) = ayy?" + Gy, 902 Fo tax? + dy 
F(x) = ag, (— x)?" + Gyy—9(— x)?"-? 


t+ +++ a,(—x)? + dg 


= f(x) 
7. (a) 813 hours (b) 258 miles per hour 
(y= — 80. + 3400 
1190 


Domain: 0 < x < > 
Range: 0 < y < 3400 
(d) 


4000 
3500 
3000 
2500 
2000 
1500 
1000 

500 


+++ gt +> = 


Distance (in miles) 


30 60 90 120 150 


Hours 
9. (a) (fe g)(x) = 4x + 24 
(b) (fg) (x) = gx — 6 
(c) f-Mx) = gx: go) =x — 6 
(d) (g-! fx) = gx — 6 
(e) (f+ g)() = 8x3 + 1; (fog) '@) = 49x 1; 
FG) = Yx Ts g"@) = 3x 
(gf YQ) = 291 
(f) Answers will vary. 


(g) (fog) Mx) = (7? of“) 
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11. (a) (b) 
y y 
h h 
3+ 3+ 
24 24 
14 14 — 
—— a 
-3 -2 -1 1 2 3 -3 -2 -1 1 2 3 
i—_—_—_—_—— at 
—_——— 1) oe 
34 4 
(c) (d) 
y y 
h A 
34 34 
274 24 
iJ 
$+ + > x {$$} — fafa 
-3 -2 -1 1 2 3 -3 -2 -1 1 2 3 
i—_— =f 
_24 24 
34 _34 
(e) (f) 
y y 
h h 
34 34 
2+ ———— 
1+ i4 — 
-3 -2 -1 1 2 3 -3 -2 -1 1 2 3 
=14 -14 
24 24 
34 =a 
13. Proof 
15. (a) 
x —-4}-2)0]4 


eye 4) -2/0)4 


(b) xe —3 |] -2] 0 1 


(ff 7H) | 5 1 —3] -5 


OF =34 29 |.0°| 4 


Fef Va) | 4 | 0 | 2/6 


Oop —-4} -3}0)]4 


I@l]2 [1 fas 
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Chapter 1 35. (a) (b) 
Section 1.1 (page 138) A 


Vocabulary Check (page 138) ° 150° 
1. Trigonometry 2. angle 3. coterminal Z x x 


4. radian 5. acute; obtuse 
6. complementary; supplementary 7. degree 
8. linear 9. angular 10. A = 4726 


1. 2 radians 3. —3radians 5. 1 radian 37. (a) (b) 
7. (a) QuadrantI (b) Quadrant II 


— 


9. (a) QuadrantIV = (b) Quadrant II 
11. (a) Quadrant II = (b) Quadrant II 
13. (a) (b) 405° AT 480 
h : ‘ 
5a 
4, 


39. (a) 405°, —315° —_(b)_ 324°, —396° 

41. (a) 600°, —120° = (b) 180°, —540° 

43. (a) Complement: 72°; Supplement: 162° 
(b) Complement: none; Supplement: 65° 


15. (a) (b) 45. (a) Complement: 11°; Supplement: 101° 

y y (b) Complement: none; Supplement: 30° 

47. (a) . (b) 2 49. (a) = (b) -2 

6 51. (a) 270° (b) 210° ~—-53. (a) 420° = (b) — 66° 

. : 55. 2.007 57. —3.776 59. 9.285 61. —0.014 
_— a ) 63. 25.714° 65. 337.500° 67. —756.000° 

La —3 69. —114.592° 71. (a) 54.75° — (b) —128.5° 

73. (a) 85.308° (b) 330.007° 

75. (a) 240°36’ = (b) —145°48’ 


Uv 137 «la b 177 77 77. (a) 2°30’ =(b) —3° 34’ 48” 
“& 6° 6 (b) 6° 6 79. $ radians 81. + radians 83. § radian 
19. (a) 87 4% 25% 230 85. 3gradians 87. _15ar inches ~ 47.12 inches 
. (a 
: 12’ 12 
3 : 89. 3 meters 91. = square inches ~ 8.38 square inches 


7 27 
21s tay Complement e Supp lenient: ry 93. 12.27 square feet 95. 591.3 miles 
' a tt 97. 0.071 radian ~ 4.04° 99, 5 radian 
(b) Complement; none; Supplement: 4 101. (a) 728.3 revolutions per minute 


(b) 4576 radians per minute 


T 
22> (ny Complement: 2 =A OT 103. (a) 10,4007 radians per minute 
Supplement: 7 — | = 2.14 ~ 32,672.56 radians per minute 
(b) Complement: none; Supplement: 7 — 2 ~ 1.14 (b) 94257/3 feet per minute ~ 9869.84 feet per minute 
25. 210° 27. —60° 29. 165° 105. (a) [4007, 10007] radians per minute 
31. (a) Quadrant II = (b) Quadrant IV (b) [240077, 600077] centimeters per minute 


33. (a) Quadrant II  (b) Quadrant I 
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107. 
17. sin( -7) = 2 19. sin au = = -; 
I 2 liq V3 
= cos 4 "3 Ee 8 
35 
T1 lin V3 
A = 476.397 square meters ~ 1496.62 square meters a aa ia a 1 a6. 8 
: ' 377 
109. False. A measurement of 47 radians corresponds to two 21, sin st ae 1 
complete revolutions from the initial to the terminal side 3 
of an angle. cos( -2) =0 
111. False. The terminal side of the angle lies on the x-axis. 3 
113. Increases. The linear velocity is proportional to the radius. tan( -*2) is undefined 
115. The arc length is increasing. If 6 is constant, the length of 3 J/2 3 
the arc is proportional to the radius (s = r@). 23. sin oa ee csc oa = /2 
72, J/2. 121. 2./10 123. 12,/2 30 Ja 30 
2 cos = seo = — V2 
125. 127. 
) | eta =i 
4 4 
4 T\ _ 7) _ _ 
25. sn( = =-1 oso = 1 
7 7). 
+ = cos( -2) =0 seo( —7] is undefined. 
34 tan( - 2) is undefined. coi(-2] =0 
27 ee 8 eee _2v3 
° 3 2 3 3 
Section 1.2 (page 147) ug oe al wept 225 
3 2 3 
Vocabulary Check (page 147) ii gs cot = a 
: basa 1 . oe: 50. adorn ee eO 
. perio . odd; even eae Sr - an | 
: 3 3 2 
15a 7 
cos = —& sec 9 = — 33. cos( -457) = cos = 0 
tang=—% cot9=—-f . ( V0 “/2 
5 B 35. sin = = 
3. sin @ = —75 csc 9 = —= 4 4 2 
cos 86 = i sec 0 = 3 37. (a) =3 (b) —3 39. (a) =5 (b) —5 
tne=-5 coo=—-2 41. (a) = (b) -$ = 43. 0.7071 ~— 45. :1.0378 
J/2 /2 a. 47. —0.1288 49. 1.3940 51. — 1.4486 
5. (22) - (--4.-3) 53. (a) -1  (b) —0.4 
( l 3) 55. (a) 0.25 or 2.89 = (b) 1.82 or 4.46 
9 ae ee 
; 57. 
= @ By o|: 1 3 2 
11. (0, —-1) 
y | O} 1.148 | 2.121 | 2.772 | 3 
13. sin= = v2 15 sin -2) ae 
4 20 2 (b) t~2seconds (c) t = 4 seconds 
se 2 cos( -Z) _ as 59. False. sin(— 1) = —sin t means that the function is odd, not 
4 2 2 that the sine of a negative angle is a negative number. 
eee tan( -2] __v3 61. (a) y-axis symmetry (b) sint, = sin(a — ¢,) 
4 3 (c) cos(a — t,) = —cos t, 
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-1 — 2 =e ee 2 / 10 
63. f(x) = (x + 1) 65. f(x) = Vx? +4, x 20 1B. i gies ) .- sec = 4/10 
Section 1.3 (page 156) /10 1 
cos 8 = —— cotd=- 
Vi0 10 3 
Vocabulary Check (page 156) 5 10 
csc 9 = —— 
Lv (iv @©vi @iti @i (f)ii 3 
2. opposite; adjacent; hypotenuse " 
3. elevation; depression J on 
: 2/13 13 
15. sin @=—>— esc 9 = ——— 
1. sin@ =2 csc 0 = 3 - — 
cos 0 = 4 sec 0 = 3 vi3 2 ieee = one 
tan 6 =} cot @ =} “ 
3. sind = csc 9 = 4 : O tan 0 => 
_ 40 _ 41 7 
cos 6 = 4 sec 0 = 4 
23: — 40 
tan 6 = % cot d= % 17. zs 19. 60°; /3 21. 60°; = 
1 
5. sin @ => csc 9 = 3 
3 23. 308 25, 45°; 7 
2/2 3/2 
cos § = —— sec 9 = —— 1 3 3 
3 4 27. (a) V3, (5 © 8 (d) a 
/2 
tan 9 = ~~ cot 6 = 2/2 2/13 3/13 2 mA 
4 29. (a) (b) (c) (d) —— 
: hen ; . 13 13 3 2 
The triangles are similar, and corresponding sides are 2/8 wy 
proportional. 31. (a) 3. (b) (c) (d) 
7. sing =2 esc 0 = 3 3 + 
cos 6 = 4 sea. 3 33-41. Answers will vary. 
_ 3 _ 4 43. (a) 0.1736 = (b) 0.1736 
tan 0 = j cot 0 = 3 
aie seca mil d di id 45. (a) 0.2815 = (b) 3.5523 
e triangles are similar, and corresponding sides are 47. (a) 1.3499 (b) 1.3432 
oennen 49. (a) 5.0273 (b) 0.1989 
A ie (a) 5. (b) 0. 
9. cos 6 = a. «( d= a 51. (a) 1.8527 (b) 0.9817 
7 7 
7 7 : a nae es 
tan 9 = 3V7 cot @= v7 nae Ka) 20 6 Pie 6 
4 ; 7 3 o_ 7 awe 
55. (a) 60° =— = (b) 45° = — 
ae 3 4 
csc 0= = 
7 7 
@ 57. (a) 60° = 4 (b) 45° = 4 
V7 
32J3 
; v3 2/3 59. 30/3 61. awa 
11. ae aaa 3 
1 Re 63. 443.2 meters; 323.3 meters 65. 30° = = 
cos 6 = 5 cot 6 = cy 6 
2 V3 mbes 67. (a) 371.1 feet  (b) 341.6 feet 
aii (c) Moving down line at 61.8 feet per second 
Dropping vertically at 24.2 feet per second 
: 69. (x,, y,) = (28/3, 28) 


1 (%, Yo) = (28, 28 V3) 


71. 


73. 


THe 
79. 
81. 


83. 


(a) 


20 


h 
(b) sin 85° = 20 (c) 19.9 meters 


(d) The side of the triangle labeled h will become shorter. 


(e) Oo re) re) oO 
Angle, 0 | 80 70 60 50) 
Height 19.7 | 18.8 | 17.3 | 15.3 
Angle, @ | 40° 30° 20° 10° 
Height 12.9 | 10.0 | 6.8 3.5 
(f) As 030°, h-0. 
1 2 2: 
True, csc x = ——. 75. False, v2 + v2 #1 
sin x 2 2 
False, 1.7321 # 0.0349. 


Corresponding sides of similar triangles are proportional. 


(a) 
7) 0.1 0.2 0.3 0.4 0.5 
sin 6 | 0.0998 | 0.1987 | 0.2955 | 0.3894 | 0.4794 
(b) 6  (c) As @ approaches 0, sin 6 approaches 0. 
x 2(x? — 5x — 10) 
, x F~+46 O9e a 
s=2* (x — 2)(x + 2)2 


Section 1.4 (page 166) 


1. 


Vocabulary Check (page 166) 


Y r 
i= 2. csc 6 i 
r x 
6. cot 6 7. reference 
: 3 : 
(a) sn 0=5 (b) sin 0 = =a 
cos 0 = 2 cos 0 = % 
3 15 
tan 0 = 3 tan 0 = —¢ 
=3 _ _l1 
csc 0 = 3 csc 0 = —45 
sec 0 = 7 sec 0 = = 
cot 0 = 4 cot 9= —% 


ue 


Answers to Odd-Numbered Exercises and Tests 


3. 


11. 
15. 


17. 


19. 


21. 


23. 


1 Alles 
(a) sin @= “5 (b) sin 6 = 
V3 Ae/TT 
cos 9 = ——— cos 9 = ———— 
2 17 
3 1 
un = 3 a alae 
csc 9 = —2 csc 0= V/17 
2/3 J17 
sec 9 = ——— sec 9 = ——— 
3 4 
cot d= J/3 cot? = —4 
‘ — 24 — 25 
- sin 0 = 55 csc 0 = 53 
cos 0 = — sec 0 = 2 
tan @ = # cot 0 = a 
5SJ29 / 29 
sin 0 = —— csc 9 = —— 
29 5 
2/29 29 
cos 9 = —2Y% ar oe 
tan 0 t 6 = 
an @ = —~= cot 9 = -—— 
2 5 
ibe 68/5849 one V 5849 
5849 68 
cos 0 = Oe sec 0 = — ais 
5849 35 
68 35 
tan 0 = 35 cot 6 = 68 
Quadrant II 13. Quadrant II 
: _ 3 5 
sin 0 =% csc 0 = 3 
cos 0 = —3 sec 9 = —3 
tan @ = —3 cot @= —4 
sin 0 = -13 ese 0 = —45 
cos 0 = % sec 0 = - 
15 8 
tan 0 = —¢ cot 0 = —75 
V1 
sin 9 = -~~ csc 0= —J/10 
3/10 10 
cos 9 = —— sec 9 = —— 
10 3 
tan 0 : t é 
an @= —-= cot 9 = — 
3 
Pty ene csc 9 = 2V3 
2 
a. —— 
cos 96 = 5 sec 0 = 
— 3 
tano= —-\3 cor = 3 
sin 0 = 0 csc 6 is undefined. 
cos 0 = —1 secd= —1 
tan 0 = 0 cot @ is undefined. 


A29 
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A30 Answers to Odd-Numbered Exercises and Tests 


$8 ge 
2 
2 
ey eee 
2 
tand= —1 
2/5 
27; oe 
5 
Pe ati 
5 
tan 0 = 2 


29. 0 31. Undefined 
37. 6’ = 23° 


y 


A 


203° 


2 
45. sin 225° = _ 
2 
cos 225° = _v2 
2 
tan 225° = 1 


49. sin(— 150°) = -5 


cos(— 150°) = — 


: T\) 
53. snl 2) = 
a — 


slo 


csc 0 = V2 
sec 0 = —/2 
cotd= —1l 
4 vo 
csc 9 = —— 
2 
sec 0 = —J/5 
1 
cot 0 = = 
2 


33. 1 35. Undefined 


39. 0’ = 65° 


A 


—245° 


3.5 
a 
47. sin 750° : 
. sin =— 
2 
cos 750° = v3 
2 
tan 750° = V2 
3 
_ 4a J3 
51. —_— = -— 
sin 3 5 
ae" ih 
3 2 
an = J3 
55 anne” = v2 
2 
cos it = V2 
4 2. 
lla 
tan a. 1 


57. 


59. 


67. 
73. 
79. 


81. 


83. 


85. 
87. 


89. 
91. 


93. 


95. 


97. 


3a 
in) -—]= 1 
sn 5 
307 
cos 5) ) =0 
37r\ . : 
tan as is undefined. 
4 J13 8 
= 61. ——— 63. = 65. 0.1736 
5 2 5 
— 0.3420 69. — 1.4826 71. 3.2361 
4.6373 75. 0.3640 77. —0.6052 
—0.4142 
7 Sa 1 lla 
30° = —, 150° =— _ (b) 210° = —,, 330° = —— 
(a) 6 6 (b) 6 6 
(a) 60° = 7, 120° = 27 = (py 135° = 2”, 315° = 27 
a Sa ae ark = 
3 3 4 4 
7 Sa Sa lla 
45° = —, 225° = — _(b) 150° = — e = — 
(a) 45 rh 5 mn (b) 150 ao 6 
(a) N = 22.099 sin(0.522t — 2.219) + 55.008 


F = 36.641 sin(0.502t — 1.831) + 25.610 
(b) February: N = 34.6°, F = —1.4° 

March: N = 41.6°, F = 13.9° 

May: N = 63.4°, F = 48.6° 

June: N = 72.5°, F = 59.5° 

August: N = 75.5°, F = 55.6° 

September: N = 68.6°, F = 41.7° 

November: N = 46.8°, F = 6.5° 
(c) Answers will vary. 
(a) 270.63 feet (b) 307.75 feet (c) 270.63 feet 
(a) 2 centimeters (b) 0.14 centimeter 
(c) — 1.98 centimeters 
False. In each of the four quadrants, the signs of the secant 
function and cosine function will be the same, because 
these functions are reciprocals of each other. 
As @ increases from 0° to 90°, x decreases from 12 cm to 
0 cm and y increases from 0 cm to 12 cm. Therefore, 
sin 6 = y/12 increases from 0 to 1 and cos @ = x/12 
decreases from 1 to 0. Thus, tan 6 = y/x and increases 
without bound. When 6 = 90°, the tangent is undefined. 


x-intercept: (8, 0) 
y-intercept: (0, — 8) 
Domain: all real numbers x 


101. 


103. 


x-intercepts: 

(1, 0), (—4, 0) 
y-intercept: (0, — 4) 
Domain: all real numbers x 


i x-intercept: (—2, 0) 
y-intercept: (0, 8) 
Domain: all real numbers x 


x-intercept: (—5, 0) 

y-intercept: (0, sf 5) 

Domain: all real numbers x 
such that x => —5 


Section 1.5 (page 176) 


Vocabulary Check (page 176) 


1. cycle 


4. phase shift 


ae 


2. amplitude D 


5. vertical shift 


1. Period: 7 3. Period: 47 5. Period: 6 
Amplitude: 3 Amplitude: : Amplitude: : 
7. Period: 2a 9. Period: = 11. Period: 37 
Amplitude: 2 Amplitude: 3 Amplitude: 5 
13. Period: 1 
Amplitude: 4 
15. g is a shift of f 7 units to the right. 
17. gis areflection of f in the x-axis. 
19. The period of g is one-half the period of f. 


. gis ashift of f three units upward. 
. The graph of g has twice the amplitude of the graph of /f. 
. The graph of g is a horizontal shift of the graph of f 7 


units to the right. 


Answers to Odd-Numbered Exercises and Tests 


27; y 29. y 


A31 


31. y 33. . 


35. y 37. y 


39. y 41. y 


43. y 45. y 
A A 
3+ 34 
2 at 
it 
x 

-1 2 3 —1 
2 mak 
4 34 
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A32 


47. 


59. 


73. 


Answers to Odd-Numbered Exercises and Tests 


y 49. y 


Q 
| 


-1 —0.12 


65.a= —-4,d=4 
69.a=2,b=1,c= 


Qa 


-2 


7 Sa 7a Ila 


x 


6 6°’ 6 6 
(a) 6 seconds 


(b) 10 cycles per minute 


T 
4 


75. 


77. 
79. 


81. 


83. 


85. 


87. 


(a) C(t) = 56.55 + 26.95 cos( 2 = 367] 


(b) 100 (c) 100 


0 12 (0) 12 
0 0 

The model is a good fit. The model is a good fit. 
(d) Tallahassee: 77.90°; Chicago: 56.55° 

The constant term gives the annual average temperature. 
(e) 12; yes; one full period is one year. 
(f) Chicago; amplitude; the greater the amplitude, the 

greater the variability in temperature. 


(a) ae second (b) 440 cycles per second 
(a) 365 days; Yes, the period is one year. 
(b) 30.3 gallons; the constant term 
(c) 60 124 <t < 252; 
this corresponds to 
April—September 
0 365 


0 


False. The graph of f(x) = sin(x + 27) translates the 
graph of f(x) = sin x exactly one period to the left so that 
the two graphs look identical. 


cos x isa 


: 7 
True. Because cos x = sin( x + 2), y= 


ae : : 7 
reflection in the x-axis of y = sin( x + z) 


Conjecture: 

; ( 

sin x = cos|x — > 
2 


(a) 2 


2a 20 


-2 


The graphs appear to coincide from — = to 


A33 


Answers to Odd-Numbered Exercises and Tests 


(b) 


CHAPTER 1 


2a 


20 


EI in 


The graphs appear to coincide from — ; to 


x7 x6 


(©) —ap 


6! 


-2 
The interval of accuracy increased. 


89. Distributive Property 


91. Identity Property of Addition 


97. Answers will vary. 


1.6 (page 187) 


Section 


N 
ioe) 
“4 
S 
S 
= 
a4 
U 
wo 
= 
=) 
© 
—J 
s 
a 
© 
} 
> 


ob 
I 
a 
a. 
& 
Ss 
a) 
en 


2. reciprocal 


1. vertical 


U 


U 


Bla 


f 


A34 


39. 


41. 


45. 
49. 
51. 


53. 


55. 


57. 
59. 
61. 


Answers to Odd-Numbered Exercises and Tests 


3 37. 3 
te : 
"es 728 2 2 

-3 -3 

0.6 
-6 6 
-0.6 
lt 3a a St 43 An 72a St 
4’ 4° 4° 4 ° 3° 3 3 3 
4a 27 2a 4a 47 Im saa 30 
3 + | 3 > a? 3 * A? 4’°4’ 4 
Even 
7 
b) <x <= 
() ce 


(c) f approaches 0 and g approaches +co because the 
cosecant is the reciprocal of the sine. 


2 The expressions are equivalent 
except that when sin x = 0, y, 
ie 3 is undefined. 
-2 
4 The expressions are equivalent. 

—297 2a 

-4 
d, f>0as x0. 58. a, f>0as x0. 


b, g>0as x0. 60. c, g>0as x0. 
y 63. ( 


The functions are equal. The functions are equal. 


65. 


69. 


75. 


77. 


81. 


83. 


10 67. 1500 


10 —1500 


Damping factor: x Damping factor: x7 


As x00, g(x) oscillates As x00, g(x) oscillates 


and approaches — oo and approaches — oo 


and co and co 
6 71. 2 
0 8a -67 67 
-2 = 
As x0, y 00 As x30, g(x) > 1 


2 


-2 


As x0, f(x) oscillates between 1 and — 1. 


d= 7cotx 
d 
A 
147 1 
a. 1 
107 ! 
i 1 
8 6 1 
q ale I 
2 at : 
is) | 
t 
2 —2> r 
° T I 
oA ! 
T 1 
10+ \ 
io i 1 
144 1 
(a) 50,000 
R 
G 
0) 100 


0 
(b) As the predator population increases, the number of 
prey decreases. When the number of prey is small, the 
number of predators decreases. 
(c) C: 24 months; R: 24 months 


. (a) H: 12 months; L: 12 months 


(b) Summer; winter (c) | month 

True. For a given value of x, the y-coordinate of csc x is the 
reciprocal of the y-coordinate of sin x. 

As x approaches 7/2 from the left, f approaches co. As x 


approaches 7/2 from the right, f approaches — oo. 


Answers to Odd-Numbered Exercises and Tests A35 


85. (a) 2 69. 2 
-3 3 -3 3 
=3 -2 
0.7391 Asymptotes: y = +1 
(b) 1, 0.5403, 0.8576, 0.6543, 0.7935, 0.7014, 0.7640, 1 9 pide =o _s, 
0.7221, 0.7504, 0.7314, . . .; 0.7391 Jx2 + 81° "Se + 81° 
. 6 =I 
” 3, ot 
/x2 — 2x + 10 
ate 3a 13% y Th. y 


The graphs appear to 
coincide on the interval =I 
=ll sas 14; 

89.48 913 93.34/75 95, —25 


Section 1.7 (page 197) 


The graph of g isa 
horizontal shift one unit 


Vocabulary Check (page 197) to the right of f 
=sin-'x,;-Il<x<1 79. i 81. i 
=arccosx; OS y<S 7 é4 ek 
tan-!x; -co<x<o;—- 2 <y<@ E 
2 2 
3 —_ <i 
83. 85. 7 
-2 4 


19, 1.29 21. —0.85 23. —1.25 25. 0.32 oF 
27. 1.99 29. 0.74 31. 0.85 33. 1.29 
35. = _ 1 37. 0= arctan 7 
39. d= arcsin = 41. 6 = arccos 73 
89. 

43.03 45. -01 47.0 49. : 51. 6 
53,22 55, Y84 gg VS gg I 

13 5 3 x 


61. /1 — 4x? 63. /1 — x? 
op OSE ge, SD 


x x 


The graph implies that the identity is true. 
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A36 Answers to Odd-Numbered Exercises and Tests 


5 
91. (a) 0 =arcesin— (b) 0.13, 0.25 109. mi a wee 47 
S 
93. 15 7 7 
(a) 4 3 ma ey 
7 3 
Q csc 9 = = 
0 6 
ee “fF 
(b) 2 feet (c) B = 0; As x increases, B approaches 0. 111. sin 0 = i. sec 6 = : 
95. = 26.0° b) 24.4 feet 
(a) 0 6.0 A ee é Pm gov 
97. (a) 6 = arctan 55 (b) 14.0°, 31.0° mS . » 1 
i 6/11 
57. : 5 csc 0 = ——— 
99. False. 4 38 not in the range of the arctangent. 11 


Vii 
113. Eight people 


101. Domain: (—©0, co) 


Range: (0, 7) 
7 Section 1.8 (page 207) 
ee Dies ee ee Vocabulary Check (page 207) 
1. elevation; depression 2. bearing 
2 3. harmonic motion 
} } } p> x 1. a = 3.64 3. a = 8.26 5. c = 11.66 
= = c ~ 10.64 c © 25.38 A ~ 30.96° 
B = 70° A = 19° B= 59.04° 
103. Domain: (— 9, — 1] U[1, 20) 7. a ~ 49.48 9. a ~ 91.34 
Range: [— 7/2, 0) U (0, 7/2] A = 72.08° b ~ 420.70 
y B = 17.92° B= 77°45’ 
{ 11. 2.56 inches 13. 19.99 inches 
et 15. 107.2 feet 17. 19.7 feet 
\ 19. (a) 
h 
a 
y 
= 
LA 
a je ago 50 ft 
105. (a) FT (b) > (c) 1.25 (d) 2.03 (b) h = 50(tan 47°40’ — tan 35°) = (c)- 19.9 feet 
107. (a) fof foof 21. 2236.8 feet 
. : Ne 
23. (a) (b) tan 0 = — 
173 
= a te a 124 ft (c) 35.8° 
ie 
ie =o 175 ft 
(b) The domains and ranges of the functions are restrict- 5 : 
ed. The graphs of f° f~! and f—!» f differ because of 25. 2.06 27. 0.73 mile 
the domains and ranges of f and f7!. 29. 554 miles north; 709 miles east 


31. (a) 58.18 nautical miles west; 104.95 nautical miles south 
(b) S 36.7° W; distance = 130.9 nautical miles 

33. (a) N58°E _(b) 68.82 meters 

35. N 56.31° W 37. 1933.3 feet 


Answers to Odd-Numbered Exercises and Tests A37 


39. ~ 3.23 miles or ~ 17,054 feet 65. False. The tower is leaning, so it is not perfectly vertical 
41. 78.7° 43. 35.3° 45. 29.4 inches and does not form a right angle with the ground. 
47. y= J/3r 49.a~12.2,b~7 67. No. N 24° E means 24 degrees east of north. 


69. y=4x + 6 y= ix + 2 


y y 


4at 
51. d = 4 sin(z?) 53. d=3 cos( 22") 


55. (a) 4 (b)4 (c)4 = (d) & 
57. (a) ig (bt) 60 ()0 Way 
59. w = 5287 
7 7 
1. y b) — me 
61. (a) ; () 3 © 3 
17 } > x 
12 3 4 
Na” Review Exercises (page 213) 
8 2 
1. 0.5 radian 
ad 3. (a) 5. (a) 
A A 
63. (a) Base 1 | Base 2 Altitude | Area 
8 8 + 16cos 30° | 8 sin 30° | 59.7 ome 
8 8 + 16 cos 40° | 8 sin 40° | 72.7 x x 
8 8 + 16 cos 50° | 8 sin 50° | 80.5 “4a 
3 
8 8 + 16 cos 60° | 8 sin 60° | 83.1 
8 8 + 16 cos 70° | 8 sin 70° | 80.7 (b) Quadrant II (b) Quadrant II 
o Bf re) (c) 3a _57 (c) 20 _ 107 
8 8 + 16 cos 80 8 sin 80 74.0 at ad 3° 3 
8 8 + 16 cos 90° | 8 sin 90° | 64.0 7. (a) 9. (a) 
(b) 4 
Base 1 | Base 2 Altitude | Area 
8 8 + l6cos 56° | 8 sin 56° | 82.73 ” 
8 8 + 16 cos 58° | 8 sin 58° | 83.04 * x 
8 8 + 16 cos 59° | 8 sin 59° | 83.11 — 110° 
8 8 + 16 cos 60° | 8 sin 60° | 83.14 
8 8 + 16cos 61° | 8sin61° | 83.11 (b) Quadrant I (b) Quadrant III 
; (c) 430°, —290° (c) 250°, —470° 
8 8 + 16 cos 62° | 8 sin 62° | 83.04 11. 8.378 13. —0.589 15. 128.571° 
83.14 square feet 17. —200.535° 19. 48.17 inches 
(c) A = 64(1 + cos 6)(sin 6) 21. (a) 66377 radians per minute 
(d) 100 (b) 4007 inches per minute 
23. Area = 339.29 square inches 
eT) (4) 
25. ( 5 5 27% 75 
0 90 


0 


=~ 83.1 square feet when 6 = 60° 
The answers are the same. 
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31. 


33. 


35. 
37. 
41. 


45. 


47. 


49. 
55. 
57. 


59. 


61. 


glee! eg lM at 
2 6 
pi gg I 3 
6 2 6 3 
17 J3 
ta 6 3 cot 6 3 


27 277 3 
tan{ -—-] = t|] -—-]} = 7 
an( s 3 coi( Z 2 
sin ee sin at v2 
4 4 2 
: ( 2) . 10 1 
sin 6 sin 6 5 
— 75.3130 39. 3.2361 
_ 4/41 oo 
sin 6 = A 43. sin 9 = -) 
5J41 1 
cos 6 A cos 0 = 3 
4 
tan 0 = 5 tan 9 = J3 
csc 9 = a csc 9 = 3 
J/41 
sec 9 = a sec 0 = 
cot 6 = 3 cot 0 = - 
of 3/2 Je 
Ot O-- © OF 
1 V15 4/15 V15 
oo O-. Oy 
0.6494 51. 0.5621 53. 3.6722 
71.3 meters 
sin 6 = 3 csc 0 = 3 
cos 0 = 2 sec 0 = 3 
tan 6 = ; cot 6 = ; 
. 15/241 241 
sin 0 csc 9 = 
241 15 
4/241 241 
cos 9 = sec 9 = ——_ 
241 4 
1 
tan 6 = 2 cot 6 = — 
4 
sin 0 a csc 9 = 82 
82 9 
cos 9 = sec 0 = —./82 


Answers to Odd-Numbered Exercises and Tests 


4./ / 
manger er ene 
17 4 
17 
cos 6 = vl sec 0 = 17 
tan 0 t 0 : 
an ¢ = cot 6 = — 
4 
65. sin 0 = Bees 67. cos 6 = v2 
6 8 
cos 0 = tan 6 = ov 
55 
J1l1 8 
Se ae 
6V11 8/55 
csc 9 = ———— sec 90 = ——— 
11 55 
Sil </55 
cot 96 = ———— cot 6 = ——— 
11 3 
Jf21 
69. sin 0 = 5 
21 
tan 9 = ——— 
2 
5x21 
csc 6 = 
21 
5 
(7) Se 
sec 5 
2/21 
cot 9 = ———— 
21 
71. 6’ = 84° 23. == 
n i 
264° 
™ 8 
0’ 61 
5 
oy TE sf 3. weds 7 
75. sin 3 2? cos 3 ; tan 3 J3 
_{ I0 J/3 Tm\ 1 
Ts sn( 3 2° cos 3 7 
tan( ~ 77) =-J3 
79. sin 495° = 2 cos 495° = 2. tan 495° = — 
1 
81. sin(—240°) = ‘3. cos(— 240°) 5° 
tan(—240°) = — /3 
83. —0.7568 85. 0.0584 87. 3.2361 


89. 


93. 


97. (a) y = 2 sin 5287x 
99, 


Y 


107. 6 


-6 


As x +00, f(x) > +00 


109. = 111.041 113.-046 15.2 


91. 


95. 


(b) 264 cycles per second 
101. 


6 


117. 7 119. 1.24 121. —0.98 


Answers to Odd-Numbered Exercises and Tests A39 


123. 


127. 


135. 
137. 


139. 
141. 
142. 


143. 
144. 
145. 
147. 


149. 


7 125. = 
2 
-1.5 1:5 
—4 4 
Se 

4 yon Bo XA "7133. 66.8" 
5 5 x 
1221 miles, 85.6° 


False. The sine or cosine function is often useful for 
modeling simple harmonic motion. 

False. For each @ there corresponds exactly one value of y. 
d; The period is 277 and the amplitude is 3. 

d; The period is 277 and, because a < 0, the graph is 
reflected in the x-axis. 

b; The period is 2 and the amplitude is 2. 

c; The period is 47 and the amplitude is 2. 

The function is undefined because sec 6 = 1/cos 0. 

The ranges of the other four trigonometric functions are 
(— oo, ce) or (— 00, — 1] U[], 00). 

Answers will vary. 


Chapter Test (page 217) 


1. 


137 80307 
y b): 7". = 
(a) (b) ri ri 
(c) 225° 
5a 
4 
. 3000 radians per minute 3. ~ 709.04 square feet 


3/10 J 10 
= csc 


G= 6 = — 
10 3 
10 
ogee sec 9 = —/10 
10 
tan @ = —3 cot @é= —-= 
7 30 
ForO< @< = For 7 < @<—: 
2 2 
epee B sin 9 = avs 
13 13 
ry eee s co. meee et) id 
13 13 
J13 JT3 
csc 9 = —— csc 9 = ———— 
3 3 
V3 VJ 13 
eS 2 ae a 
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A40 Answers to Odd-Numbered Exercises and Tests 


6. 0’ = 70° 5. (a) (b) 
y 3 3 
h 
290° 2m 20 a 2a 
x 1 +1 
o’ Even Even 
7. h=51—50 sin( 8a + 2) 
7. Quadrant IIT 8. 150°, 210° 9. 1.33, 1.81 9. (a) - 
10. sin 6 = —3 11. sind =73 BP i 
tan 0 = -4 cos 0 = —# Uae in Be cad 
csc 9 = —} tang=—% | 
sec 9 = 3 esc 0 = + = 
cot 9 = —? cot@= —-% (b) 2 (c) P(7369) = 0.631 
122 E(7369) = 0.901 
; | 1(7369) = 0.945 
7348 7377 
E P 
2 
aug 11. (a) 3.35,7.35 (b) —0.65 
(c) Yes. There is a difference of nine periods between the 
values. 
13. (a) 40.5° (b) x = 1.71 feet; y ~ 3.46 feet 


14. 4 15. 200 (c) ~ 1.75 feet 
(d) As you move closer to the rock, d must get smaller and 
smaller. The angles 9, and @, will decrease along with 
-6 6 . : 
0 90 the distance y, so d will decrease. 
= an Chapter 2 
Period: 2 Not periodic Section 2.1 (page 227) 
iiospeteee™ a8 
2 4 2 Vocabulary Check (page 227) 
HB: i 1. tan u 2. cos u 3. cot u 4. csc u 


8. csc u 


5. cot? u 6. sec? u 7. cos u 
10. —tan u 


9. cos u 


1. sinx = 3 3. sino = 2 
jeea ates 
7 2 2, 
19. 310.1° 20. d = —6 cos mt tanx = —J3 tan @=—1 
Problem Solving (page 219) 2/3 
Tl a ca sec 0 = /2 
1. (a) ce radians or 990° (b) = 816.42 feet 
secx = —2 scO=—/2 
3. (a) 4767 feet (b) 3705 feet —. = e 
(c) w = 2183 feet, J3 
cox == cot@= —1 
w + 3705 3 


tan 63° = 3000 


13. 


15. 
21. 
27. 
35. 
43. 
49. 
55. 
59. 
65. 
69. 


5 = 
sin x = = 7. sind = = 
__2 _2 
cos x = B cos $ = 3 
a ~ wW5 
tanx = 12 tan d = 1 
13 3 
secx = 75 sec 6 = 5 
csc x = a csc @ = _3V5 
5 : 5 
12 5 
cope cot d = 28 
2/9 
sine = 3 11. sin 6 = 28 
cos x = _2V2 cos 9 = 3) 
: 3 5 
unx = —2 tan 6 = 2 
5 
csc x = 3 se 9 =~ 
seox = 382 sec 9 = —\/5 
cotx = —2/2 cot@=—= 
sing = —1 
cos 9 =0 
tan 0 is undefined. 
cot? =0 
csc O=—1 
sec @ is undefined. 
d 16. a 17. b 18. f 19 20. c 
b 22. c 23. f 24. a 255.6 26. d 
csc 0 29. cos? 31. cos x 33. sin? x 
1 37. tan x 39. 1 + siny 41. sec B 
cos u + sinu 45. sin? x 47. sin? x tan? x 


51. sec*x 


cot? x(csc x — 1) 


secx + 1 53. sin? x — cos?x 


57. 1 + 2 sin x cos x 


4 cot? x 61. 2csc?x 63. 2secx 
1 + cosy 67. 3(sec x + tan x) 
roam) (0.2 0.4 0.6 0.8 1.0 
y, | 0.1987 | 0.3894 | 0.5646 | 0.7174 | 0.8415 
yy | 0.1987 | 0.3894 | 0.5646 | 0.7174 | 0.8415 
1 
a 1.2 1.4 
y, | 0.9320 | 0.9854 
yy | 0.9320 | 0.9854 : x 


yi = Ya 


Answers to Odd-Numbered Exercises and Tests 


A41 


71. 
x | 0.2 0.4 0.6 0.8 1.0 
y, | 1.2230 | 1.5085 | 1.8958 | 2.4650 | 3.4082 
yy | 1.2230 | 1.5085 | 1.8958 | 2.4650 | 3.4082 
am) 1.2 1.4 
y, | 5.3319 | 11.6814 
y, | 5.3319 | 11.6814 
12 
ol 5 
Ji 9 
73. CSC x 75. tan x 77. 3 sin 0 79. 3 tan 6 
81. 5 sec 0 83. 3 cos 6 = 3; sin 6 = 0; cos 6 = 1 
85. 4 sin 6 = 2./2: sin @ = 2. 08 6 = 2 


3 
87.0<60<7 89%0< peas @-< Da 


2 
91. (a) csc? 132° — cot? 132° ~ 1.8107 — 0.8107 = 1 
2 2 
(b) csc? = — cot? = ~ 1.6360 — 0.6360 = 1 
93. (a) cos(90° — 80°) = sin 80° ~ 0.9848 
(b) cos(2 = 08) = sin 0.8 ~ 0.7174 
95. wu = tan 6 
97. True. For example, sin(—x) = —sin x. 
99. 1,1 101. 00,0 
103. Not an identity because cos 0 = +\/1 — sin? 0 


ké 
105. Not an identity because a= tan k0 


cos k@ 


; =1 
sin 6 
111. x — 25 


107. An identity because sin 6 - 


109. Answers will vary. 
x + 6x — 8 — 5x? + 8x + 28 

113. —>—~ 1145. ——._——_ 
+ GF 5G —8) G2 — aa + 4) 


117. 119. 
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A42 Answers to Odd-Numbered Exercises and Tests 


Section 2.2 (page 235) 61.-3+J/21 6314+ J5 


Vocabulary Check (page 235) Section 2.3. (page 244) 


1. identity 2. conditional equation 3. tanu 


Vocabulary Check (page 244) 


4. cotu 5. cos? u 6. sin u 7. —cscu 


8. sec u 1. general 2. quadratic 3. extraneous 


1-37. Answers will vary. 


2 4 
39. (a) (b) 1-5. Answers will vary. oe 2nT, = + 2nt 


2 5 
9, _ + 2n7, rs + 2n7r 11. = + nT, 7 + na 


BRPPRPBE|Q7| 


- 2 
: i. 13. nz, = + 2ni 15, 2+ nT, = + nT 
5 a nm 3a, na nT @ 
Weta eg ta 19. 34 tam 
(c) Answers will vary. 21. 0, = TT, ot 23. 0, 7, = an = ae 
41. (a) 2; 2 6 6 6 6 
5 
25. 7 mr 7 27. No solution 29. 7, = a 
aw Sa 7a lla 7 7 Sa 
: ; i thn + 
: 31 6G Es 33. 5) 35 6 nT, 6 nt 
T ni 7 71 
37. 12 T 3 39. 2 T 4n7r, 2 + 4nar 


41. —1+4n 43. —2 + 6n,2 + 6n 

45. 2.678, 5.820 47, 1.047, 5.236 49. 0.860, 3.426 
51. 0, 2.678, 3.142, 5.820 53. 0.983, 1.768, 4.124, 4.910 
55. 0.3398, 0.8481, 2.2935, 2.8018 

57. 1.9357, 2.7767, 5.0773, 5.9183 


(c) Answers will vary. 
43. (a) (b) 


a Sa a Si 
Serra =F i 
oo . a 59 Pa? arctan 5, arctan 5 + 7 61 373 
1 T 
63. (a) 3 (b) 4 = 0.7854 
Sa 
; - 7 = 3.9270 
-3 
Maximum: (0.7854, 1.4142) 
Minimum: (3.9270, — 1.4142) 
; ; 65. 1 
Not an identity 67. (a) All real numbers x except x = 0 
(c) Answers will vary. (b) y-axis symmetry; Horizontal asymptote: y = 1 
47 and 49. Answers will vary. 51. 1 (c) Oscillates (d) Infinitely many solutions 
53. 2 55. Answers will vary. (e) Yes, 0.6366 
57. False. An identity is an equation that is true for all real 69. 0.04 second, 0.43 second, 0.83 second 
values of 6. 71. February, March, and April 
59. The equation is not an identity because sin 0 = 73. 36.9° or 53.1° 
+V/1 — cos? 6. 75. (a) Between t = 8 seconds and t = 24 seconds 


Possible answer: = (b) 5 times: ¢ = 16, 48, 80, 112, and 144 seconds 


77. 


79. 


81. 
83. 


85. 


89. 


(a) 2 (b) 0.6 <x < Ll 


nla 


-2 
A =~ 1.12 
True. The first equation has a smaller period than the 


second equation, so it will have more solutions in the 
interval [0, 277). 


1 

C = 24° 

a~ 548 

b = 50.1 

sin 390° = : 87. sin(— 1845°) = 2 

cos 390° = ae cos(— 1845°) = v2 

2 2 

v3 

tan 390° = 3 tan(— 1845°) = —1 

1.36° 91. Answers will vary. 


Section 2.4 (page 252) 


Vocabulary Check (page 252) 


1. sinucos v — cos usin v 


‘ ; tan u + tanv 
2. cos ucos v — sinu sin v 


* 1 tanuwtany 


4. sinucos v + cos u sinv 
tan u — tan v 


5. cosucosv + sinu sin v _——————— 
1 + tan u tan v 


(a) Ee (b) ote? 
~ /6 2+1 
(a) oo vt (b) oe 
1 -/3-1 
(a) 5 (b) 5 
sin 105° = 23 +1) 
cos 105° = 2 — /3) 
tan 105° = —2 — 3 
sin 195° = oat — /3) 
cos 195° = 23 + 1) 


tan 195° = 2 — /3 


Answers to Odd-Numbered Exercises and Tests 


lla J2 
11. sin — = — -—1 
er 4 (V3 ) 
lla /2 
‘ = + | 
cos 2 r (V3 ) 
Ilr 
tan —— = —-2+ 
an D J3 
Wi J? 
13. si 341 
are: a (V341) 
Ir /2 
— 1 = 
Sa. 2 ( J3) 
10 
tan ——- = 2+ J3 
2 
15. sin 285° = 214 #4) 
2 
cos 285° = 2(y3 = 1) 
tan 285° = —(2 + V3) 
17. sin(— 165°) = 225 1) 
2 
cos(— 165°) = v2() + /3) 
tan(— 165°) = 2 — /3 
_ 1307 _ /2 
19. sin D4 (1 J3) 
137 _ Jf, 
CS in a (1 So V3) 
13a 
ae a = J3 
137 J2 
21. si = 1 
sn( =| 4 (V3 ) 
137 J/2 
= 3b 
cos =) 4 (V3 ) 
137 
tanj -——] = -2+ 
an( 2) J3 
23. cos 40° 25. tan 239° 27. sin 1.8 
29. tan3x 31 = 33. S 35. -1 
63 16 63 65 
37. 65 39. 65 41. =i 43. 56 
45.2 47.-4 49.2 51.1 
53. 0 55-63. Answers will vary. 65. —sin x 
7 Sa 71 a 71 
67. —cos 0 69. 2 71. 44 73. Va 


5 
75. (a) y= Fei sin(2t + 0.6435) 


5 il 
(b) —feet (c) —cycle per second 
12 7 


77. False. sin(u + v) = sinucosv + cosusinv 


A43 
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A44 Answers to Odd-Numbered Exercises and Tests 


79. False. 


2 2 2 
81 and 83. Answers will vary. 


85. (a) /2 sin( 9 + 2) (b) Ji cox(0 _ 2) 
87. (a) 13 sin(36 + 0.3948) 


7 T ‘ = aK ‘ 
cos| x — —]} = cosxcos— + sinx sin= = sinx 


(b) 13 cos(3@ — 1.1760) 


89. 2 cos 0 91. Proof 
95. 3 


93. 15° 


-20 2a 


im(a =) sin(o 2) 1 


97. f(x) => = _ 


99. Because f is not one-to-one, f~! does not exist. 


Section 2.5 (page 263) 


Vocabulary Check (page 263) 


. 2sinucos u 2. cos? u 

. cos? u — sin? u = 2cos*u—1=1—-2sin?u 
1 —cosu 

. tan? u 5.4 a a 


l—cosu  sinu 


sin u 1 + cos u 


. s[cos(u — v) + cos(u + v)] 
. S[sin(w + v) + sin( uw — v)] 


2 inf [ 
. 2 Sin 3 cos 2 
ut+ 


7 Sar a Sa 130 177 2 
9. 0, 7, ll. 3 13. 0 
O33 1? 12 12° 2 2 
aa 5a Tr 30 lia 7 3a 
a et are Sear ees 17. 0, =, 7, — 
S66 6 2" 6 gs 
19. 3 sin 2x 21. 4cos 2x 
23. sin 2u = $ 25. sin 2u = % 
1 7 
cos 2u = —35 cos 2u = 35 
tan 2u = —# tan 2u = 2 


vars: 


27. 


43. 


45. 


47. 


51. 


55. 


59. 


63. 
67. 


71. 
75. 


: 4/21 
sin 2u = ——— 
25 
17 
cos 2u = —— 
25 
4/21 
tan 2u = ——— 
17 
. 33 + 4cos 2x + cos 4x) 31. #(1 — cos 4x) 


. 7g(1 + cos 2x — cos 4x — cos 2x cos 4x) 
J 1 
: eas 37. 4 39. /17 


.sn 7 =5./2+/3 


cos 75° = 5/2 = 3, 
tan 75° = 2+ /3 
sin 112°30’ = 3./2 + /2 


cos 112°30’ = —5,/2 — /2 
1 


tan 112°30’= -1-— /2 
sin 2 = 5/2 = J2 
1 = 
cos — = —//2+ /2 
2 
tan — = eal 
sin = 3/2 + J/2 49, sing = 28 
ee /2 eo 
8 2 2 26 
tan~ = J24+1 tan5 = 5 


ou 89 — 8/89 _u 3/10 
sin = = 53. sin — = —— 
2 178 2 10 
u /89 + 8./89 u /10 
cos a cos SS 
2 178 2 10 


u 8 —/89 Uu 

tan = =———— taa-— = =3 
o 5 2 

|sin 3x| 57. —|tan 4x| 

7 7 ee 


2 2 
| =a ; | : 
-2 -2 


a(sin + sin 0) 65. 5(cos 60° + cos 90°) 
5(sin 100 + sin 26) 69. 3(cos 8B + cos 28) 
73. 5(sin 2 + sin 27) 


77. 2 cos 4x cos 2x 


$(cos 2y — cos 2x) 
2 cos 40 sin 0 


79. 
85. 
87. 


89. 


91. 
111. 


115. 


117. 
121. 


123. 


125. 


V3 +1 


2 cos a sin B 3 


=f) 
a 37 Sa 3a 77 
Aa? a? ™ a? a? ag 


81. —2 sin @sin : 83. 


0 


°o 
no 
3 


169 93. re 95-109. Answers will vary. 
3 113. 3 


—20 20 —27 20 


2xJ/1 — x? 119. 23.85° 
(a) 7 (b) 0.4482 
(c) 760 miles per hour; 3420 miles per hour 


1 
= in| — 
(d) 6= 2sin ( 


eee 


False. For u < 0, 


sin 2u = —sin(—2u) 


2 sin(—u) cos(—u) 
= —2(—sin u) cos u 


ll 


2 sin u cos u. 


(b) 7 


0 


Maximum: (7, 3) 


Answers to Odd-Numbered Exercises and Tests 


127. (a) 4(3 + cos 4x) 


(c) 1 — 2sin?xcos?x (d) 1 — }sin?2x 


(b) 2cos*x — 2cos*x + 1 


A45 


(e) No. There is often more than one way to rewrite a 


trigonometric expression. 


129. (a) y 
6 
(1,4) > 
@. 
37 ~~. (5,2) 
2 -e 
1 
i IS} 
Sp 42=1, 123 45 
=) 
(b) Distance = 2/10 
(c) Midpoint: (2, 3) 
131. (a) y 
A 
34 
(3-3) 
2+ if 
1+ ra 
$ (0.2) 
+ > x 
-1 1 2 


(b) Distance =2 13. (c) Midpoint: (3, 3) 
133. (a) Complement: 35°; supplement: 125° 
(b) No complement; supplement: 18° 


an supplement: ae 
g > SUPP ‘18 


135. (a) Complement: 
Mar 
20 
137. September: $235,000; October: $272,600 
139. ~127 feet 


(b) Complement: a supplement: 


Review Exercises (page 268) 
1. sec x 3. cos x 5. cotx 
3 /2 
Te tanx=7 9. cosx = 5 
ne 5 tanx = —1 
54 3 cscx = —/2 
5 secx = /2 
sec x = — 
4 cotx = —1l 
cotx = 7 
: 3 
11. sin? x 13. 1 15. cot@ ~—-17. cot? x 
19. secx + 2sinx 21. —2 tan? 6 
23-31. Answers will vary. 
7 27 7 
.at + .=+ 
33. 3 2n7, 3 2n1 35, 6 nt 
7 27 27 4a 
y aie — + 9. 0, = 41. 
3 3 nt, 3 nv 3 3° 3 


0, 


7 
2, 


7 
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A46 Answers to Odd-Numbered Exercises and Tests 


a 3m On Ila 
Oo ee? a 

aw 3m Sa Ta On Ila 1307 157 
45. 0, 3,33 go gg? 8° 8° 8 
47. 0, 7 


49. arctan(—4) + 7, arctan(—4) + 27, arctan 3, 
a + arctan 3 


51. sin 285° = AK +1) 


2 
cos 285° = 205 =4) 
tan 285° = —2 - J3 


93. ; sing 95. 5(cos 26 + cos 86) 
97. 2 cos 36 sin 0 99. —2 sin x sine 
ee 
101. 6 = 15° or 2 
103. 2 105. 5/10 feet 


-2 


107. False. If (7/2) < @ < 7, then cos(@/2) > 0. The sign of 
cos(@/2) depends on the quadrant in which 6/2 lies. 


53. sin = aS 109. True. 4 sin(—x) cos(—x) = 4(—sin x) cos x 
= —4sin x cos x 
Mr /2 
ie v3 + 1) = —2(2 sin x cos x) 
= —2 sin 2x 
257 
ante =2- V3 111. Reciprocal identities: 
55. sin 15° 57. tan35° = 59. -3(5 + 4/7) sin 6 = : cos 9 = } tan 9 = : 
1 1 csc 0” sec 0” cot 0’ 
61. =(5V7 +36) 63. =(5V7 — 36) i i ; 
52 52 csc 0 —, sec 0 = ,cot @= 
65-69. Answers will vary. sin 0 cos 0 tan 0 
7 71 a lla sao ae _ sin é _ cos 6 
71. 4 73. 6 & Quotient identities: tan 0 casi cot 6 sin 8 


: SF as. ind 29= 
75. sin2u = 24 Pythagorean identities: sin 9 + cos* 6 = 1, 


es 1 + tan? 6 = sec? 0, 1 + cot? @ = csc? @ 
cos 2u = —35 ; 
ft 113. —1 < sinx < 1 forall x 115. y,=y, +1 
4 ; 117. — 1.8431, 2.1758, 3.9903, 8.8935, 9.8820 
Chapter Test (page 271) 
20 a 3/13 
° ‘ 1. sin 0 = ee 2. 1 3. 1 4. csc @ sec 0 
25/13) 
=2 cos 8 = == a 
1 — cos 4x 3 — 4cos 2x + cos 4x JB 
Pe aa ai . 13 
19 1 + cos 4x ah 4(1 + cos 2x) csc 0 = -= 
83. sin(—75°) = -3./2 + V3 aa 


cos(—75°) = 3./2 — V3 sec 0 = as 


tan(—75°) = -2 — /3 


2 
cot 0 = = 
85. sin 2 = -V2+ V3 87. sin 5 = v0 3 
3 
sae 1 i a 3/10 5. 0=0,5< 0< m3 < 0 < ln 
COS = 5 2-— J3 ea io 6 : 
197 ul 
tan D 2 J3 oa v 
l J 14 = ms 
89. sin~ = ees 91. —|cos 5x| 
2 14 
cos = = a) “8 
> VW= Ms 
ane 3V5 7-12. Answers will vary. 


13. 


15. 


17. 


19. 


21. 


23. 
24. 
25. 


1 15 cos 2x + 6 cos 4x — cos 6x 


16 1 + cos 2x #4, ae 


2(sin 60 + sin 26) 16. —2 cos a sin ; 


— 2.938, —2.663, 1.170 22. 


sin 2u = 2, tan 2u = — 
Day 123 to day 223 
t = 0.26 minute 

0.58 minute 

0.89 minute 

1.20 minutes 

1.52 minutes 

1.83 minutes 


Problem Solving (page 275) 


1. 


SF 


Answers will vary. 5.utv=w 
on 0 _ /1 — cos 8 
: 2 2, 


11. 


(a) cos9=+/1 — sin? @  (b) sin@=+/1 — cos? 6 


sin 0 J/1 — cos? 0 
= ae nee 
— sin s 
J/1 — sin? 6 1 
cot 9 = + cscO=+ = 
sin 0 1 — cos? 0 
1 1 
= + —___ = 
secO=+ Sia sm 6 sec 0 eu 
csc 9 = = ese 
sin 0 1 — cos? 0 


(b) ¢ = 91, t = 274; Spring Equinox and Fall Equinox 
(c) Seward; The amplitudes: 6.4 and 1.9 
(d) 365.2 days 


7 Sa 277 4a 
=x =< b SxS 
(a) & nS (b) goes 
7 307 
() 57 <*< mp <4 < or 
a S17 
<x<——<x< 
(d) O< x V4 x< 27 


Answers to Odd-Numbered Exercises and Tests A47 


13. (a) sin(u + v + w) 
= sinucosv cosw — sinu sin v sin w 
+ cos u sin v cos w + cos u Cos Vv sin Ww 
(b) tan(u + v + w) 
_ tanu + tanv + tanw — tanu tan v tanw 


1 — tanutanv — tanu tan w — tan v tan w 
(b) 233.3 times per second 


Chapter 3 
Section 3.1 (page 284) 


Vocabulary Check (page 284) 
b 


1. oblique 2. sin B 3. sac sin B 


1. C = 105°, b = 28.28, c ~ 38.64 
3. C = 120°, b = 4.75, c = 7.17 
5. B = 21.55°, C = 122.45°, c = 11.49 
7. B= 60.9°, b ~ 19.32, c ~ 6.36 
9. B = 42°4’,a = 22.05, b = 14.88 
11. A ~ 10°114,C = 154°19%4,c = 11.03 
13. A ~ 25.57°, B = 9.43°, a = 10.53 
15. B =~ 18°13’,C ~ 51°32’, c = 40.06 
17. C = 83°,a = 0.62, b ~ 0.51 
19. B = 48.74°, C = 21.26°, c = 48.23 
21. No solution 
23. Two solutions: 
B = 72.21°, C = 49.79°, c = 10.27 
B = 107.79°, C = 14.21°, c = 3.30 


Obes p=" (s2be = 
S 


in 36° sin 36° 
5 
(c) b> sin 36° 
27. (a) b < 10.8,b = aan, (b) 108 <b< =i 
0 o> ait 


29. 10.4 31. 1675.2 33. 3204.5 35. 15.3 meters 
37. 16.1° 39. 77 meters 

41. (a) (b) 22.6 miles 
(c) 21.4 miles 


(d) 7.3 miles 


9000 ft y 
43. 3.2 miles 
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A48 Answers to Odd-Numbered Exercises and Tests 


45. True. If an angle of a triangle is obtuse (greater than 90°), a b c d 0 db 
then the other two angles must be acute and therefore less 17.5 8 12.07 5.69 45° 135.1° 


P nee es 7 ‘ ahate: 19.10 14 20 13.86 68.2°  111.8° 
AR see aresuitn 2 Sane 21. 15 16.96 25 20 77.2° 102.8° 


1 
(b) 23. 16.25 25.104 27. 52.11 
29. N N 37.1° E, S 63.1° E 
Ww == E 
iC 
0 7 pe Ss 
0 f, ee 
Domain: 0 < B < 7 & Tee 
Range:0 <a < : Be 2 -SS555 3700 ma - =39A 
igh Gx eSB ere) 31. 373.3 meters 33, 72.3° 35, 43.3 miles 
sin B 37. (a) N58.4°W _(b) S81.5°W 
(d) 2 39. 63.7 feet 41. 24.2 miles 
43. PO = 9.4, OS = 5, RS ~ 12.8 
45. 

d (inches) 9 10 12 13 14 
oe e @ (degrees) | 60.9° | 69.5° | 88.0° | 98.2° | 109.6° 
Domain: 0 < B < 7 s (inches) | 20.88 | 20.28 | 18.99 | 18.28 | 17.48 
Range: 9 < c < 27 

©) BY o4 0.8 12 ine d(inches) |15 | 16 
a | 0.1960 | 0.3669 | 0.4848 | 0.5234 9 (degrees) | 122.9° | 139.8° 
c | 25.95 | 23.07 | 19.19 | 15.33 s (inches) | 16.55 | 15.37 


47. 46,837.5 square feet 49. $83,336.37 

51. False. For s to be the average of the lengths of the three 
a | 0.4720 | 0.3445 | 0.1683 sides of the triangle, s would be equal to (a + b + c)/3. 
53. False. The three side lengths do not form a triangle. 

55. (a) 570.60 (b) 5910 = (c) 177 

57. Proofs will vary. 


B | 2.0 2.4 2.8 


Gm) 12.29 10.31 9.27 


As B increases from 0 to 7, q@ increases and then 


decreases, and c decreases from 27 to 9. 59. _T 61. T 63. _T 
49. cosx 51. sin? x 2 3 3 
1 1 
i 65. ———. 
Section 3.2 (page 291) Jinan $=a 
Vocabulary Check (page 291) eee 
1. Cosines 2. b =a? +c — 2accosB sec 0 = | 
3. Heron’s Area Formula csc @ is undefined. 
71. tan 0 = 8 733. 42 sin 2 sin 
1. A = 23.07°, B = 34.05°, C ~ 122.88° BB 
3. B ~ 23.79°, C ~ 126.21°, a ~ 18.59 ee 2x3 
5. A = 31.99°, B = 42.39°, C = 105.63° 
7. A = 92.94°, B = 43.53°, C = 43.53° csc 9 = —2 
9. B = 13.45°, C = 31.55°, a = 12.16 
11. A = 141°45’, C = 27°40’, b = 11.87 


13. A = 27°10’, C = 27°10’, b = 56.94 
15. A ~ 33.80°, B ~ 103.20°, c ~ 0.54 


Answers to Odd-Numbered Exercises and Tests A49 
Section 3.3 (page 304) (cy {1,=7) 
y 
Vocabulary Check (page 304) aT eee 
. directed line segment — 2. initial; terminal -6 -4 -2 ep — 
. magnitude 4. vector | it 
. standard position 6. unit vector ih ee 
. multiplication; addition 8. resultant = L are 
. linear combination; horizontal; vertical -3v y-7 7 
-~10+ 
1 
1. |lul| = |lvll = 17, slope, = slope, = 3 23. (a) (—5, 3) (b) (—5, 3) 
u and v have the same magnitude and direction, so they are y y 
equal. 7 t at 
3. v = (3, 2); |lvl| = 13 5. v = (3, 2); |lv| = 13 6+ 6+ 
7. v = (0,5); |lv] =5 9. v = (16, 7); |lvl| = 305 ai 1 
at at 
11. v = (8, 6); |lv|| = 10 13. v = (—9, — 12); |lvl] = 15 u=ut+y al usu-v 3 
15. » 17. y SN ~ 
A A 
i+ ia 
utve. Fes4a21]1  aesa3a4]1 
v i See 
a i v (c) (—10, 6) 
c ¥ 
-v re A 
u 124+ 
and 104 
34 
19. y 2u = 2u - 3v 
u+2v) Sie 
/ joy -12-10 -8 -6 -4 -2 | 2 : 
7 25. (a) 3i — 2j (b) -i+ 4j 
i k \ 
Xx 34 gt 
21. (a) (3, 4) (b) (1, —2) : 
y y 1 u rn 
4 A +t + + + ve +> x 
ia 37 3-2 -1 Ns 3 
=1 \ 
: ‘ So ut 
14 a a ‘ 
t -34 v Va 
t t t t 7 t x 
33. tof yt 2 
\ (c) —4i + 11j 
Tuy y 
-vy- 7 A 
T 2u-3vy 127 
—3v 
) ou 
i640 a-| 346° 
9 4 
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27. (a) 20+ j (b) 2i - j 


; 5 57. v = (3, 0) 
A A 
34 i+ y 
A 
-v ' 
Loy -- Se uty -1+-----3 a J 
ea 
—— —>}—+—» x 24 
-1 1 2 3 . 
ay 3+ l 2 3 : 
-1¢4 
(c) 4i — 3j 
i 3/6 35/2 
61. ¥ =\=-—_, — 
2 2 
i i 
5 
34+ 
a 
3 2 
NA 150° a 
3/10. 3/10; See oh a 2 
29. . <i = 7 at = H Hi 
10 
35. | 5/2) 65. (5,5) 67. (10/2 — 50, 10/2) 69. 90° 
ies 955 - 71. 62.7° 73. 12.8°; 398.32 newtons 
41. (8 = = 29) 43. 7i+ 4j 45. 3i + 8j 75. 71.3°; 228.5 pounds 
29 7 29 77. Vertical component: 70 sin 35° ~ 40.15 feet per second 
47. v= (3, -3) 49. v = (4, 3) Horizontal component: 70 cos 35° ~ 57.34 feet per second 
i i‘ 79. T,c = 1758.8 pounds 81. 3154.4 pounds 
if Tgc ~ 1305.4 pounds 
83. N 21.4° E; 138.7 kilometers per hour 
+ : ies 85. 1928.4 foot-pounds 87. True. See Example 1. 
—N 89. (a) 0° (b) 180° 
meal u ee (c) No. The magnitude is at most equal to the sum when 
3u the angle between the vectors is 0°. 
al 91. Proofs will vary. 93. (1,3) or (—1, —3) 


(2 1 95. 8 tan 0 97. 6 sec 0 
51. v = (5, -3 11 
y 99. = + na, 7 + 2n7 101. nz, = + 2n7, a + 2n7r 


7 5) 6 6 
a Section 3.4 (page 315) 
( hi , Vocabulary Check (page 315) 


‘ i 
72Gure) 1. dot product 2. am 
Ill vl 


-1+ 3. orthogonal 


a7 4 


u:v : —_ fa 
4. (ae) 5. ||proj Po F | \|PO ;F-PQ 


53. |v] =3;@=60° 55. |lv|| = 6/2; 6 = 315° 
1. -—9 3. —11 5. 6 Ve S12. 9. 8; scalar 
11. (—6, 8); vector 13. (—66, — 66); vector 


15. 
21. 


29. 
35. 


. 26.57°, 63.43°, 90° 
. —20 
. Orthogonal 53. 
. $52, 15), 3$5(— 15, 2) 

. (-5, 3), (5,-3) 61. S41 + 45, 31 — 35 
. (a) $58,762.50 


J5 — 1; scalar 
5VJ/41 23. 6 


60.26° 


17. 4; scalar 
25. 90° 


19. 13 
27. 143.13° 


31. 90° 


|_| — 
-8 -6 -4 -2 2 4 


ie) 
peck 


-8 -6 -4 -2 


-4+ —-44 


= 91.33° 90° 
41. 41.63°, 53.13°, 85.24° 
47. Parallel 49, Neither 
3984, 14), 4(— 10, 60) 
57. 0 


45. —229.1 


63. 32 


This value gives the total revenue that can be earned by 
selling all of the units. 


(b) 1.05v 
67. (a) Force = 30,000 sin d 
(b) 
d o° |} 1° 2° 3° 4° 5° 
Force | 0 | 523.6 | 1047.0 | 1570.1 | 2092.7 | 2614.7 
d 6° 7° 8° 9° 10° 
Force | 3135.9 | 3656.1 | 4175.2 | 4693.0 | 5209.4 
(c) 29,885.8 pounds 
69. 735 newton-meters 71. 779.4 foot-pounds 
73. 21,650.64 foot-pounds 
75. False. Work is represented by a scalar. 
7 7 7 
: => < = = < 
77. (a) 0 5) (b) 0 <5 Oss 7 
79. Proofs will vary. 
aq lla 253 204 
81. 0, 6 6 83. 0, 7 85. ~ 395 87. 305 


Review Exercises 


(page 319) 
C = 74°, b ~ 13.19, c ~ 13.41 

A = 26°, a ~ 24.89, c ~ 56.23 

C = 66°,a ~ 2.53,b ~ 9.11 

B = 108°, a ~ 11.76, c ~ 21.49 


. A = 20.41°, C = 9.59°, a = 20.92 
. B ~ 39.48°, C ~ 65.52°, c ~ 48.24 


Answers to Odd-Numbered Exercises and Tests 


13. 
21. 
23. 
25. 
27. 
29. 
31. 
37. 
39. 
45. 


47. 
49. 


51. 
53. 


57. 
61. 
65. 
69. 


71. 
75. 
81. 


89. 
93. 
97. 


99. 


101. 


103. 
105. 
107. 


Chapter Test 


1. 
2. 


A51 


TY 15. 33.5 17. 31.1 meters 
A = 29.69°, B ~ 52.41°, C = 97.90° 

A = 29.92°, B = 86.18°, C = 63.90° 

A = 35°, C = 35°, b = 6.55 

A = 45.76°, B ~ 91.24°, c = 21.42 

= 4,3 feet, ~ 12.6 feet 

615.1 meters 33. 9.80 35. 8.36 
ull = [lvl] = V6T, slope, = slope, = § 


19. 31.01 feet 


(7,-5) 41. (7,-7) 43. (-4,43) 
(a) (-4,3)  (b) (2,-9) = (©) (-3, -9) 
(d) (=11; =3) 
(a) (-1,6) (b) (-9,-2) (ce) (—15, 6) 
(d) (—17, 18) 
(a) Ti+ 2j (b) —31-4j (©) 61 - 3; 
(d) 201 + j 
(a) 3i+ 6f (db) Si— 6j ~—(C) - 128. () «189 + 12 
(09: = 7) 55. (30, 9) 
i n 


wv 


10 ‘\ 20 25 30 


10+ 


-10+ 
-19+ 


—3i + 4j 59. 61 + 4j 
10./2(cos 135°i + sin 135°j) ‘63. ||v|| = 7; 6 = 60° 
llvl| = 41; 6 = 38.7° 67. |Iv|| = 3/2; 6 = 225° 
The resultant force is 133.92 pounds and 5.6° from the 
85-pound force. 

422.30 miles per hour; 130.4° 73. 45 

—2 77. 50; scalar 79. (6, —8); vector 


ur 83. 160.5° 85. Orthogonal _87. Neither 
~13(4,1),78-1,4) 91. 3-1, 1), 341, 1) 
48 95. 72,000 foot-pounds 


True. sin 90° is defined in the Law of Sines. 


True. By definition, u = ivi so v = |[v|lu. 


a b Cc 


snA snB sinC 

Direction and magnitude 

a; The angle between the vectors is acute. 

The diagonal of the parallelogram with u and v as its adja- 
cent sides 


(page 322) 
C = 88°, b ~ 27.81, c ~ 29.98 
A = 43°, b ~ 25.75, c = 14.45 
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3. Two solutions: 4. 
B = 29.12°, C = 126.88°, c = 22.03 6+ 
B = 150.88°, C = 5.12°, c = 2.46 

4. No solution 5. A =~ 39.96°, C = 40.04°, c = 15.02 

6. A = 23.43°, B = 33.57°, c = 86.46 

7. 2052.5 square meters 8. 606.3 miles; 29.1° 


Ie 


i) 
w 
a4 
w 
a 


18/34 205034 | 738 
9. (14, —23) 10. ( iat 7 “ 
11. (—4, 6) 12. (10, 4) . 
y y 6. y 
A A 
8 124 


t=+74-+-+++ > * 
24 30 36 42 


11. V1 — 4° 12. 1 13. 2 tan 0 


15. 14.9°; 250.15 pounds 16. 135° 17. No 4446. Knees sail sae 7 3a 5a 
18. 32(5, 1);32(-1,5) 19. ~ 104 pounds ; _ “oe a3 
: poet ae ee 
Cumulative Test for Chapters 1-3 (page 323) 6° 6' 6" 6 2 63 3 
1. (a) (b) 240° 22,2283 93, (sin 3 - sina) 
A Qn 5 5 2 2 
(c) 37 24. 2 cos 6x cos 2x 
(d) 60° 25. B= 26.39°, C = 123.61°,c = 15.0 
. 26. B ~ 52.48°, C ~ 97.52°, a ~ 5.04 
27. B = 60°,a ~ 5.77, c = 11.55 
— 28. A = 26.38°, B ~ 62.72°, C ~ 90.90° 
29. 36.4 square inches 30. 85.2 square inches 
2/2 
31. 31+ 5j 32. (2,2 33,25 
v3 2V3 
(e) sin(— 120°) csc(— 120°) = 1 21 
7 3 34. 136) 5)s Bo 1) 
cos(— 120°) = a sec(— 120°) = —2 35. ~ 395.8 radians per minute; ~ 8312.6 inches per minute 
B 36. Area = 63.67 square yards 37. 5 feet 38. 22.6° 
tan(— 120°) = /3 cot(— 120°) = a 39. d = 4cos qt 40. 32.6°; 543.9 kilometers per hour 
° 3 
2, 134.6 3.5 41. 425 foot-pounds 


Answers to Odd-Numbered Exercises and Tests A53 


Problem Solving (page 329) 83. (a) z; = 9 + 16i,z, = 20 — 10i 
1 201 fet ty z= Hm, 490, 
- A 75 mi B 
3 @) oo 85. (a) 16 (b) 16 (©) 16 (d) 16 
pene i — , 2 ' 87. False. If the complex number is real, the number equals its 
pid conjugate 


(b) Station A: 27.45 miles; Station B: 53.03 miles 89 
(c) 11.03 miles; S 21.7°E 


. False. 


it 4 G50 — gh — 7109 4 el = J 1+1-it+i=1 
5. (a) 2; a C - . ; 91. Proofs will vary. 93. —x? — 3x + 12 
iv Vv) vi 24 23, _ 27 
() @ 1 (ii) 3/2 (ii) /T3 95. 3x ae 2 97, —31 99. 5 
(iv) 1 (v) 1 (vi) 1 fie 463) Fitts 
5 5 . ax 5/85 2mb 
(c) (i) sr ai) V13 (iii) 3 
Gai ert (vi) 1 Section 4.2 (page 344) 
@) i) 2/5 (ii) 52 (iii) 5/2 
(iv) 1 (v) 1 (vi) 1 Vocabulary Check (page 344) 
= i \ vege el 
. w = atu + ¥)s w= aly — u) ‘ 1. Fundamental; Algebra 2. Linear Factorization 
=e) (a 3. conjugates 4. discriminant 
F, 6, 1 F, 
PAS oc F, 1. Three solutions 3. Four solutions 
P Q Ser 5. No real solutions 7. Two real solutions 
= 9. Two real solutions 11. No real solutions 
. 4 13.4/5 15.-5+/6 17.4 19, -142i 


The amount of work done The amount of work done 


ner are ; 
by F, is equal to the amount F, is /3 times as great as oe 23. 20 + 2V215 25. —3 + 2V2i 


of work done by F,. the amount of work done 27. (a) a (b) 4,41 
by F,. -6 10 
Chapter 4 
Section 4.1 (page 337) a0 
(c) The number of real zeros and the number of 
Vocabulary Check (page 337) x-intercepts are the same. 7 
L@ii i © 2% J=h-1 se, # (b) V2: 
3. principal square 4. complex conjugates 
1.a=-10,b=6 3.a=6, b=5 5.4 4+ 3 10 10 
2-331 8573) 11.8 13..-1=G 2 
15. 0.37 17. 11 -i 19. 4 21.4 = 3/33 (c) The number of real zeros and the number of 
23. —14 + 20i 25. ; +4i 27.5 +i x-intercepts are the same. 
29.12+30i 31.24 33.-9+40i 35. —10 31. +5i; (x + 5i)(x — Si) 
37.6 -3i,45 39% -1+ J/5i,6 41. —2/5i, 20 33. 2+ V3;(x -2- V3)(x -2+ V3) 
43. /8,8 45. -Si 47.54%) 49.243 35. +3, +3i; (x + 3)(x — 3)(x + 3i)(x — 3’) 
51.-5-6i 53. -it—iei 55. -4- 3 37. L4is(c-1+i(e-1-A 
57. +i «= 59. -2,/3~— 61. — 10 39. —3, 4/3; (x + 3)(x + V3)(x — V3) 
63. (21+ 5/2) + (7/5 -3V/10)i 65. 1 +i 41. 4, +4i; (x — 4)(x + 4i)(x — 41) 
«3 £325; (2x — 1)(x + i\(x — 
oe pete Toe JR 43. 3,43-V/2i (x — ls + 3-/2i)x — 3/21) 
2 2 45. 0, 4, £67; x(x — 4)(x + 6i)(x — 63) 
5-5./ 15 ; . 47. +i, +37; (x + i)(x — i)(x + 3i)(x — 3%) 
YB pape 1961 a 
ane * 49,345) 51. 42i,1,-4 53. -34i,4 


79, —375\/3i 81. i 55.2,-3+4 /2i,1 57. f(x) = x3 — x2 + 25x — 25 
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59. f(x) = x3 + 4x? — 31x — 174 101. 80.5° 103. 57.1° 105. 57,000 foot-pounds 
61. f(x) = 3xt — 17x3 + 25x? + 23x — 22 107. Answers will vary. 

Jt 2 n ° 
es pie eis Section 4.3 (page 352) 


65. f(x) 3x3 + Ox? — 3x — 15 


Vocabulary Check (page 352) 


71. f(x) = 3 — 3x7 + 6x + 10 . absolute value 

73. f(x) = 84+ x2 -—x— 33 . trigonometric form; modulus; argument 
75. f(x) = 4x4 + $23 +32 + 3x—5 . 7rLcos(@, + 65) + isin(@, + 4,)]; 
77. (a) 


molos/1 /15/2 | 25] 3 [cos(@, — 8) + isin(@, — 4,)] 


ry 
- 


,) 


h| 0] 20 | 32 | 36 | 32 | 20 | 0 


(b) No 1. = 3. “a 
(c) When you set h = 64, the resulting equation yields 4 yy Real st 
imaginary roots. So, the projectile will not reach a =4e sed 204 88 es a4 
height of 64 feet. all "Se 3 
(d) 7 wai eal 
y= 64 al Sit 
y = lor? + 487 7 J, , Real 
-g+ -5 -4 -3 -2 eel 1 ee 
0 7 4/2 
T 1. 0 
The graphs do not intersect, so the projectile does not 5. a 7. 3 (cos 2 + 7sin z) 
reach 64 feet. 4 ee wie 
(e) The results all show that it is not possible for the pro- ag oes er en ee 
jectile to reach a height of 64 feet. -24 * 
79. (a) P = —0.0001x* + 60x — 150,000 wal =e 
(b) $8,600,000 (c) $115 St 
(d) It is not possible to have a profit of 10 million dollars. ay : 
81. False. The most complex zeros it can have is two, and the “87 aol 
Linear Factorization Theorem guarantees that there are 
three linear factors, so one zero must be real. V85 
83. retary 8554 7,5 +m 547; 9. /10(cos 5.96 + isin 5.96) 
87. The zeros cannot be determined. 89. x2 +b 11. vaeeeee 13. ae 
91. -11 +9 93. 20 + 40 4 oe 4 
95. 1 &% 97. i S : +> xis at 
y ey 4,8) At. “Sp it ok 
=) ~ a, > Real 
ice -1 1 2 ans 
x “34 “03 -3) “1p 
-—+> x 
ant 6 8 
: 3 VA{cos a + isin 72) 2{cos a isin 2) 
99. ; 4 + 6 6 
A 


(2, 4) 


15. Imaginary 
axis 
A 
Real 
-4 -3 -2 -l , as 
- 
’ 
’ 
’ 
/ -24 
, 
’ 
/ 34 
A 
or 
—2(1+ V3i) =e 


( 4n i, 2) 
4| cos — + i sin — 
3 3 


19. Imaginary 


axis 


/65(cos 2.62 + i sin 2.62) 


23. Imaginary 
axis 
A 
4+ 
34 
2 343i 
Uc 
1+ maa 
aa 
$4 4» Real 
-1 1 2 3 4 one 
-14+ 


2V3{ cos 7 + isin 4 


21s Imaginary 
axis 
A 
s+ 
44 
37 . 
542i 
a+ _-a 
17 yee 
Prt a » Real 
-1 ae ee: ee i 
“fet 


5.39(cos 0.38 + i sin 0.38) 


31. Imaginary 
axis 
A 
_3,3v3, 
2 2 3 
\ 
. 27 
\ 
vv 4 
\ 
\ 
— }—+—» Real 
-3 -2 -1 1 2 ans 
es 


17. Imaginary 
axis 


5(cos + isin 37) 
Pe 


21, Imaginary 


axis 


—44+ 


T(cos 0 + isin 0) 


25. Imaginary 


axis 


J 10(cos 3.46 + isin 3.46) 


29. Imaginary 
axis 
{+++ ais 
-10 -8 -6 -4 -2,/ bee 


72 


e 
=8—5,/3i ~10 


11.79(cos 3.97 + i sin 3.97) 


33. Imaginary 
axis 
14 
Real 
t t + 
-1 \ 1 2 “ 
\ 
\ 
-1+ * 
2333; 
4 4 
=24 
3. 33, 
ae LT 
4 4 
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35. 


39. 


41. 
45. 


47. 
51. 
55. 


59. 


61. 


63. 


A55 


Imaginary 37. Imaginary 
axis axis 
A A 
15 v2, 15 v2; 
8. 8 34 eal 
*. 8@ 8i 
ot 
N 6+ 
N 
. 
So i- 4+ 
\ 
N 
F ' ; a ® Real 27 
t t t pe 
-4 -3 -2 -1 oe \ p+ 4 4 > Real 
el -2 2 4 6 8 10 Ss 
-2 
Ss), iae, 
—_—— I 8i 
8 8 
Imaginary 
axis 


2 
2.8408 + 0.96437 
1 _® 
aa i js Real 
1 2 3 4 axis 
all 
=. 


2.8408 + 0.9643 
4.6985 + 1.7101i 


Imaginary 
axis 


43. —2.9044 + 0.75117 


The absolute value of each is 1. 

10 
12(cos a + isin 2) 49, 9 (cos 200° + i sin 200°) 
0.27(cos 150° + i sin 150°) 53. cos 30° + isin 30° 


2 2 
cos = + isin = 57. 4(cos 302° + i sin 302°) 


(a) 2 VA{c0s : + isin 7) V2{c0s 2 + isin 7) 


4 
(b) 4(cos0 + isin0)=4 (c) 4 


(a) | 2(c0s = + isin 52) | /2(cos + isin =) 
(b) 2V3( cos = + isin) 2=—2i 


4 
(c) —2i — 2i2 2 


Qi 


(a) [5(cos 0.93 + isin 0.93)] + [2(c0s “2 


5 
(b) 5 (cos 1.97 + isin 1.97) ~ -0.982 + 2.299% 
(c) ~—0.982 + 2.299: 
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65. (a) pies 0 + isin 0)] +[ /13(cos 0.98 + isin 0.98)} oe 2( os = see 27) 
——= 30 + isin 5. = (0. = I, [ 
(b) Fig 8 5.30 + isin 5.30) ~ 0.769 — 1.154i ( Sr in) 
2\ cos —— + i sin — 
10 _ 1}, 0.769 — 1.154# : : 
(c) ia 3 te ( 147i uz) 
2\ cos —— + i sin —— 
67. Imaginary 69. Imaginary 9 9 
ae ae (b) Imaginary 
3+ Alls axis 
gk A 
= 3 
1 fay Real ee ee eer ie Real 
3 axis “eh im : ae : 3 J 4 : axis i t Real 
94 = 3 axis 
aa! 
34 al 


34+ 


71. True, by the definition of the absolute value of a complex 


(c) 1.5321 + 1.28567, — 1.8794 + 0.68407, 


suasiat 0.3473 — 1.9696i 
73. Answers will vary. : : : 
75. (a) r?— (b) cos 26 + isin 20 29. (a) a(cos 30 + isin =) 
77. B= 68°, b = 19.80, c = 21.36 B B 
79. B = 60°, a ~ 65.01, c ~ 130.02 a(cos 5 + isin Ba 
81. B = 47°45’,a = 7.53, b = 8.29 5 
83. 16; 2 85. zt: 0 a(cos 27 + isin =) 
Section 4.4 age 358 
(P g ) a(cos eit x isin at 
30 30 
Vocabulary Check (page 358) 3(cos 27 ath =a 
1. DeMoivre’s 2. nth root 3. unity ; 
(b) Imaginary 
Vw-4-8% 4 8 5, 108.5 — 108) at 
12 12 
gta Eg 5 
2 2 
11. 608.0204 + 144.6936i 13. —597 — 122i = an 
81 81V3 
18. -43/5 +41 17. 5+ V5, 
19, 32.3524 — 120.7407i 21. 327 23. 27 
25. (a) \/5(cos 60° + i sin 60°) (c) 2.9836 + 0.3136i, 0.6237 + 2.9344i, 
V5 (cos 240° + i sin 240°) 2.5981 + 1.5i, —2.2294 — 2.0074i, 1.2202 — 2.7406: 
(0) rake 31. (a) s(cos ot + isin =r) 
A 4 4 
3+ ( 0 ms 7) 
5|cos —— + i sin — 
4 4 
3 ee (b) eee 
=3 3 axis 
ral 
Heh 
n 1 » Real 
5 15 5 15 -6 ie 
(c) t i, i 
2 cD, 2 2 
6 
Sj? 693, S/t SG. 
(c) t i, i 


2 2 2 2 
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39. (a) cosO0 + isinO (b) Imaginary 
33. (a) 3 cos ¢ + isin 2) Tr on ani 
cos ry + isin 5 


Sa 
3 cos 22 + isin“ Aq Aq 


cos — + isin — 
we > + isin 20 > 2 t—> Real 
8 67. «. 67 = 2 ; 
cos — + isin — 
5 


137 5 
3 cos 37 + is in 32) Sa... Ra elk, 
cos =r t Sin 
Imag aginary 5 5 
h (c) 1, 0.3090 + 0.9511i, —0.8090 + 0.58783, 


—0.8090 — 0.58787, 0.3090 — 0.95117 


41. (a) s{cos a + isin 2) 
3 3 


5(cos 7 + isin 7) 
( 5Tr i, =) 
5| cos — + i sin — 
44+ 3 3 
(b) Imaginary 
(c) 2.7716 + 1.14817, —1.1481 + 2.7716i, o 
— 2.7716 — 1.14817, 1.1481 — 2.7716: oh 
Aq 4a 
35. 5( + =) 
(a) 5{cos — 9 isin 9 - 
| 107 Woe = be L> axis 
5{cos —— + isin — 
9 9 
5( l67 ._., 7) 
cos —— + i sin —— 6k 
7 a 3 
naginar’ 5 5 BS 5 5 3 
() —— () = + “i, -5, i 
2 2 2 2 
° 3 3 
43. (a) 2V3(cos a + isin x2) 
lla 11 
i » Real aaieady ; of 
= mage 2V2(cos 70 + ist am] 
197 19 
2/2| cos — + 
= V2( cos 70 isin 0 
2i7r 21a 
(c) 0.8682 + 4.9240i, — 4.6985 — 1.7101i, 2V3( cos PT a a) 
3.8302 — 3.2139i .. 0 
37. (a) 2(cos 0 + isin 0) 2V2(cos Peas 7) 
7 er 7 (b) Imaginary 
2{cos 5) + isin = axis 


2(cos w + isin 7) 


2{cos 27 + isin 52) 
ia acme 


(b) Imaginary (c) 2; 2i, = 2: —2i 


axis 


wy (c) 2.5201 + 1.2841i, —0.4425 + 2.7936i, 
mai —2.7936 + 0.4425i, — 1.2841 — 2.5201i, 2 — 2i 
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49. 


7 3a 
cos — + isin — 
8 8 
0 7 
cos — + i sin — 
8 
ll7v lla 
cos —— + i sin —— 
8 8 
IS7 157 
cos —— + i sin —— 
8 8 
T T 
cos — + isin— 
6 6 
cos — + isin — 
2 2 
57... St 
cos — + isin — 
6 6 
7 ene 
cos — + isin — 
6 6 
37 tsti(<‘é‘iS TT 
cos — + isin — 
2 2 


Ts . Ila 
cos —— + i sin — 
6 6 


T |. 
a(cos Z + isin Z) 

5 5 
| cy ns) 
3\cos — + isin 

5 
3(cos m + isin 77) 


im... 
S\cos SF isin 


Imaginary 
axis 


Imaginary 
axis 


Imaginary 
axis 


Imaginary 
axis 
A 
34+ 


Imaginary 
axis 
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55. 2{cos 2 + isin z| 
Sa 
2 ees Saks. ate 
(cos = isin 8 ) 
oT 
> DME pa cc TE 
(cos 5 isin 8 
2( cos 2 + isin Be) 
8 
7 7 
57. /2( cos 7 isin 7) 
5) 5 
(cos a + isin 2) 
23 23 
/2( cos +i n 7) 
12 
Sa Sa 
12 OT oa ts OE 
59, 2/2{ 00s ml + isin 57) 


137 137 
12 
VA{cos 74 +1 4 ) 
7 7 
W/2( cos ee 7m) 
8 8 
29 ar 297 
12 hes gt 
Z/A{ 00s 74 isin oe 
379 370 
12 gs 
2/{ cos 4 isin = 
12 2( cos ee + isin 2 


Imaginary 
axis 


A 


Imaginary 
axis 


A 


a+ 


Imaginary 
axis 
A 
a+ 


< . 


61. False. They are equally spaced around the circle centered at 


the origin with 


radius a/p, 


63. Answers will vary. 
65. (a) 2(cos 30° + i sin 30°) 


2(cos 150° 
2(cos 270° 
(b) 8i 
67. m=4,b =} 


+ isin 150°) 
+ isin 270°) 


69. m=0,b = —5 


71. Yes. f~'(x) = 7 = : 
2-3 
73. Yes. h7'(x) = 4% >0 


t t 
-8 -6 |-4 -2 


77. 


83. 
89. 
Review Exercises 


ee ear 


. Four solutions 
. No real solutions 


3 
ee aie 


422 2 Jie e+ Ax 


3/34 120 + 51/7 15 
aE (V7-5) 79. 7 81. = 


4- Ji 85. (1,0) 87. aS 


ia 13 
93. /493 95. /205 


(page 361) 
3. -1 + 3i 5.3 + 7i 
1.347% 13.4-Hi 


>) 91. 41 


7. 40 + 65i 


17. 1 +33 19. Five solutions 


23. Two real solutions 
27.0, 2 


io) 


Ji /39i 
fo 5 31. -4+ V6 33. -7 + fd 


. Yes. A price of $95.41 or $119.59 per unit would yield a 


profit of 9 million dollars. 
i, 4/53, 1 


oS is (2x 1 


J5i)(2x + 1 + /5i) 


oan r= aap) 


5)(x V2i)(x 2i) 


2 


. —7,2; (x + 7)(x — 2)? 


5,1 + 2i; (x + 5)(x — 1 — 2i)(x — 1 + 28) 


. —3 5 + 36 (2x + Ie — 5 — 3(x — 5 + 3’) 
. -2,3,-3 4 J5i; 


(x — 3)(x + N(x +3 - V5i(x+3 + J5i) 


51. f(x) = 12x4 — 19x3 + 9x — 2 
53. f(x) = 23 — 7x? + 13x — 3 
55. f(x) = 3x4 — 14x3 + 17x? — 42x + 24 
57. f(x) = x+ + 27x? + 50 
59. f(x) = 2x7 — 14x? + 24x — 20 
61. paageaty 63. Imaginary 
A a 
10+ 5+ 
8 @ 8i ar . 
54+3i 
64 34 iad 
44 a yer 
it oo 
24 a i : i ores Real 
— Real | 123 4 5 =s 
-~6 -4 -2 2 4 6 ans 14 
=o 
8 /34 
10 . 10 Sa . S17 
; — + isin— ; — + isin— 
65 5 VA c0s a isin z 67 o{cos 6 isin =) 
11 11 
69. (a) z; = 4(cos = isin =) 


3 3 
Zy 10( cos 7 isin =) 
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10 10 
(b) 2,2. = 40( cos =. + 7 sin =) 


=( wT ., =) 
= COs r 7? Sin 
Z 5 3 3 
625 625./3 


71. — + 
2 2 


i 73. 2035 — 828i 


57, =) 
cos —— + i sin — 
4 4 


(b) Imaginary 


axis 


(c) 2.1213 + 2.12137, —0.7765 + 2.8978i, 
— 2.8978 + 0.7765i, — 2.1213 — 2.12133, 
0.7765 — 2.89787, 2.8978 — 0.7765i 


2 
77 3{cos t in 7) 3V2 t 3V2, 
4 2 2 
( 37 ‘a Bi 2. Ba oe 
3\ cos isin = t i 
4 4 2 2 
( Sr a ao: S/8- 
3\ cos isin i 
4 4 2 2 
( iv... =) 3V2 3/2. 
3\ cos isin = I 
4 4 2 2 
Imaginary 
aie 
ai 
1» Real 
_4 4 axis 


A59 


? WHLdVHO 


A60 


Answers to Odd-Numbered Exercises and Tests 


6 
11 
2(cos + 7 sin 1 = J3 i 
Imaginary 
a 
34 
t i >» Real 
3 3 axis 
31 
81. False. 

—18/-2 = 3/2i /2i and \/(—18)(—2) = 36 
= 3/47 =6 
= 67° 

—6 
83. False. A fourth-degree polynomial can have at most four 
zeros, and complex zeros occur in conjugate pairs. 
85. (a) 4(cos 60° + isin 60°) (b) —64 
4(cos 180° + i sin 180°) 
4(cos 300° + i sin 300°) 
87. z,z, = —4, “1 = —cos 20 — isin 20 
£2 
Chapter Test (page 363) 
T= 3:F-91 2 = 3 ST 3. —32 + 24: 4.7 
5.27 6. st 43; 7. Five solutions 
8. Four solutions A 6,4 J5i 10. + J6, +2i 
11. +2, + /2i; (x + 2)(x — (x + V2i)(x — /2i) 
12. 3.24% (2v-3)\v-2-d)v-2+) 
13. x+ — 9x3 + 28x? — 30x 
14. x4 — 8x? + 28x? — 60x + 63 
15. No. If a + bi is a zero, its conjugate a — bi is also a zero. 
7 
16. 5 V2{ cos + isin 7) 17. -34+ 373i 
8, 8561 _ $561V3; 49. 5839; 
2 2 
20. 4/2(cos es + isin = 
1 
4 — + isin — 
44/2 cos D isin 2) 


21. 


22. 


Imaginary 
3 ore — a + I sin = axis 
A 
a(cos Sn + isin ea a 
6 6 
( 37 isi, 22) 
3| cos + isin : _. Real 
2 2 3 + axis 


—4+ 


No. When you set 4 = 125, the resulting equation yields 
imaginary roots. So, the projectile will not reach a height 
of 125 feet. 


Problem Solving (page 365) 


1. 


~I 


11. 
13. 


15. 


(a) z3 = 8 for all three complex numbers. 
(b) z> = 27 for all three complex numbers. 


(c) The cube roots of a positive real number “a” are: 
peg ide = Sees 
3/a, , and : 
2 2 
. (a + bila — bi) = a + abi — abi — bi? 
=a? +b? 
-(a)k>1 (b) k<1 
. (a) No (b) Yes 
. (a) Not correct because f has (0, 0) as an intercept. 


(b) Not correct because the function must be at least a 
fourth-degree polynomial. 

(c) Correct function 

(d) Not correct because k has (— 1, 0) as an intercept. 


(a) Yes (b) No (c) Yes 

(a) 1+i7,3+i (b) 1—-1,2+4+3i 
(c)1+i,-$+3i (d) 44+ 5i,-}-4 
Answers will vary. 


Chapter 5 
Section 5.1 (page 376) 


1. 
7. 


Vocabulary Check (page 376) 


1. algebraic 2. transcendental 


nt 
3. natural exponential; natural 4,.A= (i + ") 
n 


5. A = Pe” 
946.852 3. 0.006 5. 1767.767 
d 8. c 9a 10. b 


17. 
19. 
21. 


x =P =i |e th Ps 

f)|4 | 2 110.5 | 0.25 

x a2) S11 a | 4 2 

f(x) | 36 | 6 | 1 | 0.167 | 0.028 
a ee: 
ae 


units to the right. 


23. 


27 


- 0.472 


7 25. 


-1 


29, 3.857 x 10°” 


Shift the graph of f four units to the right. 
Shift the graph of f five units upward. 
Reflect the graph of fin the x-axis and y-axis and shift six 


-1 
(e) 


31. 7166.647 
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33. 


35. 


37. 


39. 


ae —2 —1 0} 1 2 
f(x) | 0.135 | 0.368 | 1 | 2.718 | 7.389 
3 3 
x —8 = 7 —6 —5 —4 
f(x) | 0.055 | 0.149 | 0.406 | 1.104 | 3 
a 
idl 
64 
5 
at 
34 
ail 
a 
i =2 = 0 1 2 
f(x) | 4.037 | 4.100 | 4.271 | 4.736 | 6 
34 
“il 
ppp ty yp yp yp yp ys x 
=322-1 | -1 2 34.15 6 7 
7 41. 22 
—7 § 
10 
= 0 
4 
-3 3 
0 
x=2 47. x = —3 49. x =3 
x=3,-1 


A61 
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53. _ i 3 4 71. True. As x —00, f(x) > —2 but never reaches — 2. 
73. f(x) = h(x) 75. f(x) = a(x) = A(x) 
A | $3200.21 | $3205.09 | $3207.57 77. y (a) x <0 (b) x>0 


fim) 12 365 Continuous 


A | $3209.23 | $3210.06 | $3210.06 


55. _ fi 2 4 a 
A | $4515.28 | $4535.05 | $4545.11 oh 
fim) 12 365 Continuous 
A | $4551.89 | $4555.18 | $4555.30 

57. 


t | 10 20 30 


As x00, f(x) > g(x). 
As x > —00, f(x) > g(x). 


me 40 50 81. y=+J25 —- x 


A | $59,436.39 | $88,668.67 


A | $17,901.90 | $26,706.49 | $39,841.40 


85. Answers will vary. 


t | 10 20 30 


A | $22,986.49 | $44,031.56 | $84,344.25 


t | 40 50 


A | $161,564.86 | $309,484.08 


61. $222,822.57 63. $35.45 Section 5.2 (page 386) 
65. (a) V(1) = 10,000.298 
(b) V(1.5) = 100,004.47 Vocabulary Check (page 386) 
(c) V(2) = 1,000,059.6 1. logarithmic 2. 10 3. natural; e 
67. (a) 25 grams = (b) 16.21 grams 4, qi%e* = x 5.x =y 
(c) 30 
14=64 377%=% 5, 325=4 
7.362 =6 9. log. 1295=3 11, logy3= 4 
_ 13. logg3g = —2 15. log;,1=0 17.4 19.0 
; 21.2 23. -0.097 25.1097 27.4 29% 1 
69. (a) 110 31 : 
. A 
0 120 
0 { x 
-1 
(b) 
e 0 25 | 50 75 100 
Model | 12.5 | 44.5 | 81.82 | 96.19 | 99.3 
Actual | 12 44 81 96 99 Domain: (0, 00) 
(c) 63.14%  (d) 38 masses x-intercept: (1, 0) 


Vertical asymptote: x = 0 


45. 
49. 
53. 
57. 
61. 
69. 


71. 
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Domain: (0, co) 73. 2 75. 3 
x-intercept: (9, 0) 
Vertical asymptote: x = 0 1 5 0 9 
~2 -3 
77, 8 


Domain: (—2, co) 7 9 


x-intercept: (— 1, 0) t 

79. x =3 81. x =7 83. x =4 85. x = —5,5 

87. (a) 30 years; 20 years (b) $396,234; $301,123.20 
(c) $246,234; $151,123.20 


(d) x = 1000; The monthly payment must be greater than 


Vertical asymptote: x = —2 


$1000. 
89. (a) 190 
Domain: (0, co) 
x-intercept: (5, 0) 
Vertical asymptote: x = 0 
(0) 12 


0 

(b) 80 (c) 68.1 = (d) 62.3 
91. False. Reflecting g(x) about the line y = x will determine 
the graph of f(x). 


93. 95. y 


42. e 43. b 44. a 
070.693... = 5 47, ¢'386--- = 4 
e591... = 250 51. =1 g 8 
In 20.0855...=3 55, In 1.6487... =4 ts is 
In 0.6065. . . = —0.5 59. In4 =x a4 
2.913 63. —0.575 65.3 67. -3 
y Domain: (1, 00) aa 
i x-intercept: (2, 0) The functions f and g The functions f and g 
3, Vertical asymptote: x = 1 ; are inverses. are inverses. 
hs 40 
‘ll (a) 
a 
eal 1000 
23) 
_ seg 0) g(x); The natural log function grows at a slower rate 
i omain: (— co, 


than the square root function. 
a+ x-intercept: (— 1, 0) (b) 15 


Vertical asymptote: x = 0 


+$—> x 


20,000 


g(x); The natural log function grows at a slower rate 
than the fourth root function. 
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99. (a) False (b) True’ (c) True (d) False 99. f(x) = logx — Inx 
101. (a) 4 (b) Increasing: (1, 00) . log11.8 In11.8 
Decreasing: (0, 1) 2 
-1 8 
A 5 
=2 
(c) Relative minimum: (1, 0) -2 
103. 15 105. 4300 107. 1028 101. f(x) = A(x); Property 2 


Section 5.3 (page 393) Y 


Vocabulary Check (page 393) 


logx _ Inx 


1. change-of-base 2. — = 


3.¢ 4. a 5. b =i 


log x In x log x In x 


1. (a) log 5 (b) ins 3. (a) log E (b) int 103. x 
log io In jo log x In x 7 

ae Na ies (b) ae oi eae (b) In 2.6 107. —1,5 

9. 1.771 11. —2.000 13. —0.417 

15. 2.633 17.3 19, —3 — log,2 Section 5.4 (page 403) 
21.6+In5 23.2 25.3 27.24 
29. —9 is not in the domain of log, x. Vocabulary Check (page 403) 
31.45 33-3 357 37.2 1. solve 
39. log, 5 + log, x 41. 4 log, x 43. 1 — log; x 2(ax=y (b)x=y (c)x (dx 
45.5Inz 47. Inx + Iny + 2Inz 3. extraneous 


49. Ingt+2In(¢—1) 51. }log,(a — 1) — 2 log,3 
53. 4Inx—4Iny 55. 4Inx+5iny—5Inz 


1. (a) Yes (b) No 
my ewes . a 2 logs y — 3 logs z z 3. (a) No (b) Yes (c) Yes, approximate 
59, zinx F oe + 3) ae In 3x 63. logy 5. (a) Yes, approximate (b) No (c) Yes 
65. log(x se) 67. log, V5x : 7. (a) No (b) Yes’ (c) Yes, approximate 
3 
69. In—— 1. log~< 73. in 92 1-5 2 15.n2+0693 
(x + 1) y (x? — 4) 17. e-!~ 0368 19.64 21. (3,8) 23. (9,2) 
(a + 3)? yy + 42 : 4 we 

75, 0.3/2 ) 77. log, ~ ) 25.2,-1 27. ~ 1.618, ~ -0.618 

x yo In5 
79, log, #7 = log, 39° = log, 4: Property 2 29, In3 = 1.465 31. In5 = 1.609 
81. 6B = 10(log 7 + 12); 60 dB 83. = 3 In 80 
85. y = 256.24—208Inx 87. False. In] =0 eae ae ee 
89. False. In(x — 2) # Inx — In2 91. False. u = v? In 565 
93. Proofs will vary. eae sana In2 ne 

logx Inx logx  Inx 1 (3) In7 

. f(x) = =—* . f@) = => . ~log{=} ~ 0. ~1+ i ~2, 
ease a 97. fx) = ate 43. 5 log(>]~ 0.059 45. 1 + 7 ~ 2.209 
3 
47. a ~ 0.828 49. -Inz ~ 0.511 
3 ing 4 
-3 6 2 6 3 
; : +=~0, 
51. 0 53. 3In2 3 0.805 
= = 55. In5 = 1.609 57. In4 = 1.386 


59. 2 In 75 ~ 8.635 


61. 


65. 
67. 


71. 


75. 


81. 
85. 
89. 


93. 


99. 
103. 


107. 
109. 
111. 


113. 
115. 


1 In4 
= In 1498 ~ 3.656 63. ———"* "aan ~ 21.330 
2 365 In(1 + 288) 
In2 
12 In(1 + 24°) 
6 69. 300 
-6 15 -6 9 
—30 —1200 
— 0.427 3.847 
7 13% 2 
—40 40 
-20 40 
-4 -10 
12.207 16.636 
2.4 
e? = 0.050 77. - = 5.512 79. 1,000,000 


10/3 
5 
e 23 = 0.513 87. 2(31/) = 14.988 


= 5.606 83. e? — 2 = 5.389 


No solution 91.1+ Jl +e = 2.928 


No solution 95.7 97. oe ET 22 468 

2 191, 227 YS ~ 190.384 
10 105. 5 

-8 10 -5 30 
~9 1 

2.807 20.086 

(a) 8.2 years (b) 12.9 years 


(a) 1426 units (b) 1498 units 
(a) 10 


(0) 1500 
(0) 


(b) V = 6.7; The yield will approach 6.7 million cubic 
feet per acre. 

(c) 29.3 years 

2001 

(a) y = 100 and y = 0; The range falls between 0% and 
100%. 

(b) Males: 69.71 inches Females: 64.51 inches 
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17-@) | J/o2 |04 |o6 |os | 10 
y | 162.6 | 78.5 | 52.5 | 405 | 33.9 
(b) 200 


0 1.2 
0 


The model appears to fit the data well. 
(c) 1.2 meters 
(d) No. According to the model, when the number of g’s 
is less than 23, x is between 2.276 meters and 4.404 
meters, which isn’t realistic in most vehicles. 
119. log, uv = log, u + log,v 
True by Property 1 in Section 5.3. 
121. log,(u — v) = log,u — log,v 
False. 
1.95 ~ log(100 — 10) # log 100 — log 10 = 1 
123. Yes. See Exercise 93. 


125. Yes. Time to double: t = ES 
x 


In 4 In2 
Time to quadruple: t = a" = 2( 22) 


i a 
127. 4|x|y2V3y 129. 53/3 
131. ; 133. y 


NV RD 
}—} + + 


[| (+ 
-8-6-4-2,| 2 4 6 8 


135. 1.226 137. —5.595 


Section 5.5 (page 414) 


Vocabulary Check (page 414) 


1. y = ae*; y = ae~™* 


2, y=at+binx,y=a+t blogx 


3. normally distributed 4. bell; average value 
5. sigmoidal 


lic 2.e 3. b 4. a 5. d 6. f 


Initial Annual Time to Amount After 
Investment % Rate Double 10 years 
7. $1000 3.5% 19.8 yr $1419.07 
9. $750 8.9438% 7.75 yr $1834.33 
11. $500 11.0% 6.3 yr $1505.00 


13. $6376.28 4.5% 15.4 yr $10,000.00 
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15. $112,087.09 

17. (a) 6.642 years 
(c) 6.302 years 


(b) 100 
(b) 6.330 years 
(d) 6.301 years 


5 r | 2% 4% 6% 8% 10% 12% 
t | 54.93 | 27.47 | 18.31 | 13.73 | 10.99 | 9.16 : 
49. (a) 203 animals = (b) 13 years 
71.) 12% | 4% | 6% | 8% | 10% | 12% () 
t | 55.48 | 28.01 | 18.85 | 14.27 | 11.53 | 9.69 
23. a" 
_ 200+ A = e007 0 7 40 
Ee L5+ Horizontal asymptotes: y = 0, y = 1000. The popula- 
$ ‘age: tion size will approach 1000 as time increases. 
# fel 51. (a) 10’? ~ 79,432,823 (b) 1083 = 199,526,231 
g AD’ os 
= 1.00 A=1+0075[[7]l (c) 10 15,849 . 
, 53. (a) 20 decibels (b) 70 decibels 
2 4 6. 8 10 (c) 40 decibels (d) 120 decibels 
Continuous compounding 55. 95% 57. 4.64 59. 1.58 x 10~¢ moles per liter 
Half-life Initial Amount After 61. 105! 63. 3:00 A.M. 
(years) Quantity 1000 Years 65. (a) 150.000 
25. 1599 10g 6.48 g 
27. 5715 2.26 g 2¢g 
29. 24,100 2.16 g 2.1¢ 
31. y = 00-7675 33. y = 5e7 0.4024 ; m 


0 
(b) ~ 21 years; Yes 
False. The domain can be the set of real numbers for a 
logistic growth function. 


35. (a) Decreasing due to the negative exponent. 
(b) 2000: population of 2430 thousand 
2003: population of 2408.95 thousand 


(c) 2018 


67. 


37. k = 0.2988: ~ 5,309,734 hits 39. 3.15 hours 69. False. The graph of f(x) is the graph of g(x) shifted upward 
41. (a) ~ 12,180 years old (b) ~ 4797 years old neu a 
43. (a) V = —6394t + 30,788 (b) V = 30,788e~026% 71. (a) Logarithmic (b) Logistic (c) Exponential 
(c) 92,000 The exponential model (d) Linear (©) None of the above __(f) Exponential 
depreciates faster. 73. (a) ‘ (b) 10 
590.5) (c) (3,3) 
a (d) 3 
0 4 24 
(a) aad 
t 1 3 iy 
V = —6394t + 30,788 | 24,394 | 11,606 “3 2 tA a 
V = 30,788e~ 9-768" 23,550 | 13,779 75. (a) y (b) 146 
(e) Answers will vary. : (c) (¥, 5) 
45. (a) S(t) = 100(1 — e~®16250) st as @) -F 
(b) s (c) 55,625 2 Se. 
A 120 2, 2 4 é fio 
ao 2 4 (14, -2) 
a3 60 -6 
g 30 = 


t 
5 10 15 20 25 30 


Time (in years) 
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77. (a) ; (o) V4 5. -iloli [2 J: 
eee 
iT (©) (5-8) fi) | 8 | 5 | 4.25 | 4.063 | 4.016 
(d) 1 7 
1 2, 
—7.023 | —18.61 
-4-3-2-1 | 1 3 
9 


i 
1 


21. 


93. Answers will vary. 


Review Exercises (page 421) 
1. 76.699 3. 0.337. — 5. :1456.529 


ie) 
1 


7c 8&d Oa 10.6 | 
11. Shift the graph of f one unit to the right. 
13. Reflect fin the x-axis and shift two units to the left. 
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35. 


37. 
39. 
41. 
45. 
53. 


Answers to Odd-Numbered Exercises and Tests 


22 


25. x = 5 27. 2980.958 


—2 


-1 |oO/; 1 


2 


2.72 


1.65 | 1 | 0.61 


0.37 


29. 0.183 


7.39 


20.09 


-6 -5 -4 -3 -2 -1 


1 


2 4 


12 


$6569.98 


$6635.43 | $6669.46 


$6692.64 


n 


365 


Continuous 


A 


$6704.00 


$6704.39 


(a) 0.154 
(a) $1,069,047.14 


log, 64 = 3 


3 


Vertical asymptote: x = 0 


y 


47. —3 
Domain: (0, co) 
x-intercept: (1, 0) 


(b) 0.487 


(c) 0.811 
(b) 7.9 years 
43. In 2.2255... = 0.8 


49. x =7 51. x= —5 
55. Domain: (0, oo) 


x-intercept: (3, 0) 
Vertical asymptote: x = 0 


57. Domain: (—5, oo) 


59. 
65. 


x-intercept: (9995, 0) 
Vertical asymptote: x = —5 


y 


ey Of RU aA 


h 
1 

1 

1 

1 

1 

1 

1 

1 

t 
-6 ! 
1 

1 


3.118 61. —12 63. 2.034 
Domain: (0, 00) 67. Domain: (—©9, 0), (0, 00) 
x-intercept: (e~3, 0) x-intercept: (+1, 0) 


Vertical asymptote: x = 0 Vertical asymptote: x = 0 


93. 
95. 


97. 
103. 


109. 
113. 


. 53.4 inches 71. 1.585 73. —2.322 
. log 2 + 2 log 3 = 1.255 77, 21In2 + In5 ~ 2.996 
. 1 + 2 logs x 81. 1 + log, 2 — 4 log, x 
.2Inx+2Iny+Inz 85. In(x + 3) — Inx — Iny 


. log, 5x 89. In — 91. loggy’¥x+4 


vy 
In sf 20 = 31, 
(x + 1)? 
(a) 0 < h < 18,000 
(b) 100 
0 20,000 


0 


Vertical asymptote: h = 18,000 

(c) The plane is climbing at a slower rate, so the time 
required increases. 

(d) 5.46 minutes 

3 99. In3 ~ 1.099 101. 16 

e+ = 54.598 105. In 12 ~ 2.485 107. x = 1,3 

In 22 In 17 

nz 4.459 111. ins 


In 2 ~ 0.693, In 5 ~ 1.609 


= 1.760 


115. 


119. 
123. 
127. 
131. 


135. 
140. 
145. 
149. 


151. 
153. 
155. 


7.480; 0.392 


je82 ~ 1213.650 


3e? = 22.167 


No solution 


15.2 years 


d 141. a 


2008 
(a) 0.05, 


0 


137. e 
142. c 
147. (a) 13.8629% 


-12 


2.447 


121. je75 ~ 452.011 
125. e+ — 1 ~ 53.598 
129. 0.900 


-9 


No solution 

139. f 

143, y = 2¢0 1014 
(b) $11,486.98 


138. b 


(b) 71 


10~3° watt per square centimeter 


True by the inverse properties 


b and d are negative. 


a and ¢ are positive. 


Answers will vary. 


Chapter Test (page 425) 
1. 1123.690 2. 687.291 ~—- 3. (0.497 
2 -1}-$ |o}5 1 
f(x) | 10 | 3.162 | 1 | 0.316 | O.1 


4. 22.198 


Answers to Odd-Numbered Exercises and Tests 


A69 


x -1 0 1 2 3 
f(x) | —0.005 | —0.028 | —0.167 | —1 | -6 
i 
iL 
Ts 
be -1 |-3 [|o}s l 
f(x) | 0.865 | 0.632 | 0 | —1.718 | —6.389 
8. 
9. 
x |3 1 |3 2 4 
f(x) | —5.699 | —6 | —6.176 | —6.301 | —6.602 
Vertical asymptote: x = 0 
a EG 5 | 7 9 11 13 
f(x) | 0 | 1.099 | 1.609 | 1.946 | 2.197 


Vertical asymptote: x = 4 
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A70 Answers to Odd-Numbered Exercises and Tests 


11. 3. As x— 00, the graph of e* increases at a greater rate than 
a =57)|\°=3 =I 0 1 
the graph of x”. 
f(x) | 1 2.099 | 2.609 | 2.792 | 2.946 5. Answers will vary. 
. 7. (b) 


Vertical asymptote: x = —6 
12. 1.945 13. 0.115 14. 1.328 
15. log, 3 + 4log,|a| 16. In5 + HInx — In6 9. 
17. (log 7 + 2 log x) — (log y + 3 log z) 


4 2, = 
18. log; 13y 19. In a 20. ne) 


In 44 


21.x=-2 22. x= 


= —0.757 


In 197 
In 197 21321 2A. el/2 = 1.649 


25. e 1/4 ~ 0.0639 26. SY = 1.597 
27. y = 27450915 28, 55% 


29. (a 
@) ll. c 
x ‘ 1 2 4 5 6 B.t= = al 5 In o 
H | 58.720 | 75.332 | 86.828 | 103.43 | 110.59 | 117.38 (2 = +) 
2 1 
i 15. (a) y, = 252,606(1.0310)! 
ara (b) y, = 400.887? — 1464.61 + 291,782 
g eal (c) 2,900,000 
3 sot 
& +r 
z 604 
220). 30 
= 40+ 
7 OBR bie eee oe ee BB 
i 2 3 4 °s: 6 200,000 
Age (in years) (d) The exponential model is a better fit. No, because the 
(b) 103 centimeters; 103.43 centimeters model is rapidly approaching infinity. 
17. 1, e? 
‘ oe i 
Problem Solving (page 427) 19. y, ealx— 1P —4@ = 1)* 
1. y 


The pattern implies that 
Inx = (x — 1) —3(e — 1% + F(x — 13 


-4-3-2-1,] 123 4 


0.5* and y = 1.2* 
as 1.44 


oo 
IA Il 


Answers to Odd-Numbered Exercises and Tests A71 


43. =~ =~ 1.3152 


45. (a) , (b) 4 (c) 8 


1500 


0 


17.7 cubic feet per minute 
23. (a) 


35/37 35 
47. (a) 4 (b) 74 (c) 8 
(b)fe) Answers will vary. 
25. (a) 
2 ai a ae 
-2/ 
(b)€e) Answers will vary. 49.2./2 51. 0.1003, 1054 feet 53. 31.0° 
55. a ~ 33.69°: B ~ 56.31° 
Chapter 6 57. True. The inclination of a line is related to its slope by 
Section 6.1 (page 434) m = tan 0. If the angle is greater than 7/2 but less than 7, 
then the angle is in the second quadrant, where the tangent 
Vocabulary Check (page 434) fueron — 
selon 59, (a) d = ———— 
1. inclination 2. tan 6 (a) 3s 
3 Mm, — Mm, 4 |Ax, + By, + C| (b) 7 
* |L + mm, , VA? + B? a 
<ul 
3 
1. 3 3.-1 5. J/3 7. 3.2236 
9. = radians, 135° 11. 7G fadian, 45° Vy 
13. 0.6435 radian, 36.9° 15. 1.0517 radians, 60.3° Tener ae eee e 
17. 2.1112 radians, 121.0° 19. 1.2490 radians, 71.6° ay 
21. 2.1112 radians, 121.0° 23. 1.1071 radians, 63.4° (c) m=0 
25. 0.1974 radian, 11.3° 27. 1.4289 radians, 81.9° (d) The graph has a horizontal asymptote of d = 0. As the 
29. 0.9273 radian, 53.1° 31. 0.8187 radian, 46.9° slope becomes larger, the distance between the origin 
33. (2, 1)<9(4, 4): slope = and the line, y = mx + 4, becomes smaller and 
(4, 4) <> (6, 2): slope = —1 approaches 0. 
(6, 2) <> (2, 1): slope = z 61. x-intercept: (7, 0) 63. x-intercepts: (5 + J5, 0) 
(2, 1): 42.3°; (4, 4): 78.7°; (6, 2): 59.0° y-intercept: (0, 49) y-intercept: (0, 20) 
= — s = 3 + / 
35. (—4, — 1) <>(3, 2): slope = 7 65. x-intercepts: (7 = Sa 0) 
(3, 2)<>(1, 0): slope = 1 2 
(1, 0)<>(—4, —1): slope = 5 y-intercept: (0, — 1) 
(—4, —1): 11.9°: (3, 2): 21.8° (1, 0): 146.3° 
7 


37. 0 39. 5 41.7 
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A72 Answers to Odd-Numbered Exercises and Tests 


67. f(x) = 3(x + iy _*% 69. f(x) = 5(x + i)? — 34 19. Vertex: (-3, 2) 21. Vertex: (1, 1) 
Vertex: (-4, -2 Vertex: (-¥%, — 324) Focus: (-3, 3) Focus: (1, 2) 

71. f(x) = 6(x = ay = ra Directrix: y = 1 Directrix: y = 0 
Vertex: (5, —2) ( 

73. ; 75. y 6+ 


ji 
A A 


45432-41123) —— 
n ' ' n +> x b> x oil. -2 2 4 
3 3.6 9 WL 4 a cs 
“37 -2+ 23. Vertex: (—2, —3) 
Focus: (—4, —3) 
Section 6.2 (page 442) Directrix: x = 0 
Vocabulary Check (page 442) 
1. conic 2. locus 3. parabola; directrix; focus i 
4. axis 5. vertex 6. focal chord 7. tangent 
1. A circle is formed when a plane intersects the top or 
bottom half of a double-napped cone and is perpendicular 
to the axis of the cone. 
3. A parabola is formed when a plane intersects the top or 25. Vertex: (—2, 1) 27. Vertex: (i. —5) 
bottom half of a double-napped cone, is parallel to the side Focus: j= 2, —}) Focus: (0, —}) 
of the cone, and does not intersect the vertex. Hiecu: ce 3 oe = i 
5. € 6. b 7.d 8. f 9. a 10. c ee , 
11. Vertex: (0, 0) 13. Vertex: (0, 0) 
Focus: (0, 3) Focus: (—3, 0) ci 
Directrix: y = —4 Directrix: x = 5 ai ; 
t 12 4 


9.x2=3y BL x2 =-6y 33, y? = 8x 
35. x2 = 4y 37. y2 = —8x 39. y2 = 9x 
41.(¢-3?=-(y-1) 4.7? =40+4) 


45. (y — 2)? = —8(x — 5) 47. x? = 8(y — 4) 
x 49. (y — 2)? = 8x 51. y= J6(x + 1) + 3 
53. 10 55. 4x — y — 8 = 0; (2, 0) 
15. Vertex: (0, 0) 17. Vertex: (1, —2) :: oe 
Focus: (0, —3) Focus: (1, —4) 
Directrix: y = 3 Directrix: y = 0 
; ° =10 
a it (2,4) 
cae ios 3+ 57. 4x — y + 2 = 0;(—3,0) 
al 59. 15,000 61. y= qx? 
id 
eS —— 
-3 -2 -1 1 2 3 4 
-s4 al ; 0 225 
2% 0 


x = 106 units 


Answers to Odd-Numbered Exercises and Tests A73 


63. (a) y = px? (b) 8 feet U1. Ellipse ; 
65. (a) 17,500\/2 miles per hour ~ 24,750 miles per hour Center: (0, 0) 47 
(b) x2 = — 16,400(y — 4100) Vertices: (0, +3) 
67. (a) 2 = —64(y — 75) (b) 69.3 feet Foci: (Ce. 
69. False. If the graph crossed the directrix, there would exist Eccentricity: 3 4 p> x 
points closer to the directrix than the focus. ars a 
71. (a) p=3 ps2 », 
_44 
13. Ellipse : 
Center: (—3, 5) ot 
Vertices: (—3, 10), (—3, 0) T 
As p increases, the graph becomes wider. Foci: (—3, 8), (]3,2) 
(b) (0, 1), (0, 2), ©, 3), (0, 4) Eccentricity: 5 
(c) 4, 8, 12, 16; 4|p 
(d) Easy way to determine two additional points on the RSE a Son é * 
graph a) 
73. m= as 75. f(x) = 8 — 7x2 + 17x — 15 15. Circle ; 
77.4,-3,42 79. B~ 23.67, C ~ 121.33, c ~ 14.89 cae =) if 
81. C = 89°, a ~ 1.93, b ~ 2.33 Reena a or 
83. A ~ 16.39°, B ~ 23.77°, C = 139.84° 2-1 a 
85. B = 24.62°, C ~ 90.38°, a ~ 10.88 G) 
Section 6.3 (page 452) -24 
=3). 
Vocabulary Check (page 452) 
1. ellipse; foci 2. major axis; center 17. Ellipse i 
3. minor axis 4. eccentricity Center: (~2, —4) — i> x 
Vertices: (—3, —4),(-—1, -4) ~~ 7 7! * 
—4 + J3 7 
1. b 2. ¢ 3. d 4. f 5. a 6. e Foci: (HAs -4) = 
7. Ellipse 9. Circle 2 Re = 
Center: (0, 0) Center: (0, 0) Eccentricity: v3 Cs “ 
Vertices: (+5, 0) Radius: 5 2 
Foci: (+3, 0) y 3 
3 A 
Eccentricity: 5 oT 19. Ellipse i 
, Center: (—2, 3) Pal 
A Vertices: (—2, 6), (—2, 0) 
“i z= aaa Foci: (—2,3 + J5) 
5 
Eccentricity: = 
-~6 6 7 -6 7” TA -2 2 i 
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A74 


21. 


23. 


25. 


27. 


29. 


Answers to Odd-Numbered Exercises and Tests 


Circle y 
A 
Center: (1, —2) 6+ 
Radius: 6 
t mx 
-8 -6 8 
-107 
Ellipse : 
Center: (—3, 1) 
Vertices: (—3, 7), (—3, —5) 
Foci: (—3, 1 + 2V6) 
Eccentricity: 6 jp 
3 2 4 
Ellipse 4 
5 A 
Pall 
Center: (3. *) Pl 
; 5 5 27 
Vertices: (0 5), 3; *) +5 ' x 


Foci: (3 + 3/3, -3) 


as eae 


Eccentricity: 


2 
Circle i 
Center: (—1, 1) all 
Radius: : 
+—+4 > 
-3 —2  -1 1 
zie 
Ellipse i 
Center: (2, 1) ; 
Vertices: G, 1), ‘es 1) 
Foci: (#4, 1), (7%, 1) 27 
Eccentricity: - 
1 > 
r 2 3. 


31. 


35. 


41. 


45. 


47. 


49. — 


53. 


57. 


59. 


61. 


-4 
Center: (0, 0) 
Vertices: (0, + V5) 
Foci: (0, +./2 ) 


—4 


x2 y? x? y? x? y? 
—+—7=1 32.5>+>5=1 39. —+-——=1 
4 16 360-332 36011 
a1 2 2 — 2 2 = 2 
a se 43, 222? = 3) _, 
400 25 1 9 
(+2? O-3?_, 
16 9 
(x= 2? (-4?_, 
4 1 
year #  (y- 4)? 
+ 1 51. — ++ = 1 
48 64 16 12 
(= 2, y-F ey 
= (oor = 
4 1 : >A 25 16 : 
x2 y? 
y b) => + =-=1 
(a) i (>) G5 * 100 
(c) Yes 
(-25, 0) 25,0) 
x? y 
+ — 
(@) 391.84 7 2089 | 
(b) 14 (c) Aphelion: 
35.29 astronomical units 
Sy v Perihelion: 
0.59 astronomical unit 
-14 
x2 y 
— + =1 
@® Joa * 2.56 
(b) y (c) The bottom half 
h 


t—+—1—4 +—t—+ 
-0.8 -0.4 04 0.8 


63. 65. 
Ff 
(Ra) ee ere 
= a 23 
og am OBIS CE) 


67. False. The graph of x*/4 + y* = 1 is not an ellipse. The 
degree of y is 4, not 2. 


i te) BOR ee 
« AA Ta a 196 36 
©) i s 9 io | a fi 113 
A | 301.6 | 311.0 | 314.2 | 311.0| 301.6 | 285.9 
a = 10, circle 
(d) 350 
0 20 


0 


The shape of an ellipse with a maximum area is a 

circle. 
71. 1.414 
77. n9+4 


Section 6.4 (page 462) 


73 -4459 75. 3 + log, 5 


Vocabulary Check (page 462) 
1. hyperbola; foci 


2. branches 
3. transverse axis; center 4. asymptotes 
5. Ax? + Cy? + Dx + Ey + F =0 


1. b 25.6 3. a 4. d 


5. Center: (0, 0) 
Vertices: (+1, 0) 
Foci: (+ af a 0) 


Asymptotes: y = +x 


7. Center: (0, 0) 
Vertices: (0, +5) 
Foci: (0, + /106) 
Asymptotes: y = 43x 


y 


-8-6 -%]1 ><. 6 8 10 
ee 44 7s 
2 . 
“7 =e TS 


Answers to Odd-Numbered Exercises and Tests 


9. Center: (1, —2) 
Vertices: (3, —2), (—1, —2) 
Foci: (1 2 4/5, —2) 
Asymptotes: 
y=-24+3(x-1) 


11. Center: (2, —6) 
Vertices: 


Asymptotes: 
2 
y= 64 3x —2) 


13. Center: (2, —3) 
Vertices: (3, —3), (1, —3) 
Foci: (2 + </ 10, —3) 
Asymptotes: 
y = —3 + 3(x — 2) 


15. The graph of this equation is two lines 


intersecting at (—1, —3). 


+t +t t + +> x 
-4 -2 
41 
264 
17. Center: (0, 0) 
Vertices: (+ of 3s 0) 
Foci: (+ Jf 5; 0) 
Asymptotes: y = “6, 


19. Center: (1, —3) 
Vertices: (1, =k /2) 
Foci: (1, -3 + 2/5) 
Asymptotes: 

y=—3 43-1) 


-12 12 


—10 


A75 
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2: 2 2 2 
a%-2=1 93,2-2=1 
4 12 1 25 
ti 192 =a 32 
py oy OM WF ng 
1024 64 4 12 
_ 2: , — 4)2 2 4 — 2)2 
2 =O eee ap ee) 
16 9 9 9 
(y= 2? 2 _ G2? (y= 2? 
33, Gn). Bee ; 1 
@=3? (y= 2) 
ae i 1 
x2 y? 
39. (2) > — FZg7g = 1) ~ 2.403 feet 


41. (3300, —2750) 

43. (12(./5 — 1), 0) = (14.83, 0) 

45. Circle 47. Hyperbola 49. Hyperbola 

51. Parabola 53. Ellipse 55. Parabola 

57. Ellipse 59. Circle 

61. True. For a hyperbola, c? = a? + b?. The larger the ratio of 
b to a, the larger the eccentricity of the hyperbola, e = c/a. 

63. Answers will vary. 


pT 2 
65. y=1-3, /8—¥-1 
} A 
\2 , 
67. (x + 4)(x-— 4) 69. 2x(x — 6)? 24 OP 4 16. PS =a? 
71. 2(2x + 3)(4x2 — 6x + 9) 6 3 
73. y 75. y ; 


Nia 


Section 6.5 (page 471) 


Vocabulary Check (page 471) 


1. rotation of axes 


2. A(x’)? + Cy’? + Dx’ + Ey’ + F'=0 


3. invariant under rotation 4. discriminant 
a4 4/3: 33 = 3 
1. 2 (——, — 
go 3 Abe 
P 3/2 /2 19. 10 21. 6 
° 2° 2 
15 1 -9 9 
-10 =6 


6 = 45° 0 ~ 26.57° 


23. 25. 18 


27 


l 
a 
I 
es a 
a 
I 
o 


-6 


6 = 31.72° 0 = 33.69° 
27. e 28. f 29. b 30. a 31. d 32. c 
33. (a) Parabola 
(8x — 5) + J/(8x — 5)? — 4(16x2 — 10x) 
(b) y= 7) 


I 
b 

| 

wo sk 
ie 


35. (a) Ellipse 
r 2 7 
(b) y = et V3 28(12x2 — 45) 


(c) 


| 


a 
& 


I 
b 

1 

o o 
a 


37. (a) Hyperbola 
6x + /36x? + 20(x? + 4x — 22) 
oy y= 


—10 
(c) 


I 
o 

Il 

a a 
o 


39. (a) Parabola 
ree (4x — 1) + V(4x 


(c) 


1)? — 16? — 5x — 3) 


i 

De 
ai | 

“I 


I 
B 


41. y 
A 


Answers to Odd-Numbered Exercises and Tests A77 


45. (2,2),(2,4) 47. (—8, 12) 
$1. (0,4) - Sai (<5), = 3) 
57. (0, 3), (—3, 0) 


49. (0, 8), (12, 8) 
55. No solution 


59. True. The graph of the equation can be classified by finding 
the discriminant. For a graph to be a hyperbola, the 
discriminant must be greater than zero. If k = is then the 


discriminant would be less than or equal to zero. 


61. Answers will vary. 


67. 


11 
a3 =2i—1 


71. Area = 45.11 square units 
73. Area = 48.60 square units 


Section 6.6 (page 478) 


Vocabulary Check (page 478) 


1. plane curve; parametric; parameter 


2. orientation 3. eliminating the parameter 


1. 

@leyolil2 [3 Ja 
x/Oo}1] 72] ¥3/] 2 
y/3/2/1 |o | -1 

(b) 
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A78 


(c) y=3-— x? 


The graph of the rectangular equation shows the entire 


parabola rather than just the right half. 


3. (a) 5. (a) 
a are a 
Peay be 
(b) y = 16x? 
Ts 9. (a) 
i 
ot 
ne = a . 
| 6 
ot 
(b) y=x?—- 4x +4 (b) y= 
11. (a) 13. (a) 
i i 
14+ 4 
24 
104 
34 
64 t > x 
-4 4 
= ‘ae a ae ae 
At -44 
x yr x? 
b = |-—3 b) —+—=1 
(b) y 4 | (b) 9° 9 


15 


19 


. (a) 17. (a) 
\ k 
4+ 3+ 
34 2 
1+ 
oe Ses a, i. 
all 
34+ aval. 
a4 ahd. 
ae a a ar eee 
OEtyal O- 7 +o) 
. (a) 21. (a) 
i n 
4 4+ 
34 
24 
i4 


1 
(b) y=, x>0O 
x 


(b) y =Inx 


23. Each curve represents a portion of the line y = 2x + 1. 
Domain Orientation 
(a) (—co, co) Left to right 
(b) [-1, 1] Depends on 0 
(c) (0, 00) Right to left 
(d) (0, co) Left to right 
25. y — y, = m(x — x) 
x — h)? — k)* 
a7, | — aces =1 
29. x = 6t 31. x =3 + 4cos 0 
y= —3t y=2+4sin 60 
33. x = 4cos 0 35. x = 4sec 0 
y = J/7sin 6 y = 3tané 
37. (a) x=t, y=3t-—2 (b) x t+2,y 3t 4 
39. (a) x=ty=t? (b)x t+2,y=27-4¢+4 
41. (a) x=ty=rt+1 (bx t+2,y=17—-4¢4 
1 
43. (a) x=hy=— (b) x ba 2,9 ra) 
45. 34 47. 6 
0 18 
ve 51 s 


49. 


53. 


55. 


57. 


59. 


61. 


Il 
a 

I 

ES ~ 
a 


b 

Domain: [—2, 2] 
Range: [—1, 1] 
d 


Domain: (— co, 00) 
Range: (—0oo, 00) 


(a) 100 
0 i. 250 
0 
(b) 220 
0 a 500 
0 
(c) 100 
0 UN. 300 
0 
(d) 200 
0 lan 600 
0 
(a) x = (146.67 cos 6)t 


y = 3 + (146.67 sin @)t 
(b) 50 


° 


450 


= 
a 
~ 


DIP. 


° 


500 


(d) 19.3° 
Answers will vary. 


51. 4 

6 6 
4 

54. c 
Domain: [—4, 4] 
Range: [—6, 6] 

56. a 
Domain: (— co, co) 
Range: [—2, 2] 


Maximum height: 90.7 feet 
Range: 209.6 feet 


Maximum height: 204.2 feet 
Range: 471.6 feet 


Maximum height: 60.5 feet 
Range: 242.0 feet 


Maximum height: 136.1 feet 
Range: 544.5 feet 


— 16t? 
No 


Yes 


Answers to Odd-Numbered Exercises and Tests 


63. x = a0 — bsin @ 
y=a-—bcos@ 


65. True 
Pa 2 
y=rPrlsy=xrt1 
x = 3t 
y=9r +1sey=x4 


A79 


67. Parametric equations are useful when graphing two func- 
tions simultaneously on the same coordinate system. For 
example, they are useful when tracking the path of an 
object so that the position and the time associated with that 


position can be determined. 


69. 0’ = 75° 


105° 


Section 6.7 (page 485) 


T 
71. 6’ == 
a 


Vocabulary Check (page 485) 


1. pole 
3. polar 4. x =rcos 0 


y=rsing 


= 
via 
iz) 


0 


vig 


(./2, 8.64), (- V2, -0.78) 


2. directed distance; directed angle 


tang =~ 
x 


r= x? + y? 


a 
2 


(2/2, 10.99), (-2./2, 7.85) 
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A80 Answers to Odd-Numbered Exercises and Tests 


2° 2 


9. (0,3) I. (2 2) 13. (- V2, /2) 


19. (6, 77) 


15. (—1.1340, —2.2280) 17. (v2, 2) 


21. (5,2.2143) 23. (ve. 7) 25. (3,/13, 0.9828) 


27. (/13, 5.6952) 29. (./7, 0.8571) 
31. (2, 0.4900) 33. r=3 © 35. r= 4 esc 8 


—2 
7. r= 10 9. r= —— 
ate Bee aed 3 cos 8 — sin 6 


41. r° = 16sec Ocsc 6 = 32 csc 20 
4 4 
1—cos0” 1 + cos 6 
45. r=a 47. r=2acos@ 49. x7 + y?—4y=0 
51. /3xt+y=0 53.°2+y=16 55. y=4 
57. xe + y?- 8 =0 59, (x? + y?)? = 6x?y — 2y3 
61. 0° + 4y-4=0 63. 4x? — 5y? — 36y — 36 = 0 
65. The graph of the polar y 
equation consists of all gt 
points that are six units 
from the pole. 
x? + y? = 36 


43. r= 


67. The graph of the polar 
equation consists of all 
points on the line that make 
an angle of 77/6 with the 
positive polar axis. 
—/3x+ 3y =0 


69. The graph of the polar y 


equation is not evident by 4+ 
simple inspection, so convert 37 
to rectangular form. 27 
i 
x—3=0 ; 
t—t—t t—t I eeaey 
-4-3 -2 -1 I 2 4 


71. True. Because r is a directed distance, the point (r, 6) can 
be represented as (r, 9 + 277). 

73. (x-—A)V?t+y-ke=W+kh 
Radius: /h? + k 


Center: (h, k) 


75. (a) Answers will vary. 
(b) (7, 0,), (7, 65) and the pole are collinear. 
d= Jib r= Ih = In ~ 
This represents the distance between two points on the 
line 0 = 0, = 4. 
() d= Vite 


This is the result of the Pythagorean Theorem. 


(d) Answers will vary. For example: 
Points: (3, 77/6), (4, 77/3) 
Distance: 2.053 
Points: (— 3, 77/6), (—4, 47/3) 
Distance: 2.053 

77. 2 log, x + log, z — log, 3 — log, y 


79. Inx + 2 In(x + 4) 
$3. In x(x — 2) 


81. log, = 


Section 6.8 (page 493) 


Vocabulary Check (page 493) 


2. polar axis 3. convex limagon 


4. circle 5. lemniscate 6. cardioid 


1. Rose curve with 4 petals 3. Limagon with inner loop 


5. Rose curve with 4 petals 


7. Polar axis 9. O= . 11. 6= = polar axis, pole 
: 37 
13. Maximum: |r| = 20 when 6 = . 


7 
Zero: r = 0 when 6 = > 


2, 
15. Maximum: |r| = 4 when 6 = 0, = 
7 7 ST 
Zero: r = 0 when 6 = —, —, — 
62 6 
17. x 19. x 
2 2 
x— +> 0 1 0 
6 C ) 1 2 


21. x 
2 
Get te i : 
3n 
25. Ed 


33. z 


37. 


v|¥— 


+> 0 


23. 5 
T } i 1) 
j 2 
an 
2 
27. x 


35, z 


n|¥ 


vie 


39. 


Nis 


vi 


Answers to Odd-Numbered Exercises and Tests 


cs 
al 


rs 
yn 


rN 
2 


53. 


57. 


59. 


A81 


6 43. 4 
-11 10 
-4 14 
6 -10 
3 47. 5 
4 : | 
ag -5 
O0<0<27 
2 51. 3 
cal : | 
2 3 
0<0<47 


Il 

a 
aa | 

o 


I 
cs 


True. For a graph to have polar axis symmetry, replace 
(r, 0) by (r, — @) or (—r, 7 — 6). 


(a) (b) = 
pop I ty, eget ig ae a 
| 1234567 123 45 
3n 3x 
2 2 
Upper half of circle Lower half of circle 
() + @ = 
x +> 0 a +—_+—_+—_+ > 0 
| 4567 
32 
2 
Full circle Left half of circle 
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A82 Answers to Odd-Numbered Exercises and Tests 


61. Answers will vary. 
2 
63. (a) r= 2 ~ ~2isin 6 — cos 6) (b) r=2+ cos 4 


(c) r=2+sin@ (d) r=2-—cosé@ 
65. (a) (b) 


NIA 
NIA 


nig 
ee 


k = 0, circle 

k = 1, convex limacgon 

k = 2, cardioid 

k = 3, limacon with inner loop 


(HIP (y- 2 _ 
9 4 


69. 


1 


1 
oy 
I 
& 
1 
we 
1 
Nu 
1 
i) 
w 


Section 6.9 (page 499) 


Vocabulary Check (page 499) 


1. conic 2. eccentricity; e 
4. (a) iii (BF) i (C) it 


3. vertical; right 


le=lr= 1 + e parabola 
e=05: r 2 , ellipse 
1+ 0.5 cos 0 
e=15: r : , hyperbola 
1+ 1.5 cos 0 


3,.e=1:5r i a r parabola 
2, : 
e=05: r= 1~05sine’ ellipse 
eS 12 7= a ——, hyperbola 
1 — 1.5 sin @ 


6 e=0.5 


5. f 6. c Tod 8. € Xa 10. b 
11. Parabola 13. Parabola 


x 
a 


t 
vv 
a 


NIA 
a 


19. Hyperbola 


25. 1 27. 
=9/ 3 
-4 
-3 
Parabola Ellipse 
29. 9 31. 
-9 
-3 15 
-3 
33. r= oo 35. r= : 
“ 1 — cos 6 a 2 + sin 6 
2 2 
7. 7 = > 9. r= —— 
ats 1+ 2cos@ ad 1 — sin@ 
10 1 
41. r = ————_ 43. r= — 
1 — cos 0 3 +2cos 0 
20 9 
45. r = > 47. r = ————_ 
3 — 2cos 0 4—5sin 0 
49. Answers will vary. 
. 
51. += 9.5929 x 10 


53. 


55.7 


57. 


59. 
61. 


63. 
65. 


69. 
71. 


1 — 0.0167 cos 8 
Perihelion: 9.4354 x 10’ miles 
Aphelion: 9.7558 x 107 miles 

1.0820 x 108 
~ 1 — 0.0068 cos 0 
Perihelion: 1.0747 x 10® kilometers 
Aphelion: 1.0894 x 108 kilometers 

1.4039 x 108 

1 — 0.0934 cos 6 
Perihelion: 1.2840 x 108 miles 
Aphelion: 1.5486 x 10° miles 

0.624 
~ 1 + 0.847 sin 7/2?” 


r 


r 


= (0.338 astronomical unit 


True. The graphs represent the same hyperbola. 


True. The conic is an ellipse because the eccentricity is less 


than 1. 

Answers will vary. 

_ 24,336 

~ 169 — 25 cos? 4 
_ 144 

"25 sin? @ — 16 
(a) Ellipse 


r2 


2 
r- 


(b) The given polar equation, r, has a vertical directrix to 
the left of the pole. The equation, r,, has a vertical 
directrix to the right of the pole, and the equation, r,, 
has a horizontal directrix below the pole. 


Answers to Odd-Numbered Exercises and Tests 


(c) [oo 4 
2" 1=0.4 sin @ 
10 
-12 12 
-6 
4 4 
1 T+04cos6| |"~ 1-04 cos 
73. es nT 75 a di ee ni? 
“6 733 > 3 
7 J2 7/2 
Ws 5 nT 79. 1 81. 10 
24 
. sin2u = —~2 
83. sin 2u 75 
7 
cos 2u = 35 
24 
tan 2u = 7 
Review Exercises (page 503) 


1. 7 radian, 45° 
5. 0.4424 radian, 25.35° 
9.2/2 11. Hyperbola 
13. y* = 16x 


3. 1.1071 radians, 63.43° 


15. (y — 2)? = 12x 


A8&3 


7. 0.6588 radian, 37.75° 


17. y = —2x + 2; (1, 0) 


= 2 2 
yy, Ma 


19. 8/6 meters 
=1 ay, w= 2k 


25 21 


re Ny WwW RK 


4 


y 


1)? =1 


25. The foci occur 3 feet from the center of the arch on a line 


connecting the tops of the pillars. 
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27. 


29. 


31. 
35. 


37. 


39. 
45. 


49. 


Center: (—2, 1) 
Vertices: (—2, 11), (—2, —9) 
Foci: (-2,1 + J/19) 

Be 19 
Eccentricity: “10 
Center: (1, —4) 
Vertices: (1, 0), (1, —8) 
Foci: (1, -4 + /7) 


7 
Eccentricity: a 


yoFey 3 Saat 
8 

Center: (3, —5) y 

Vertices: (7, —5), (—1, —5) 2 

Foci: (3 + 2/5, —5) 

Asymptotes: 


y=—5 +(x —3) Sh 


Center: (1, —1) i 
Vertices: (5, —1), (—3, —1) a 
Foci: (6, — 1), (—4, —1) 
Asymptotes: 
y=-1+43%-1) 


6+ 


—g+ 


72 miles 41. Hyperbola 43. Ellipse 
1\2. “\2 \2 ‘\2. 
POF _, gt 


8 8 3 2 


(a) Parabola 

24x + 40 + \/(24x + 40)? — 36(16x? — 30x) 
(b) y 18 
(c) 7 


Answers to Odd-Numbered Exercises and Tests 


51. (a) Parabola 


(b) 
—(2x — 2/2) + J/(2x — 2/2)" — 42 + 2/2 + 2) 
= 
2 
(c) 7 
-11 ‘a 
=1 
3-3 |-2]-1J]o0 Jala [3 
Mm -1|-s|/-s|-2}ila |7 
mi |i |u |7 |3|-1]| -s 
57. (a) 
1 


() y= x 


—g+t 


t 6 cos 6 


+ 6 sin 0 


63. 


(b) x2 + y2 = 36 


x = 3tand 
y = 4sec 0 


65. 


69. 


73. 


79. 
83. 
87. 


89. 


91. 


67. 


rr) 
NIA 


1/2 }3 j4 


nly 
Sig 


( (7, 1.05), (—7, 10.47) 
eo) 
( 


2? 2 


gg 

7 
a, 2) 75. (2/13, 0.9828) 77. r=7 
81. °° = 10 csc 26 


x? + y? = 25 85. x? + y* = 3x 
et+y=y 
Symmetry: 6 = ot polar axis, pole 


Maximum value of |r|: |r| = 4 for all values of 6 
No zeros of r 


Nia 


nly 


Symmetry: 6 = a polar axis, pole 


: aw 30 Sa 77 
Maximum value of |r|: |r| = 4 when 6 = wa? A? A 
Zeros of r: r = 0 when 0 = 0, ao TT, = 


ENIA 


te 0 


Answers to Odd-Numbered Exercises and Tests A85 


93. Symmetry: polar axis 
Maximum value of |r|: |r| = 4 when 6 = 0 
Zeros of r: r = 0 when 6 = 7 


iA 


n|¥ 


95. Symmetry: 0 = . 


Maximum value of |r|: |r| = 8 when 6 = mt 


Zeros of r: r = 0 when 6 = 3.4814, 5.9433 


97. Symmetry: 0 = a polar axis, pole 


; 3 
Maximum value of |r|: |r| = 3 when 6 = 0, = Tr, a 
wT 3a Sa TT 
Zeros of r: r = 0 when 0 = ~~", >" “™ 
eros of r: r = 0 when @ LoL a 


nla 


101. Rose curve 
8 4 


99. Limacgon 
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103. 


107. 


111. 
113. 


115. 


117. 


119. 


121. 


Chapter Test 
ii 
3. 
4, 


Answers to Odd-Numbered Exercises and Tests 


Hyperbola 105. Ellipse 
: i 
re ee — CS +> 0 
3 4 
x— +—> 0 7 
I }- 
an an 
2 2 
4 5 
"T= cos 0 = a OGb8 
7978.81 ; 
| a 1 — 0.937 cos @” 11,011.87 miles 
False. When classifying an equation of the form 


Ax? + Bxy + Cy? + Dx + Ey + F = 0, its graph can 

be determined by its discriminant. For a graph to be a 

parabola, its discriminant, B* — 4AC, must equal zero. 

So, if B = 0, then A or C equals 0. 

False. The following are two sets of parametric equations 

for the line. 

x= 4h. y= 3— 2t 

x= 3t, y=3—- 6t 

5. The ellipse becomes more circular and approaches a 

circle of radius 5. 

(a) The speed would double. 

(b) The elliptical orbit would be flatter; the length of the 
major axis would be greater. 

(a) The graphs are the same. 

(b) The graphs are the same. 


(page 507) 
0.2783 radian, 15.9° 2. 0.8330 radian, 47.7° 


7/2 
2 


Parabola: y? = 4(x — 1) 
Vertex: (1, 0) 
Focus: (2, 0) 


y 


10. 


. Hyperbola: 


. Ellipse: 


. Circle: (x — 2)? + (y 


— 3/2 
(a. ae 


Center: (2, 0) 

Vertices: (0, 0), (4, 0) 

Foci: (2 + J/5, 0) 
Asymptotes: y = eared — 2) 


+3? G-IP 
1 9 

Center: (—3, 1) 

Vertices: (1, 1), (—7, 1) 

Foci: (—3 + V7, 1) 


1 


Center: (2, 1) 


3 5(y — 2)? 5x? 
= B)2 == a 
(x — 3) 5 (9 + 2) 9, Z 16 
(a) 45° 


(b) 


11. 4 12. x =6+ 4t 


y=4+7t 


(Ces 
9 
13. (V3, -1) 


CoAT (22%) 9 


15. r=4sin 0 


2 
+2 =] 
4 


16. 3 17. ba 
ay i Hl : 4 a nH t+—t> 0 
io 23 
3x 3a 
2 2 
Parabola Ellipse 
us us 
18. 5 19. 5 
not I R0 
x— Y +—> 0 
2 
3a 3x 
2 2 


Rose curve 
1 
1 + 0.25 sin 0 
21. Slope: 0.1511; Change in elevation: 789 feet 
22. No; Yes 


Limagon with inner loop 


20. Answers will vary. For example: r = 


Cumulative Test for Chapters 4-6 (page 508) 


1.3 —-5i 25° =2:=-31 3.5 = 127 4.4 
5.$+4 6 -2,+2i 7. -7,0,3 

8. x* + 3x3 — 11x? + 9x + 70 

9, 2V2 cos 52 + isin 7) 10. —12./3 + 12i 
12. —64 


11. -8 + 8/3: 


Answers to Odd-Numbered Exercises and Tests 


13. 


15. 


17. 
21. 
24. 


25. 


27. 


29. 
30. 


31. 


35. 


cos 0 + isinO 14, a(cos + isin 2) 
cos ons isin 2m a(cos cas isin S 
3 3 8 8 
cos —— + isin —— a(cos a + isin 7) 
Cg. ges 
a(cos 3) + isi = 
Reflect f in the x-axis 16. Reflect f in the 


and y-axis, and shift 
three units to the right. 


x-axis, and shift 
four units upward. 


1.991 18. —0.067 19. 1.717 20. 0.281 
0.302 22. —1.733 23. —4.087 
In(x + 4) + In — 4) — 4Inx, x > 4 
x? In 12 

In oe 26. = 1.242 

fk S 
In 9 64 
nd + 5 = 6.585 28. 5 = 12.8 


5e8 = 1490.479 
1200 Horizontal asymptotes: 
y = 0, y = 1000 
-20 40 
—200 
11 
6.3hours 32. 2006 = 33. 81.877 34. us 
Pace CE a TE 
Ellipse; =1 
ipse; “—] 9 


Center: (2, —1) 
Vertices: (2, 2), (2, —4) 
Foci: (2, cat ea J5) 


Ke yw 
es 
—t 
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2 42. y 
36. Hyperbola; x? — ri =1 A 
Center: (0, 0) 
Vertices: (1,0), (—1, 0) 


Foci: (/5, 0), (- a5. 0) il 


Asymptotes: y = +2x 3 a 


-44 
(@ — 3)? 
+y?=1 
ae ig 
43. x = 3 — Of 
y=-2+ 6t 
44. g 


37. Circle; (x + 1)? + (y — 3)? = 22 
Center: (—1, 3) 


A 
* i 7° 
- _, St) (, Im a 
ng 4 ( 2, mn (2 ri ), and (2 =) 
45. r= 6sin 0 46. 9x? — loy? + 20x + 4 
38. Parabola; y? = —2(x + 1) 47. 48. | 
Vertex: (— 1, 0) : } 
Focus: (-3, 0) 3+ 6+ 
ye 2+ 4+ 
t > x 4% 
a4 ; 
+> x 7 
1 
3 oe 


49. (a) iii (b) i (©) it 
Problem Solving (page 513) 


39. x7 — 4x + y? + By — 48 = 0 
40. Sy? 4x2 30y 95 = 0 1. (a) 1.2016 radians 
41. (a) 45° 3. y? = 4p(x + p) 
(b) y 5. (a) Since d, + d, < 20, by definition, the outer bound that 
the boat can travel is an ellipse. The islands are the foci. 
(b) Island 1: (—6, 0); 
Island 2: (6, 0) 
(c) 20 miles; Vertex: (10, 0) 


(b) 2420 feet, 5971 feet 


7. Answers will vary. 


9. Answers will vary. For example: 
x = cos(—1) 
y = 2sin(—2) 


Answers to Odd-Numbered Exercises and Tests A89 


1% 
3 — 
11. (a) y x (: 2. *) (b) r = cos 20sec 0 
(c) 2 
-3 3 
-2 
13. Circle 
15. 4 4 
-6 6 -6 6 
—4 —4 


For n = 1, a bell is produced. 
Forn < —1,a heart is produced. 


For n = 0, a rose curve is produced. 
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Index A91 


A 


Absolute value 
of a complex number, 347 
properties of, 5 
of a real number, 5 
Acute angle, 131 
Addition 
of a complex number, 333 
of fractions 
with like denominators, 8 
with unlike denominators, 8 
vector, 297 
properties of, 299 
resultant of, 297 
Additive identity 
for a complex number, 333 
for a real number, 7 
Additive inverse, 6 
for a complex number, 333 
for a real number, 7 
Adjacent side of a right triangle, 149 
Algebraic expression, 6 
evaluate, 6 
term of, 6 
Algebraic function, 368 
Algebraic tests for symmetry, 34 
Alternative definition of conic, 495 
Alternative form of the Law of Cosines, 
287, 326 
Amplitude of sine and cosine curves, 171 
Angle(s), 130 
acute, 131 
between two lines, 431 
between two vectors, 309, 328 
central, 131 
complementary, 133 
conversions between radians and 
degrees, 134 
coterminal, 130 
degree, 133 
of depression, 154 
of elevation, 154 
initial side of, 130 
measure of, 131 
negative, 130 
obtuse, 131 
positive, 130 
radian, 131 
reference, 162 
of repose, 199 
standard position, 130 


supplementary, 133 

terminal side of, 130 

vertex, 130 
Angular speed, 135 
Aphelion distance, 500 
Arc length, 135 
Arccosine function, 193 
Arcsine function, 191, 193 
Arctangent function, 193 
Area 

of an oblique triangle, 282 

of a sector of a circle, 137 

of a triangle 

Heron’s Area Formula, 290, 327 

Argument of a complex number, 348 
Arithmetic combination, 99 
Associative Property of Addition 

for complex numbers, 334 

for real numbers, 7 
Associative Property of Multiplication 

for complex numbers, 334 

for real numbers, 7 
Astronomical unit, 498 
Asymptotes of a hyperbola, 457 
Average rate of change, 74 
Average value of a population, 411 
Axis (axes) 

imaginary, 347 

of a parabola, 438 

polar, 481 

real, 347 

rotation of, 465 


Base, natural, 372 

Basic Rules of Algebra, 7 
Bearings, 203 

Bell-shaped curve, 411 

Book value, 47 

Bounded intervals, 3 
Branches of a hyperbola, 455 
Butterfly curve, 514 


C 


Cardioid, 491 
Cartesian plane, 26 
Center 
of a circle, 35 
of an ellipse, 446 
of a hyperbola, 455 
Central angle of a circle, 131 


Change-of-base formula, 389 
Characteristics of a function from set A 
to set B, 55 
Circle, 35, 491 
arc length of, 135 
center of, 35 
central angle, 131 
classifying 
by discriminant, 469 
by general equation, 461 
radius of, 35 
sector of, 137 
area of, 137 
standard form of the equation of, 35 
unit, 142 
Classification of conics 
by discriminant, 469 
by general equation, 461 
Coefficient of a variable term, 6 
Cofunction identities, 222 
Common logarithmic function, 380 
Commutative Property of Addition 
for complex numbers, 334 
for real numbers, 7 
Commutative Property of Multiplication 
for complex numbers, 334 
for real numbers, 7 
Complementary angles, 133 
Completing the square, 15 
Complex conjugates, 335 
Complex number(s), 332 
absolute value of, 347 
addition of, 333 
additive identity, 333 
additive inverse, 333 
argument of, 348 
Associative Property of Addition, 334 
Associative Property of 
Multiplication, 334 
Commutative Property of Addition, 
334 
Commutative Property of 
Multiplication, 334 
Distributive Property, 334 
equality of, 332 
imaginary part of, 332 
modulus of, 348 
nth root of, 355 
finding, 355 
nth roots of unity, 357 
polar form, 348 
product of two, 350 


A92 Index 


quotient of two, 350 
real part of, 332 
standard form of, 332 
subtraction of, 333 
trigonometric form of, 348 
Complex plane, 347 
imaginary axis, 347 
real axis, 347 
Complex solutions occur in conjugate 
pairs, 341 
Component form of a vector v, 296 
Components, vector, 311, 312 
Composite number, 8 
Composition, 101 
Compound interest 
continuous compounding, 373 
formulas for, 374 
Conditional equation, 12 
Conic(s) or conic section(s), 437 
alternative definition of, 495 
classifying 
by discriminant, 469 
by general equation, 461 
degenerate, 437 
eccentricity of, 495 
locus of, 437 
polar equations of, 495, 512 
rotation of axes, 465 
Conjugate, 341 
of a complex number, 335 
Conjugate axis of a hyperbola, 457 
Constant, 6 
function, 72, 82 
term, 6 
Continuous compounding, 373 
Continuous function, 473 
Conversions between degrees and 
radians, 134 
Convex limacon, 491 
Coordinate(s), 26 
polar, 481 
Coordinate axes, reflection in, 91 
Coordinate conversion, 482 
Coordinate system, polar, 481 
Correspondence, one-to-one, 2 
Cosecant function, 143, 149 
of any angle, 160 
graph of, 183, 186 
Cosine curve, amplitude of, 171 
Cosine function, 143, 149 
of any angle, 160 
common angles, 163 
domain of, 145 
graph of, 173, 186 
inverse, 193 


period of, 172 

range of, 145 

special angles, 151 
Cotangent function, 143, 149 

of any angle, 160 

graph of, 182, 186 
Coterminal angles, 130 
Cross multiplying, 14 
Cubic function, 83 
Curtate cycloid, 480 
Curve 

butterfly, 514 

plane, 473 

rose, 490, 491 

sine, 169 
Cycloid, 477 

curtate, 480 


D 


Damping factor, 185 
Decreasing function, 72 
Defined, 62 
Definitions of trigonometric functions of 
any angle, 160 
Degenerate conic, 437 
Degree, 133 
conversion to radians, 134 
DeMoivre’s Theorem, 354 
Denominator, 6 
rationalizing, 232 
Dependent variable, 57, 62 
Depreciated costs, 47 
Difference 
of functions, 99 
quotient, 61 
of vectors, 297 
Dimpled limagon, 491 
Directed line segment, 295 
initial point, 295 
length of, 295 
magnitude, 295 
terminal point, 295 
Direction angle of a vector, 301 
Directrix of a parabola, 438 
Discrete mathematics, 56 
Discriminant, 340, 469 
classification of conics by, 469 
Distance 
between a point and a line, 432, 510 
between two points 
in the plane, 28 
on the real number line, 5 
Distance Formula, 28 
Distributive Property 
for complex numbers, 334 


for real numbers, 7 
Division 

of fractions, 8 

of real numbers, 6 
Divisors, 8 
Domain 

of cosine function, 145 

of a function, 55, 62 

implied, 59, 62 

of sine function, 145 
Dot product, 308 

properties of, 308, 328 
Double-angle formulas, 255, 273 


E 


Eccentricity 
of a conic, 495 
of an ellipse, 450, 495 
of a hyperbola, 495 
of a parabola, 495 
Effective yield, 401 
Eliminating the parameter, 475 
Ellipse, 446, 495 
center of, 446 
classifying 
by discriminant, 469 
by general equation, 461 
eccentricity of, 450, 495 
foci of, 446 
latus rectum of, 454 
major axis of, 446 
minor axis of, 446 
standard form of the equation of, 447 
vertices of, 446 
Endpoints of an interval, 3 
Epicycloid, 480 
Equality 
of complex numbers, 332 
properties of, 7 
of vectors, 296 
Equation(s), 12, 31 
conditional, 12 
equivalent, 13 
generating, 13 
graph of, 31 
identity, 12 
of a line, 40 
general form of, 48 
intercept form of, 51 
point-slope form of, 44, 48 
slope-intercept form, of 40, 48 
summary of, 48 
two-point form of, 44, 48 
linear, 31 
in one variable, 12 
in two variables, 40 


parametric, 473 

quadratic, 15, 31 

second-degree polynomial, 15 

solution of, 12, 31 

solution point, 31 

in two variables, 31 
Equivalent 

equations, 13 

generating, 13 
fractions, 8 
generating, 8 
Evaluating an algebraic expression, 6 
Evaluating trigonometric functions of 
any angle, 163 

Even function, 75 

trigonometric functions, 146 
Even/odd identities, 222 
Exponential decay model, 407 
Exponential equation, solving, 396 
Exponential function, 368 

Ff with base a, 368 

natural, 372 

one-to-one property, 370 
Exponential growth model, 407 
Exponentiating, 399 
Expression, algebraic, 6 
Extracting square roots, 15 
Extraneous solution, 14, 20 


F 


Factoring, solving a quadratic equation 
by, 15 
Factors of an integer, 8 
Family of functions, 90 
Finding intercepts, 32 
Finding an inverse function, 112 
Finding nth roots of a complex number, 
356 
Fixed cost, 46 
Fixed point, 245 
Focal chord 
latus rectum, 440 
of a parabola, 440 
Focus (foci) 
of an ellipse, 446 
of a hyperbola, 455 
of a parabola, 438 
Formula(s) 
change-of-base, 389 
for compound interest, 374 
double-angle, 255, 273 
half-angle, 258 
Heron’s Area, 290, 327 
power-reducing, 257, 273 
product-to-sum, 259 


Quadratic, 15 
reduction, 250 
sum and difference, 248, 272 
sum-to-product, 260, 274 
Four ways to represent a function, 56 
Fractal, 366 
Fraction(s) 
addition of 
with like denominators, 8 
with unlike denominators, 8 
division of, 8 
equivalent, 8 
generating, 8 
multiplication of, 8 
operations of, 8 
properties of, 8 
rules of signs for, 8 
subtraction of 
with like denominators, 8 
with unlike denominators, 8 
Frequency, 204 
Function(s), 55, 62 
algebraic, 368 
arithmetic combination of, 99 
characteristics of, 55 
common logarithmic, 380 
composition, 101 
constant, 72, 82 
continuous, 473 
cosecant, 143, 149 
cosine, 143, 149 
cotangent, 143, 149 
cubic, 83 
decreasing, 72 
defined, 62 
difference of, 99 
domain of, 55, 62 
even, 75 
exponential, 368 
family of, 90 
four ways to represent, 56 
graph of, 69 
greatest integer, 84 
of half-angles, 255 
Heaviside, 128 
identity, 82 
implied domain of, 59, 62 
increasing, 72 
inverse, 108, 109 
cosine, 193 
sine, 191, 193 
tangent, 193 
trigonometric, 193 
linear, 81 
logarithmic, 379 
of multiple angles, 255 
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name of, 57, 62 

natural exponential, 372 
natural logarithmic, 383 
notation, 57, 62 

odd, 75 

one-to-one, 111 

period of, 145 

periodic, 145 
piecewise-defined, 58 
product of, 99 

quotient of, 99 

range of, 55, 62 
reciprocal, 83 

secant, 143, 149 

sine, 143, 149 

square root, 83 
squaring, 82 

step, 84 

sum of, 99 

summary of terminology, 62 
tangent, 143, 149 
transcendental, 368 
trigonometric, 143, 149, 160 
undefined, 62 

value of, 57, 62 

Vertical Line Test, 70 
zero of, 71 


Fundamental Theorem 


of Algebra, 339 
of Arithmetic, 8 


Fundamental trigonometric identities, 


152, 222 
G 


Gaussian model, 407 

General form of the equation of a line, 48 
Generating equivalent equations, 13 
Generating equivalent fractions, 8 
Graph, 31 


of cosecant function, 183, 186 
of cosine function, 173, 186 

of cotangent function, 182, 186 
of an equation, 31 

of a function, 69 

intercepts of, 32 

of inverse cosine function, 193 
of an inverse function, 110 

of inverse sine function, 193 
of inverse tangent function, 193 
of a line, 40 

point-plotting method, 31 

of secant function, 183, 186 

of sine function, 173, 186 
special polar, 491 

symmetry, 33 

of tangent function, 180, 186 
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Graphical tests for symmetry, 33 

Greatest integer function, 84 

Guidelines for verifying trigonometric 
identities, 230 


H 


Half-angle formulas, 258 
Half-life, 375 
Harmonic motion, simple, 204, 205 
Heaviside function, 128 
Heron’s Area Formula, 290, 327 
Horizontal components of v, 300 
Horizontal line, 48 
Horizontal Line Test, 111 
Horizontal shift, 89 
Horizontal shrink, 93 

of a trigonometric function, 172 
Horizontal stretch, 93 

of a trigonometric function, 172 
Horizontal translation of a trigonometric 

function, 173 

Human memory model, 385 
Hyperbola, 455, 495 

asymptotes of, 457 

branches of, 455 

center of, 455 

classifying 

by discriminant, 469 
by general equation, 461 

conjugate axis of, 457 

eccentricity of, 495 

foci of, 455 

standard form of the equation of, 455 

transverse axis of, 455 

vertices of, 455 
Hypocycloid, 514 
Hypotenuse of a right triangle, 149 


I 


Identity, 12 
function, 82 
Imaginary axis of the complex plane, 347 
Imaginary number, 332 
pure, 332 
Imaginary part of a complex number, 332 
Imaginary unit i, 332 
Implied domain, 59, 62 
Inclination, 430 
and slope, 430, 510 
Inclusive or, 8 
Increasing function, 72 
Independent variable, 57, 62 
Inequality, 3 
symbol, 3 


Infinity 
negative, 4 
positive, 4 
Initial point, 295 
Initial side of an angle, 130 
Integer(s) 
divisors of, 8 
factors of, 8 
Intercept form of the equation of a line, 
51 
Intercepts, 32 
finding, 32 
Interval(s) 
bounded, 3 
on the real number line, 3 
unbounded, 4 
Invariant under rotation, 469 
Inverse 
additive, 6 
multiplicative, 6 
Inverse function, 108 
cosine, 193 
definition of, 109 
finding, 112 
graph of, 110 
Horizontal Line Test, 111 
sine, 191, 193 
tangent, 193 
Inverse properties 
of logarithms, 380 
of natural logarithms, 384 
of trigonometric functions, 195 
Inverse trigonometric functions, 193 
Irrational number, 2 


K 


Kepler’s Laws, 498 
Key points 
of the graph of a trigonometric 
function, 170 
intercepts, 170 
maximum points, 170 
minimum points, 170 


L 


Latus rectum 
of an ellipse, 454 
of a parabola, 440 
Law of Cosines, 287, 326 
alternative form, 287, 326 
standard form, 287, 326 
Law of Sines, 278, 325 
Law of Trichotomy, 4 
Lemniscate, 491 


Length 
of a directed line segment, 295 
of a vector, 296 
Limacgon, 488, 491 
convex, 491 
dimpled, 491 
with inner loop, 491 
Line(s) in the plane 
graph of, 40 
horizontal, 48 
inclination of, 430 
parallel, 45 
perpendicular, 45 
slope of, 40, 42 
vertical, 48 
Linear combination of vectors, 300 
Linear depreciation, 47 
Linear equation, 31 
general form of, 48 
intercept form of, 51 
in one variable of, 12 
point-slope form of, 44, 48 
slope-intercept form of, 40, 48 
summary of, 48 
two-point form of, 44, 48 
in two variables, 40 
Linear extrapolation, 48 
Linear Factorization Theorem, 339, 364 
Linear function, 81 
Linear interpolation, 48 
Linear speed, 135 
Local maximum, 73 
Local minimum, 73 
Locus, 437 
Logarithm(s) 
change-of-base formula, 389 
natural, properties of, 384, 390, 426 
inverse, 384 
one-to-one, 384 
power, 390, 426 
product, 390, 426 
quotient, 390, 426 
properties of, 380, 390, 426 
inverse, 380 
one-to-one, 380 
power, 390, 426 
product, 390, 426 
quotient, 390, 426 
Logarithmic equation, solving, 396 
Logarithmic function, 379 
with base a, 379 
common, 380 
natural, 383 
Logarithmic model, 407 
Logistic 
curve, 412 
growth model, 407 


M 


Magnitude 

of a directed line segment, 295 

of a vector, 296 
Major axis of an ellipse, 446 
Mandelbrot Set, 366 
Marginal cost, 46 
Measure of an angle, 131 

degree, 133 

radian, 131 
Midpoint Formula, 29, 126 
Midpoint of a line segment, 29 
Minor axis of an ellipse, 446 
Modulus of a complex number, 348 
Multiplication of fractions, 8 
Multiplicative identity of a real number, 7 
Multiplicative inverse, 6 

of a real number, 7 


N 


Name of a function, 57, 62 
Natural base, 372 
Natural exponential function, 372 
Natural logarithm 
properties of, 384, 390, 426 
inverse, 384 
one-to-one, 384 
power, 390, 426 
product, 390, 426 
quotient, 390, 426 
Natural logarithmic function, 383 
Negation, properties of, 7 
Negative 
angle, 130 
infinity, 4 
of a vector, 297 
Newton’s Law of Cooling, 418 
Nonnegative number, 2 
Nonrigid transformation, 93 
Normally distributed, 411 
Notation, function, 57, 62 
nth root(s) 
of a complex number, 355 
finding, 356 
of unity, 357 
Number(s) 
complex, 332 
composite, 8 
imaginary, 332 
pure, 332 
irrational, 2 
nonnegative, 2 
prime, 8 
rational, 2 
real, 2 
Numerator, 6 


0 


Oblique triangles, 278 
area of, 282 
Obtuse angle, 131 
Odd function, 75 
trigonometric functions, 146 
One cycle of a sine curve, 169 
One-to-one correspondence, 2 
One-to-one function, 111 
One-to-one property 
of exponential functions, 370 
of logarithms, 380 
of natural logarithms, 384 
Operations of fractions, 8 
Opposite side of a right triangle, 149 
Order on the real number line, 3 
Ordered pair, 26 
Orientation of a curve, 474 
Origin, 26 
of the polar coordinate system, 481 
of the real number line, 2 
symmetry, 33 
Orthogonal vectors, 310 


P 


Parabola, 438, 495 

axis of, 438 

classifying 

by discriminant, 469 
by general equation, 461 

directrix of, 438 

eccentricity of, 495 

focal chord of, 440 

focus of, 438 

latus rectum of, 440 

reflective property, 440 

standard form of the equation of, 438, 

511 

tangent line, 440 

vertex of, 438 
Parallel lines, 45 
Parallelogram law, 297 
Parameter, 473 

eliminating the, 475 
Parametric equation, 473 
Perihelion distance, 500 
Period 

of a function, 145 

of sine and cosine functions, 172 
Periodic function, 145 
Perpendicular lines, 45 
Phase shift, 173 
Piecewise-defined function, 58 
Plane curve, 473 

orientation of, 474 
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Point-plotting method, 31 
Point-slope form, 44, 48 
Polar axis, 481 
Polar coordinate system, 481 
origin of, 481 
pole, 481 
Polar coordinates, 481 
conversion to rectangular, 482 
quick tests for symmetry in, 489 
test for symmetry in, 488 
Polar equations of conics, 495, 512 
Polar form of a complex number, 348 
Pole, 481 
Polynomial equation, second-degree, 15 
Polynomial function, zeros of, 341 
Positive 
angle, 130 
infinity, 4 
Power property 
of logarithms, 390, 426 
of natural logarithms, 390, 426 
Power-reducing formulas, 257, 273 
Prime factorization, 8 
Prime number, 8 
Principal square root of a negative 
number, 336 
Product 
of functions, 99 
of trigonometric functions, 255 
of two complex numbers, 350 
Product property 
of logarithms, 390, 426 
of natural logarithms, 390, 426 
Product-to-sum formulas, 259 
Projection of a vector, 312 
Proof, 126 
Properties 
of absolute value, 5 
of the dot product, 308, 328 
of equality, 7 
of fractions, 8 
of inverse trigonometric functions, 
195 
of logarithms, 380, 390, 426 
inverse, 380 
one-to-one, 380 
power, 390, 426 
product, 390, 426 
quotient, 390, 426 
of natural logarithms, 384, 390, 426 
inverse, 384 
one-to-one, 384 
power, 390, 426 
product, 390, 426 
quotient, 390, 426 
of negation, 7 
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one-to-one, exponential functions, 370 
reflective, 440 
vector addition and scalar 
multiplication, 299 
of zero, 8 
Pure imaginary number, 332 
Pythagorean identities, 152, 222 
Pythagorean Theorem, 218 


Q 


Quadrant, 26 
Quadratic equation, 15, 31 
solving 
by completing the square, 15 
by extracting square roots, 15 
by factoring, 15 
using the Quadratic Formula, 15 
using the Square Root Principle, 15 
Quadratic Formula, 15 
discriminant of, 340 
Quick tests for symmetry in polar 
coordinates, 489 
Quotient 
difference, 61 
of functions, 99 
of two complex numbers, 350 
Quotient identities, 152, 222 
Quotient property 
of logarithms, 390, 426 
of natural logarithms, 390, 426 


R 


Radian, 131 
conversion to degrees, 134 
Radius of a circle, 35 
Range of a function, 55, 62 
Rate, 46 
Rate of change, 46 
average, 74 
Ratio, 46 
Rational number, 2 
Rationalizing the denominator, 232 
Real axis of the complex plane, 347 
Real number(s), 2 
absolute value of, 5 
division of, 6 
subset of, 2 
subtraction of, 6 
Real number line, 2 
bounded intervals on, 3 
distance between two points, 5 
interval on, 3 
order on, 3 
origin of, 2 


unbounded intervals on, 4 
Real part of a complex number, 332 
Reciprocal function, 83 
Reciprocal identities, 152, 222 
Rectangular coordinate system, 26 
Rectangular coordinates, conversion to 
polar, 482 
Reduction formulas, 250 
Reference angle, 162 
Reflection, 91 
of a trigonometric function, 172 
Reflective property of a parabola, 440 
Relation, 55 
Relative maximum, 73 
Relative minimum, 73 
Resultant of vector addition, 297 
Right triangle 
adjacent side of, 149 
definitions of trigonometric functions, 
149 
hypotenuse of, 149 
opposite side of, 149 
solving, 154 
Rigid transformation, 93 
Root of a complex number, 355 
finding, 356 
Rose curve, 490, 491 
Rotation 
of axes, 465 
to eliminate an xy-term, 465 
invariants, 469 
Rules of signs for fractions, 8 


Ss 


Scalar multiplication 
of a vector, 297 
properties of, 299 
Scatter plot, 27 
Secant function, 143, 149 
of any angle, 160 
graph of, 183, 186 
Secant line, 74 
Second-degree polynomial equation, 15 
Sector of a circle, 137 
area of, 137 
Sigmoidal curve, 412 
Simple harmonic motion, 204, 205 
frequency, 204 
Sine curve, 169 
amplitude of, 171 
one cycle of, 169 
Sine function, 143, 149 
of any angle, 160 
common angles, 163 
curve, 169 
domain of, 145 


graph of, 173, 186 
inverse, 191, 193 
period of, 172 
range of, 145 
special angles, 151 
Sines, cosines, and tangents of special 
angles, 151 
Sketching the graph of an equation by 
point plotting, 31 
Slope 
inclination, 430, 510 
of a line, 40, 42 
Slope-intercept form, 40, 48 
Solution(s) 
of an equation, 12, 31 
extraneous, 14, 20 
Solution point, 31 
Solving 
an equation, 12 
exponential and logarithmic 
equations, 396 
right triangles, 154 
Square root(s) 
extracting, 15 
function, 83 
of a negative number, 336 
Square Root Principle, 15 
Squares of trigonometric functions, 255 
Squaring function, 82 
Standard form 
of a complex number, 332 
of the equation of a circle, 35 
of the equation of an ellipse, 447 
of the equation of a hyperbola, 455 
of the equation of a parabola, 438, 511 
of the Law of Cosines, 287, 326 
Standard position 
of an angle, 130 
of a vector, 296 
Standard unit vector, 300 
Step function, 84 
Straight-line depreciation, 47 
Strategies for solving exponential and 
logarithmic equations, 396 
Strophoid, 514 
Subset, 2 
Substitution Principle, 6 
Subtraction 
of a complex number, 333 
of fractions 
with like denominators, 8 
with unlike denominators, 8 
of real numbers, 6 
Sum and difference formulas, 248, 272 
Sum of functions, 99 
Sum-to-product formulas, 260, 274 


Summary 

of equations of lines, 48 

of function terminology, 62 
Supplementary angles, 133 
Symmetry, 33 

algebraic tests for, 34 

graphical tests for, 33 

quick tests for, in polar coordinates, 

489 

test for, in polar coordinates, 488 

with respect to the origin, 33 

with respect to the x-axis, 33 

with respect to the y-axis, 33 


T 


Tangent function, 143, 149 
of any angle, 160 
common angles, 163 
graph of, 180, 186 
inverse, 193 
special angles, 151 
Tangent line to a parabola, 440 
Term 
of an algebraic expression, 6 
constant, 6 
variable, 6 
Terminal point, 295 
Terminal side of an angle, 130 
Test for symmetry in polar coordinates, 
488 
Transcendental function, 368 
Transformation 
nonrigid, 93 
rigid, 93 
Transverse axis of a hyperbola, 455 
Triangle 
oblique, 278 
area of, 282 
Trigonometric form of a complex 
number, 348 
argument of, 348 
modulus of, 348 
Trigonometric function 
of any angle, 160 
evaluating, 163 
cosecant, 143, 149 
cosine, 143, 149 
cotangent, 143, 149 
even and odd, 146 
horizontal shrink of, 172 
horizontal stretch of, 172 
horizontal translation of, 173 
inverse properties of, 195 


key points, 170 
intercepts, 170 
maximum points, 170 
minimum points, 170 
product of, 255 
reflection of, 172 
right triangle definitions of, 149 
secant, 143, 149 
sine, 143, 149 
square of, 255 
tangent, 143, 149 
unit circle definitions of, 143 
Trigonometric identities 
cofunction identities, 222 
even/odd identities, 222 
fundamental identities, 152, 222 
guidelines for verifying, 230 
Pythagorean identities, 152, 222 
quotient identities, 152, 222 
reciprocal identities, 152, 222 
Trigonometric values of common angles, 
163 
Trigonometry, 130 
Two-point form, 44, 48 


U 


Unbounded intervals, 4 
Undefined, 62 
Unit circle, 142 
definitions of trigonometric functions, 
143 
Unit vector, 296, 621 
in the direction of v, 299 
standard, 300 


V 


Value of a function, 57, 62 
Variable, 6 
dependent, 57, 62 
independent, 57, 62 
term, 6 
Vector(s) 
addition, 297 
properties of, 299 
resultant of, 297 
angle between two, 309, 328 
component form of, 296 
components, 311, 312 
difference of, 297 
directed line segment of, 295 
direction angle of, 301 
dot product of, 308 
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properties of, 308, 328 
equality of, 296 
horizontal component of, 300 
length of, 296 
linear combination of, 300 
magnitude of, 296 
negative of, 297 
orthogonal, 310 
parallelogram law, 297 
projection, 312 
resultant, 297 
scalar multiplication of, 297 
properties of, 299 
standard position of, 296 
unit, 296, 621 
in the direction of v, 299 
standard, 300 
V in the plane, 295 
vertical component of, 300 
zero, 296 
Vertex (vertices) 
of an angle, 130 
of an ellipse, 446 
of a hyperbola, 455 
of a parabola, 438 
Vertical components of v, 300 
Vertical line, 48 
Vertical Line Test, 70 
Vertical shift, 89 
Vertical shrink, 93 
Vertical stretch, 93 


Ww 
Work, 314 


x-axis, 26 
symmetry, 33 
x-coordinate, 26 


y-axis, 26 
symmetry, 33 
y-coordinate, 26 


Zero(s) 
of a function, 71 
of a polynomial function, 341 
properties of, 8 
vector, 296 
Zero-Factor Property, 8 
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Definition of the Six Trigonometric Functions 
Right triangle definitions, where 0 < 0 < 7/2 


csc 9 = 


h 
sec 0 = 
a 


Adjacent 


cot 0 = x 


Circular function definitions, where @ is any angle 


y 


y : 
sin 0 = — csc 0 


A 
G7) tev ey” 


cos 9 = sec 0 


tan 6 = cot 6 


Double-Angle Formulas 
sin 2u = 2 sinu cos u 
Reciprocal Identities cos 2u = cos* u — sin*u = 2cos*u — 1 = 1 — 2 sin? u 


2 tan u 


i = tan 2u = ———_.— 
sin u ota COs Uu canta 


1 _ ° 
sie Sey-= Power-Reducing Formulas 
sm u 
ic) 1 — cos 2u 
sin* u = —_,__ 


Quotient Identities 2 


i 1 + cos 2u 

sin u Ore. 
tan u = cot u cos- u = _ > 
COS Uu 
se% ‘i 1 — cos 2u 
Pythagorean Identities tan? u = oon 


+ cos 2u 


sn + 2 = 
SE SO Sum-to-Product Formulas 
1 + tan? u = sec? u 1 + cot? uw = csc? u 


‘ : _ fur YV u 
Cofunction Identities sinu + sinv = 2 snl 3 cos( 
gif Eo Ve Te ey es ' . uty). 
snl 5) u) = COs u coi >) u) = tanu sinu — sinv = 2 cos( sin 
Z 

T ; 7 
cos| — — u} = sinu sec|— — u}] = cscu : = uty u 

9} 2 cos u + cos v = 2 cos 5 cos 


tan( 2 = u) = cotu oxe( 2 = u) = secu _futyvy) , 
2 2 cos u — cosv = —2 sin >) sin 
Even/Odd Identities 


sin(—u) = —sinu cot(—u) = —cotu 


Product-to-Sum Formulas 


: F 1 
cos(—u) = cos u sec(—u) = sec u sin usin v 5 Leos(u v) — cos(u + v)] 


tan(—u) = —tanu csc(—u) = —cse u 


1 


Sum and Difference Formulas COS EOS 5 leos(u cos(u + v)] 


sin(u + v) = sinucosv + cosusinv 


cos(u + v) = cosucosv = sinusinv 


1 
sin ucos v = 5 Lsin(u sin(u — v)| 


tan u + tanv 


tan(u + v) = 


5 Le ? 
i ==tanwieny cos u sin v 5Lsin(u sin(u — v)| 


FORMULAS FROM GEOMETRY 


Triangle: 


h = asin 0 


° 
> 
Q 


1 
Area = bh 


c? = a? + b? — 2ab cos 6 (Law of Cosines) 


Sector of Circular Ring: 
Area = 6pw 
p = average radius, 


w = width of ring, 
6 in radians 


Right Triangle: 


Q 


Pythagorean Theorem 
c =a? t+ b? 


Ellipse: 
Area = rab 
a? + b? 


Circumference ~ 277 5) 


Equilateral Triangle: 


_ Js 
2 — 
J382 


A = 
rea 4 


h 


PA 


A = area of base 


Parallelogram: 
Area = bh 


Right Circular Cone: 


2h 
Volume = - 


Lateral Surface Area = ar./r? + h? 


b 
a 


Trapezoid: 


h 
Area = 34 + b) 


Q 


Frustum of Right Circular Cone: 
mr? + rR + R2)h 

3 
Lateral Surface Area = ms(R + r) 


Volume = 


Circle: 


Area = mr? 


Circumference = 27r 


Right Circular Cylinder: 


Volume = mr7h 
Lateral Surface Area = 27rh 


Sector of Circle: 


Or? 
Area = 
rea =~) 


s=ré 


0 in radians 


Sphere: 
Volume = oar 


Surface Area = 4arr? 


Circular Ring: 
Area = 77(R? — r?) 


= 27pw 
Dp = average radius, 


DY \ OF 


w = width of ring 


Wedge: 
A = Bsec 0 


A = area of upper face, 


B = area of base 


ALGEBRA 


Factors and Zeros of Polynomials: 


Given the polynomial p(x) = a,x” + a,_,x"~! +++ + + a,x + ao. If p(b) = 0, then b is a zero of the polynomial 
and a solution of the equation p(x) = 0. Furthermore, (x — b) is a factor of the polynomial. 


Fundamental Theorem of Algebra: An nth degree polynomial has n (not necessarily distinct) zeros. 


Quadratic Formula: If p(x) = ax? + 


x=(-b + JP — 4ac)/2a. 


c,a # 0 and b? — 4ac > 0, then the real zeros of p are 


Special Factors: Examples 
(x — a)(x + a) x? — 9 = (x — 3)(x + 3) 
a = (x — a)(x? + ax + a?) x3 — 8 = (x — 2)? + 2x + 4) 

a)(x? — ax + a?) e4+4= (x + ¥Y4)(x? — Y4x + 16) 
at = (x — a(x + a(x? + a2) 4= (x — J2)(x + /2)(x? + 2) 
at = (x2 + /2ax + a2)(x?2 — /2ax 4 = (x? + 2x + 2)(x? — 2x 4 

— a" = (x — a(x"! + ax'?-2+--++a"~!), for n odd 1 = (x — 1)(@x4 + x3 

x” + a" = (x + a)(x"~! — ax"? +-+-+++a"~!), for n odd 1=@+ ID@e=2 


x2" — a" = (x" — a(x" +2”) 6-1 =(3 — 103 +1) 


@e=(x4 


Binomial Theorem: 


(x 
(x 
(x 
(x 
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(x 


(x 


a) 


a)? 


a)? 


a)? 


a)* 


a)* 


a)" 


3)° 


5)? 


2)3 


1)3 


/2)° 


4/2x3 + 12x? 4 


8/2x 


4)4 


16x? + 96x? 


256x 


+ 25 


1)5 


(x — a)” =x" "4 ss etna"'yF 1)° 


6x° + 15x4* — 20x3 + 15x? — 6x4 


Rational Zero Test: If p(x) = a,x" + a,_,x"~! +--+ ++ a,x + ayhas integer coefficients, then every rational zero 
of p(x) = Ois of the form x = r/s, where r is a factor of ay and s is a factor of a,,. 


Exponents and Radicals: 


a&=1,a#0 


(ab)* = a*b* 


Conversion Table: 


1 centimeter ~ 0.394 inch 
1 meter ~ 39.370 inches 
= 3.281 feet 
1 kilometer ~ 0.621 mile 
1 liter ~ 0.264 gallon 
1 newton ~ 0.225 pound 


1 mile ~ 1.609 kilometers 
1 gallon ~ 3.785 liters 
1 pound ~ 4.448 newtons 
1 foot-Ib ~ 1.356 joules 
1 ounce ~ 28.350 grams 
1 pound ~ 0.454 kilogram 


1 joule ~ 0.738 foot-pound 
1 gram ~ 0.035 ounce 
1 kilogram ~ 2.205 pounds 
1 inch ~ 2.540 centimeters 
1 foot ~ 30.480 centimeters 
=~ 0.305 meter 


Linear Function 
f(x) = mx + b 


Domain: (— ©, oo) 
Range: (— 00, 00) 
x-intercept: (— b/m, 0) 
y-intercept: (0, b) 
Increasing when m > 0 
Decreasing when m < 0 


Greatest Integer Function 


f@) = bd 


Domain: (— 00, co) 

Range: the set of integers 

x-intercepts: in the interval [0, 1) 

y-intercept: (0, 0) 

Constant between each pair of 
consecutive integers 

Jumps vertically one unit at 
each integer value 


GRAPHS OF PARENT FUNCTIONS 


Absolute Value Function 


Domain: (— 00, oc) 
Range: [0, 00) 
Intercept: (0, 0) 
Decreasing on (— 09, 0) 
Increasing on (0, 00) 
Even function 

y-axis symmetry 


Quadratic (Squaring) Function 
f(x) = ax? 


\ 


ice ax?, a>0O 


+—> x 


2 3 4 
ice) ax?,a<0 


Vi 


Domain: (— 00, co) 
Range (a > 0): [0, 00) 
Range (a < 0):(—o, 0] 
Intercept: (0, 0) 
Decreasing on (— co, 0) fora > 0 
Increasing on (0, co) fora > 0 
Increasing on (— oo, 0) fora < 0 
Decreasing on (0, co) fora < 0 
Even function 
y-axis symmetry 
Relative minimum (a > 0), 
relative maximum (a < 0), 
or vertex: (0, 0) 


Square Root Function 


p= 


(0, 0) 


Domain: [0, oo) 
Range: [0, oo) 
Intercept: (0, 0) 
Increasing on (0, 00) 


Cubic Function 
f(x) =x 


Domain: (—0o0, co) 
Range: (— 00, 00) 
Intercept: (0, 0) 
Increasing on (— 00, 00) 
Odd function 

Origin symmetry 


Rational (Reciprocal) Function 


fe) =* 


Domain: (— co, 0) U (0, co) 
Range: (— oo, 0) U (0, co) 

No intercepts 

Decreasing on (—oo, 0) and (0, 00) 
Odd function 

Origin symmetry 

Vertical asymptote: y-axis 
Horizontal asymptote: x-axis 


Sine Function 
f(x) = sinx 


Fico) — sie 


Domain: (— 09, 00) 
Range: [—1, 1] 
Period: 277 
x-intercepts: (nz, 0) 
y-intercept: (0, 0) 
Odd function 
Origin symmetry 


Exponential Function 


fi) =a,a>0,a#1 


y 


Domain: (— oo, 00) 
Range: (0, oo) 
Intercept: (0, 1) 
Increasing on (— 00, 00) 
for f(x) = a 
Decreasing on (— oo, oo) 
for f(x) = a 
Horizontal asymptote: x-axis 
Continuous 


Cosine Function 


f(x) = cos x 


|_| f(x) = cos x 


Domain: (— 00, 00) 
Range: [—1, 1] 
Period: 277 


. 7 
x-intercepts: (Z + nt, 0) 


y-intercept: (0, 1) 
Even function 
y-axis symmetry 


Logarithmic Function 


f(x) = log,x, a>0,a#1 


f(x) = log, x 


\ 


i, 0) 
1 


Domain: (0, co) 

Range: (— 00, 00) 

Intercept: (1, 0) 

Increasing on (0, co) 

Vertical asymptote: y-axis 

Continuous 

Reflection of graph of f(x) = a* 
in the line y = x 


Tangent Function 
f(x) = tan x 


J(x) = tan x 
NY: 
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Domain: all x # = + nT 


Range: (— 00, 00) 
Period: 7 
x-intercepts: (nz, 0) 
y-intercept: (0, 0) 
Vertical asymptotes: 
x= = + nt 
Odd function 
Origin symmetry 


Cosecant Function Secant Function Cotangent Function 
f(x) = ese x f(x) = sec x f(x) = cot x 


y | f(x) =cse x= a y | f(x) = sec x = ! y | fx) 
A 


\ Wa COS X 
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in: all x # nw Domain: all x # a + nt Domain: all x # na 
Range: (—oo, —1] U[]1, o0) ice es at OT ee) Range: (— 00, 00) 
Period: 277 : Period: 7 
; Period: 277 

No intercepts a t: (0, 1) a 
Vertical asymptotes: x = na aap cae x-intercepts: (Z + nq, 0) 
Odd tinction Vertical asymptotes: 

as 7 Vertical asymptotes: x = n7 
Origin symmetry a5 + NT Odd function 

Even function Origin symmetry 

y-axis symmetry 


Inverse Sine Function Inverse Cosine Function Inverse Tangent Function 


f(x) = arcsin x f(x) = arccos x f(x) = arctan x 


F(x) = arccos x 


=1 


Domain: [— 1, 1] Domain: [— 1, 1] 
Range: |-3. z| ae 
22 d 7 
Intercept: (0, 0) y-Intercept: (0 2) Intercept: (0, 0) 
Odd function Horizontal asymptotes: 
Origin symmetry 7 
yurts 
2 
Odd function 
Origin symmetry 


